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I. Introduction

Conformal symmetry 
in d-dimensions

AdS/CFT correspondences Maldacena 1997

AdS Isometry  
in (d+1) dimensions 

<latexit sha1_base64="0U4/E/LK8hNnXOG8HZYOCrNlbRw="></latexit>

SO(d, 2)

Gubser-Klebanov-Polyakov 1998, Witten 1998GKP-Witten relation (in the large N)
<latexit sha1_base64="do34ao0eavvou89yv2TAaJrGTVs="></latexit>

(⇤ADS �m2)�cl = 0 EOM for free theory
<latexit sha1_base64="JUx2cQ0GlLzllOISB+JK3ex98js="></latexit>

lim
z!0

�cl(z, x) = zd��SJ(x) boundary condition

<latexit sha1_base64="vI26J3WF28odrzCCbY89DU36F+Y="></latexit>

R2
AdSm

2 = �S(�S � d)

solution

boundary scalar operator

<latexit sha1_base64="JBv2btXsJUHPNnG582jJID3OUuM="></latexit>

lim
z!0

�cl(z, x) = zd��SJ(x) + z�S hS(x)iJ + · · ·

<latexit sha1_base64="OBW8XJia/2Pj8bIz6tMyGuv+3k0="></latexit>

�S : conformal dimension of S

<latexit sha1_base64="FgAkXXUydEsK5GxXOvpq5OPlkUg="></latexit>

=
1

|x� y|2�S

<latexit sha1_base64="i79z5T0QvxXWorOIV5sELS2+hf4="></latexit>

hS(x)iJ := h0|S(x) exp[
Z

d
d
y S(y)J(y)]|0i =

Z
d
d
y h0|S(x)S(y)|0iJ(y) +O(J2)

CFT 2-pt function for scalar



A different but more general point of view for holography (AdS/CFT)

“An extra (holographic) dimension = energy scale of the boundary theory”

Nozaki-Ryu-Takayanagi, “Holographic geometry of entanglement renormalization in quantum field theories”, 
JHEP10 (2012)193

Example

energy scale = scale of renormalization group (RG)  

A bulk geometry is not assumed but is determined by Information metric. 

A bulk AdS spacetime is emergent !

Figure 5: The parallelism between the calculations of the entanglement entropy SA in the MERA

(left) and AdS/CFT (right). The green surface represents γA in both pictures. The red bonds in

the left denote the disentanglers.

MERA further suggests the extra direction in the AdS is identified with the u in the MERA which

counts the layers of each coarse-grained spin system (Fig. 5). To be more precise, let us write the

(d+ 2)-dimensional AdS metric in the form

ds2AdS = du2 +
e2u

ϵ2
(dx⃗2 − dt2) =

dz2 − dt2 + dx⃗2

z2
, (75)

where x⃗ describes the coordinate of Rd; ϵ is the lattice spacing of the spin system. We normalize the

radius of the AdS to be unity for simplicity; z = ϵ ·e−u is the standard radial coordinate of Poincare

AdS. The extra direction u in the AdS is identified with u in the MERA when it is representing a

ground state of a conformal invariant system (they are equal up to a proportionality constant as

we explain below).

In the above example of a conformal invariant system, the component of the metric guu is

constant. This is in line with the fact that in the scale invariant the MERA, the structure of the

tensor network, including the disentanglers, do not change as we go deeper into the IR region (by

increasing the layer index u). For quantum field theories which are not conformally invariant, the

MERA network would evolve in a more complex way. To describe such situations, we denote, by

n(u), the typical strength of the bonds (or the number of bonds) at the layer specified by the

non-positive integer u. For the MERA for CFTs, n(u) does not depend on u. The MERAs for

non-CFTs are expected to correspond to the gravity dual with the metric

ds2 = guudu
2 +

e2u

ϵ2
dx⃗2 + gttdt

2. (76)

The metric for x⃗ is fixed because we employ the same coarse-graining procedure. The metric guu

in the extra dimension is related to the density of disentanglers, i.e., n(u) as we explain soon later.

The temporal component of the metric gtt cannot be determined from the information of en-

tanglement entropy SA. If we generalize the definition of the entanglement entropy so that the

21

Applicable to non-holographic CFT or even to non-CFT.



This talk
1. We introduce the “conformal smearing approach” to construct/understand 
AdS/CFT correspondence.  

Hereafter we work on an Euclidian AdS or CFT.

2. Employing the conformal smearing, we derive the GKP-Witten for an arbitrary 
spin at all order in   via symmetry without bulk Lagrangian or large N expansion.  J

3. As an explicit example, a bulk 2-rank tensor - 2 boundary scalars is considered. 
This correlation function reproduces the EMT(EnergyMomentumTensor)-scalar-scalar 
in CFT near boundary. Contact terms in Ward-Takahashi identities are also derived.

I. Introduction 

II. Conformal smearing 

III. GKP-Witten relation 

IV. 3-pt function of EMT-scalar-scalar 

V. Conclusion



II. Conformal smearing 

Aoki-Balog-Onogi-Yokoyama, PTEP 2023(2023) 013B03.



We consider a scalar CFT in  dimensional Euclidean space, whose primary field 
satisfies  

d

<latexit sha1_base64="DbfpDoyaxPZJclKQWiMSBuhMHm0="></latexit>

X := (x, z)

We then smear this field as

<latexit sha1_base64="3ylXZK9TutVmY5IA/m3Ba4MKOfo="></latexit>

z is an extra direction, which corresponds to an energy scale of CFT.

QFT(CFT) in d-dimension + energy scale

<latexit sha1_base64="wA9vEuolXWJF7B72tE/37Up7Wnc="></latexit>

z = 0 (UV) and z = 1 (IR)

d+1 dimensional bulk space

“Holography”

field in  dimensionsd + 1

Our approach to holography

smearing kernel

<latexit sha1_base64="hTWhYdcnDWy0f6ckUxoPeKosb1I="></latexit>

h0|'̂(x)'̂(y)|0i = C0

|x� y|2�

<latexit sha1_base64="s45y9r7JhVc8FcSIvqAWFUMTXLM="></latexit>

�̂(X) =

Z
ddy h(z, x� y)'̂(y)



A choice of kernel : conformal smearing

2. BDHM relation is reproduced as

Conformal smearing 

1. A conformal transformation on  generates an AdS isometry on .φ̂(x) ̂σ(X)

 “AdS/CFT correspondence”

3.  satisfies EOM of a free scalar field on AdS aŝσ(X )

where m2 = (Δ − d)Δ < 0.

for Δ < d /2

conformal transformation <latexit sha1_base64="hfNYYie+BiggDZgwiHsm4QjwB6I="></latexit>

y ! ÷y

AdS isometry
<latexit sha1_base64="SUKirDzbypr4sJXvY+U2MZDScWk="></latexit>

X ! ÷X

<latexit sha1_base64="s45y9r7JhVc8FcSIvqAWFUMTXLM="></latexit>

ö! (X ) =
!

ddy h(z, x ! y) ö" (y)

<latexit sha1_base64="iRIVHghGzqX71nQaLT8T5mkkUlo="></latexit>

h(z, x) = ! 0

!
z

x2 + z2

" d! !

, " <
d
2
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U ö! (x)U  = h(x)! ! ö! (÷x)

<latexit sha1_base64="xrqRojoNAlmyadDQ+ywnk50x4eo="></latexit>

Uö! (X )U  = ö! ( ÷X )

<latexit sha1_base64="UShEOI+pgwDvifbhhzsRTVMb6Mc="></latexit>

lim
z! 0

z" ! ö! (X ) = lim
z! 0

!
ddy z" ! h(z, x ! y) ö" (y) =

! 0

"
ö" (x)

<latexit sha1_base64="IdZSFsLgteFF6zk2+KZH4ebxKcU="></latexit>

(! AdS ! m2)ö! (X ) = 0
<latexit sha1_base64="PxBERnBMRZIulWwlum6mXd/Hlh8="></latexit>

RAdS = 1

Banks-Douglas-Horowitz-Martinec, hep-th/980816.



III. GKP-Witten relation 

S. Aoki, J. Balog and K. Shimada, Phys. Lett. B868(2025) 139757 (arXiv.2411.16269).



GKP-Witten relation in conformal smearing

VEV of the bulk spin  field with sources  to CFT operators L J

source term

CFT primary  
operator

bulk spin L operator

GKP-Witten relation

<latexit sha1_base64="nApWdnfa+6VcvoMtiJLw1o+fKwA="></latexit>

= !Opi
s1

(x1)"J

We show the GKP-Witten 
relation in the expansion of  .J
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! 1
s1

(X 1) :=
1

Z (J )
!0|G1

s1
(X 1) exp

!
"

p,s

#
ddy J q,s(y)Op

s (y)

$

|0"

source
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lim
z1 ! 0

! 1
s1

(X 1) =
z

d" ! p 1 " L p 1
1

" p1

J p1 ,s1 (x1) + á á á+ z
! p 1 " L p 1
1 !0|Op1

s1
(x1) exp

!
"

p,s

#
ddy J p,s (y)Op

s (y)

$

|0"c
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Step 1. Bulk-boundary 2-pt function

The bulk-boundary 2-pt function is defined as 
<latexit sha1_base64="DMVWcz9WChI50iZHAjc3PPzrqig="></latexit>

G1,p2
A 1 ,s2

(X 1, x2) = !0|G1
A 1

(X 1)Op2
s2

(x2)|0"

 limitz1 → 0

<latexit sha1_base64="UMQOoJfV7yRORQT5V+ytgINHWdo="></latexit>

A1 : bulk tensor index
<latexit sha1_base64="lxyZzaoRNXAiiAWX4Ekpq2dXTH0="></latexit>

p2 : conformal dimension
<latexit sha1_base64="u2ZuMvEX+0Nhv2gIe4as26rXq3w="></latexit>

s2: spin index

<latexit sha1_base64="1tgaOlGX7FfuiKAckAmhHai2hss="></latexit>

s1, s2 :symmetric and traceless ind-dimensions

<latexit sha1_base64="gYBzrITnpGObsSlwOlkc8QntAE4="></latexit>

1
! !

:=
!

ddx
1

(1 + x2)!

<latexit sha1_base64="ITa125oc0045sngr8HB7IMpTUXQ="></latexit>

G1
A 1

(X 1)

<latexit sha1_base64="gGoWGNo0dvV6rMcz9qfrOgdqN3o="></latexit>

Op2
s2

(x2)

Symmetry uniquely determines the 2-pt function.

Ex. Scalar 2-pt
<latexit sha1_base64="kRvtwEQzbKEtW2rQ8NqAF146JQA="></latexit>

G(X 1, x2) =
!

z1

z2
1 + x2

12

" ! p
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lim
z1 ! 0

G1,p2
s1 ,s2

(X 1, x2) = z
! p 1 " L p 1
1 !0|Op1

s1
(x1)Op2

s2
(x2)|0"! p1 ,p2 +

1
! ! p 1

z
d" ! p 1 " L p 1
1 ! s1 ,s2 ! p1 ,p2 ! (d) (x12)

<latexit sha1_base64="ddLvinEbAgv4ilkLVm3tyzJlv94="></latexit>

!"
z! p

1

|x1 ! x2|2! p
+

zd! ! p
1

! ! p

! (d) (x1 ! x2)
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d
2



Step 2. Bulk-boundary-boundary 3-pt function

The bulk-boundary-boundary 3-pt function is given by

<latexit sha1_base64="FIuVlj/9h9R4a1coo8gihznlgtE="></latexit>

! F
!

z2
1(x2 " x3)2

[z2
1 + ( x1 " x2)2][z2

1 + ( x1 " x3)2]

"

arbitrary function

spin factor

spin-factor in CFT

We will fix the small  behavior of  by the operator product expansion.x F(x)

Operator product expansion (OPE)

<latexit sha1_base64="PDI3a7CKOMCCKrZCG5NgomR8SLM="></latexit>

Op2
s2

(x2)Op3
s3

(x3) =
!

p,s

Cp2 p3 p
s2 s3 s (x2 ! x3, ! x 3 )Op

s (x3)
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lim
z1 ! 0

Hs1 s2 s3 = z
" 2L p 1
1 hs1 s2 s3
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! 0|G1
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(X 1)Op2
s2

(x2)Op3
s3

(x3)|0" = Hs1 s2 s3 (X 1, x2, x3)
!

z1

z2
1 + ( x1 # x2)2

" ! p 2 + L p 2
!

z1

z2
1 + ( x1 # x3)2

" ! p 3 + L p 3
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|x1| > |x2|, |x3|
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|x1| < |x2|, |x3|orassume

contributions from delta-functions
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lim
x ! 0

F (x) ! x!

for all operator orderings.

OPE

OPE back

Therefore  behaves for small  asF(x) x

This behaves leads to

2-pt function
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(x2)Op3
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p,s

Cp2 p3 p
s1 s2 s (x2 # x3, ! x 3 )!0|G1

s1
(X 1)Op

s (x3)|0"
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Step 3. Bulk-boundary n-pt function

<latexit sha1_base64="FBfmkHii0nxQqTRk0+jmh1D/Z1I="></latexit>

n ! 3

We will show the following equality by the mathematical induction. 

(1) It is correct at . n = 3

(2) We assume that it holds at  .  n

OPE

Then it holds at  asn + 1

is correct. OPE back

n-pt function
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Step 4. GKP-Witten relation

GKP-Witten relation is established for an arbitrary primary operators 
at all order in sources J coupled to primaries.
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+ á á á+ contributions ? The next section



IV. 3-pt function of EMT-scalar-scalar 

Aoki-Takeda, in preparation.



As an explicit example, let us consider the following 3-pt function. 

One bulk tensor - two boundary scalars
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gAB (X 3): bulk symmetric tensor
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Oi (xi ): boundary scalar with the conformal dimension! i
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In the z ! 0 limit, Gµ! should become traceless.



Condition 2
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gµ ! (X 3) couples to the EMT in the z ! 0 limit
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+ O(zd)

As , this reproduces the EMT-scalar-scalar correlation function in CFT.z → 0



Ward-Takahashi (WT) identities

If delta function contributions are included, we have

This does not reproduce the WT identity for diffeomorphism invariance. 

<latexit sha1_base64="F8tMrmRMsE+n4jQSvSzpxAEVb9M="></latexit>

Sd = 2 ! d/ 2! (d/ 2)

Let us consider the higher order term as
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This term  does not contribute to the 3-pt function itself.
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This value of  also leads to the WT identity for the scale invariance asC

Including this term, the WT identity is recovered:
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C12T = ! g12
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(d ! 1)Sd
CFT relation between 2-pt and 3-pt functions.
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|x1 # x2|2!Osborn-Petkos (Textbook by Nakayama-san)

<latexit sha1_base64="x9tcRQOs+CGDAoOgrvB+b8l1WBM="></latexit>

C =
! ! d + 1

!

The bulk 3-pt function  in the  reproduces not only the 

form of  in CFT but also the corresponding  WT identities.
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V. Conclusion 



The GKP-Witten relation in terms of correlation functions can be derived using 
only symmetries without bulk Lagrangian for a generic CFT.

a. an arbitrary primary operator 
b. all order in sources J 
c. fully quantum without 1/N expansion 
d. without AdS metric -> definition of “metric” (work in progress with Takeda)

Conformal smearing approach

The conformal smearing generates the bulk field from the CFT field, where the 
conformal symmetry turns into the bulk AdS isometry.  



What is (an origin of) AdS/CFT correspondence ?

 Conformal smearing approach

A arbitrary CFT seems to have a bulk dual.

Holographic
CFT

CFT AdS

Gravity on 
AdS

What are distinct properties of the constructed bulk space, which tell us whether 
CFT is holographic or not ?

Our results indicate that GKP-Witten relation cannot distinguish the two.

Thank you for your attention !



Bulk locality ?
Since the bulk theory dual to the holographic CFT has its Lagrangian, the bulk 
theory must be local. 

2-pt functionholographic dual generic CFT
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Bulk-boundary 2-pt function cannot distinguish the two. 
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dd+1 X gijk Gi (X )Gj (X )Gk (X )|0"

The right-hand side in the 2nd line and the left-hand side in the 1st line have 
the same symmetric property in CFT.
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X

Both agree up to normalization, since the scalar 3-pt function is unique in CFT. 

Witten diagram 

Feynman diagram language

Operator language

3-pt function (scalar)

3-pt function (scalar) also cannot distinguish the two. 



4-pt function

Heemskerk, Penedones, Polchinski, Sully, JHEP10(2009) 079

Locality of 4-pt vertices restricts properties of the boundary CFT.

We will work on 4-pt functions in detail in future studies.



S. Aoki, K. Shimada, J. Balog and K. Kawana,  
“Bulk modified gravity from a thermal CFT by the conformal flow”, 
Phys. Rev. D109 (2024)4, 046006.

S. Aoki, K. Kawana and K. Shimada,   
“AdS/CFT correspondence for the O(N) invariant  model in 3-dimension by 
the conformal smearing”, JHEP10 (2024)111.
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Back up



bulk operator (with a spin )L

boundary primary operator (with  and a spin )Δp L

Correlation functions including all quantum corrections satisfy these constraints, 
which are easily solved in the Embedding space .ℝd+1,1

Constraints by symmetries 

Costa-Penedones-Poland-Rychkov 2011, Costa-Goncalves-Penedones 2014

<latexit sha1_base64="Rwiwd42SX4wli1uHIKdahFxXTow="></latexit>

SO(d + 1 , 1) = Conformal symmetry = AdS isometry
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GAB (X ) := ! A ö" (X )! B ö" (X )

ex. symmetric tensor
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Oµ ! (y) := ! µ ö" (y)! ! ö" (y)



Embedding Formalism
X +X !

X 2 = ! 1

P2 = 0

Figure 1: Euclidean AdS and its boundary in the embedding space. This picture shows the
AdS2 surfaceX 2 = ! 1 and the identiÞcation of a boundary point (in blue) with a light ray
(in red) of the light cone P2 = 0, which intersects the Poincar«e section on a (black) point.

2 Embedding formalism for AdS

In this paper we consider tensor Þelds in Euclidean (d+ 1)-dimensional Anti de Sitter space
AdSd+1 . Obviously this is just the (d+1)-dimensional hyperbolic space. Our expressions can
be Wick-rotated to Minkowski signature, provided one is careful with thei ! prescription (see
[24, 25] for some details). In this section we introduce notation and develop the embedding
formalism to treat tensor Þelds in AdSd+1 . We shall see how the use of this formalism
simpliÞes computations considerably, making conformal invariance manifest at all time, just
like for tensor Þelds ind-dimensional CFTs.

Euclidean AdSd+1 space can be deÞned by the set of future directed unit vectors,

X 2 = ! 1, X 0 > 0, (1)

in (d + 2) ! dimensional Minkowski spaceMd+2 . As it is well known, the isometry group of
AdSd+1 is the d-dimensional conformal groupSO(d + 1, 1). This group acts linearly on the
embedding spaceMd+2 , and its action is interior to points on the hyperboloidX 2 = ! 1.
A simple example is that of AdSd+1 written in Poincar«e coordinatesxµ = ( z, ya), with y a
d-dimensional vector. In this case AdS points are parameterized as

X =
1
z

!
1, z2 + y2, ya

"
, (2)

where we used light cone coordinates

X A =
!
X + , X ! , X a

"
, (3)

3

Embedding space = ℝd+1,1

 = Lorentz transformation in SO(d + 1,1) ℝd+1,1

AdS space is defined  by  X2 = − 1, X0 > 0
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Boundary is defined  by  P2 = 0, P := λP, λ ∈ ℝ
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Symmetric tensor indices are handled by  which satisfy .WA, ZA X ⋅ W = Z ⋅ P = 0

 invariant function:SO(d + 1,1)
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Transverse condition for the tensor on  implies invariance under .  P2 = 0 Z → Z + ∀αP
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conformal dimension


