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Gravitational lensing (GL) of light

• dark matter

• cosmological parameters

• gravitational physics

• growth of large-scale structure

powerful for probing

・ …



GWs are also lensed

GW

Lensing object

©LIGO
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𝜆light ∼ 5 × 10−7 m,        𝜆GW ∼ 𝟑𝟎𝟎𝟎 km

• Coherent GW waveform

Difference between GL of light and GWs

e.g. Takahashi&Nakamura 2003

A new frontier in cosmology!

Precise measurements of dark matter

Additional probe of cosmological parameters

• Wave effects

New probe of sub-galactic-scale DM distribution



arXiv:2304.08393

In the future, lensing of the GWs will 
become daily events.

No detection yet
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The golden era of the GL of GWs coming soon

Theoretical understandings in wave optics
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ℎ(𝑡)

𝑡

Measurement of lens＝measurement of 𝐹 𝑓

unlensed

lensed

ℎ𝐿 𝑓 = 𝐹 𝑓 ℎ0(𝑓)

Amplification factor (complex number)

𝑭 𝒇 = 𝑨 𝒇 𝒆𝒊𝝓(𝒇)

Lensing of GWs

Lensing deforms the waveform in f-dependent manner



8

Example: point-mass lens

4𝐺𝑀𝜔

Re 𝐹

Im 𝐹

Wave optics Geometrical optics

lenssource observer

𝑀
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𝑡𝑑: light travel timeන
0

𝜒𝑠

𝐿 𝑑𝜒 = 𝑡𝑑[𝜽]

𝐿 𝜽 𝜒 , ሶ𝜽 𝜒 , 𝜒 =
1

2
𝜒2 ሶ𝜽2 − 2Φ(𝜒, 𝜽)

𝐹 𝒓, 𝑓 = ∫ 𝐷𝜃 exp 𝑖𝜔 න
0

𝜒𝑠

𝐿 𝜽, ሶ𝜽, 𝜒 𝑑𝜒  

observer

GW source

𝜒

𝒓

Nakamura&Deguchi 1999, Leung et al. 2023Path integral formula

Equivalent to 2d quantum mechanics with time-
dependent mass and potential

Φ(𝜒, 𝜽)
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Geometrical optics

High frequency limit 𝜔 → ∞ (the classical limit ℏ → 0)

Only paths satisfying 
𝛿𝑡𝑑

𝛿𝜽
= 0 contribute. (Fermat’s principle)

𝜇1:magnification of the first arrival image

𝑇1𝑗 = 𝑇1 − 𝑇𝑗

𝐹 𝒓, 𝑓 = ∫ 𝐷𝜃 exp 𝑖𝜔 න
0

𝜒𝑠

𝐿 𝜽, ሶ𝜽, 𝜒 𝑑𝜒  
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GWs

light

Takahashi 2016

Superluminal GWs?

Phase velocity, group velocity are superluminal
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Physical signals propagating from S to Q break causality
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Lensed GWs never arrive earlier than light
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𝐹 𝜔 = ෍

path:𝜽

𝑒𝑖𝜔𝑡𝑑[𝜽]

𝑓 𝑡 = ෍

𝜽

න
𝑑𝜔

2𝜋
𝑒𝑖𝜔𝑡𝑑 𝜽 −𝑖𝜔𝑡 = ෍

𝜽

𝛿(𝑡 − 𝑡𝑑 𝜽 ) 

𝑓 𝑡 = 0 for    𝑡 < min
𝜽

𝑡𝑑[𝜽] = 𝑇min

Lensed GWs never arrive earlier than light

Simple explanation

𝑇min: travel time of geodesic (=light)

ℎ𝐿 𝑡 = ∫ 𝑓 𝑡 − 𝑡′ ℎ0 𝑡′ 𝑑𝑡′
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Lensed signal comes only after its geometrical 
optics counterpart (remains inside the lightcone) 

No violation of causality in GL



Kramers-Kronig (KK) relation

principal value integral

e−

𝑫(𝜔) = 𝜖(𝜔)𝑬(𝜔)

KK relation

KK relation is satisfied in any materials

𝑛 (= Re𝜖): refractive index
𝜅(= Im𝜖): extinction coefficient
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𝜖 𝑡 = 0 for 𝑡 < 0Causality



17

K-K relation in GL

GL version of KK relation 
Tanaka and TS 
PRD 108, 044015 (2023)

Causality 

KK relation is satisfied in any lens

KK relation
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Causality

good convergence in 

redefine    

is regular in upper half of complex  ω-plane (     )

Derivation of the K-K relation

𝐺 𝜔 ≔
𝐹 𝜔 −1

𝜔
has no poles on the real axis and in 𝐼+ and 𝐺 → 0 (𝜔 → ∞).
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no poles 

Cauchy’s integral theorem

Derivation of the K-K relation
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Sum rules (implications of the K-K relation)

∫0

∞
𝑑𝜔 𝜅 𝜔 =

𝜋

2
𝜔𝑝

2

𝜇1:magnification of the first arrival image

Image 1

Image 2

Geometrical optics

GL of GWs

Condensed matter

2

𝜋
න

0

∞

𝑑𝜔
𝑆(𝜔)

𝜔
= 1 − 𝜇1

𝜔𝑝:plasma mass

I don’t know an intuitive explanation for this... 
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Reformulation of the KK relation

𝐹 𝜔 = 𝐹 𝜔 𝑒𝑖𝜃(𝜔)

Does KK relation for |𝑭| and 𝜽 exist?

ln 𝐹(𝜔) = ln 𝐹 𝜔 + 𝑖𝜃 𝜔

The magnitude and the phase have clear physical meaning

※ YES for condensed matter

e.g. Stern 1963

TS and Kapadia 

PRD 112, 063529(2025)
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Physics experiment class 
(undergraduate, Science Tokyo)

KK relation for |𝐹| and 𝜃 in condensed 
matter physics is well known.
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𝜔

𝑂

𝐴𝑛𝑒𝑤 𝜔 = 𝐵 𝜔 𝐴(𝜔) is analytic

Blaschke product

𝜇1 𝜇2

𝜇3 𝜇4

𝜇5
𝜇6

𝐴 𝜔 : analytic in upper-half plane

𝐵 𝜔 = 1 for 𝜔 ∈ ℝ 𝐴𝑛𝑒𝑤 𝜔 = 𝐴 𝜔  for 𝜔 ∈ ℝ

𝐴 𝜔  does not uniquely determine the phase of 𝐴(𝜔). 
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Possible existence of the B-product in GL

Lens = NFW profile

The Blaschke product exists in this case 
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KK Relations for the magnitude and the phase

The phase is not uniquely determined from the magnitude. 

The magnitude is uniquely determined from the phase. 

I don’t know an intuitive explanation for this... 
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Low-frequency behavior
Choi et al. 2021, Tambalo et al. 2023

𝜌 𝑟 ∝
1

𝑟𝑘+1

𝐹 𝜔 = 1 + 𝐴𝜔𝛼 + ⋯Now assume

Point mass (𝛼 = 1), SIS (𝛼 =
1

2
), gSIS (𝛼 =

𝑘

2
)

KK relation

Causality strongly restricts the low-frequency 
behavior of the lens signal.



27

It may be useful if there is an example which gives analytic form of 
the phase

Phenomenology
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Application to lensing measurement

𝒉𝑳 𝒇 = 𝐹 𝑓 ℎ0(𝑓)

How can we know it is lensed or unlensed?

(This question persists even if the GW data is free from errors)

Tanaka et al. 2025
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lens

GWs

Lensing of GWs

Some GW sources mimic lens signal 

Kim&Liu 2023

No lens With  lens

Spinning BHs Non-spinning BHs
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Any 𝐹𝑜𝑏𝑠 𝑓  which does not satisfy the KK relation 
is ruled out as false GL signal.

𝐹𝑜𝑏𝑠 𝑓 : =
ℎ𝑜𝑏𝑠 𝑓

ℎ0(𝑓; 𝜽𝑺)

Application to lensing measurement

ℎ𝑜𝑏𝑠 𝑓 is a waveform lensed from template ℎ0(𝑓; 𝜽𝑺)

Tanaka, Prabhu, Kapadia, TS (2025)

Lensing hypothesis

*This is independent of the lensing model.

Can the KK relation be used to reject the hypothesis 
even when the frequency band is finite?
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Application to lensing measurement

Assumptions on measurements: 

We reject unlensed template if ReΔ > 𝑟th𝐾(𝜔𝑚𝑖𝑛) 

1. 𝜔𝑚𝑖𝑛 ≪ 𝜔 ≪ 𝜔𝑚𝑎𝑥,    2. wave optics regime at 𝜔𝑚𝑖𝑛 ,  3. no noise

If 𝐹 𝑓 is a correct lens signal, 

ReΔ = 𝑂 1 × 𝐾(𝜔𝑚𝑖𝑛)

Δ ≔ 𝐿𝐻𝑆 − 𝑅𝐻𝑆

Quantification of the violation of the KK 



plot
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Large eccentric orbit can 

be distinguished from 

lensing

GWs from an eccentric orbit

ruled out

not ruled out

‘s parameters

Proof of concept Tanaka, Prabhu, Kapadia, TS (2025)
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Orbit with large spin can 

be distinguished from 

lensing

GWs from a spinning orbit

ruled out

not ruled out

parameters

𝜙𝑜𝑏𝑠 = 𝜙𝑠𝑝𝑖𝑛

Proof of concept Tanaka, Prabhu, Kapadia, TS (2025)



Towards more realistic cases

There are cases where the lensing hypothesis 
is ruled out by using the KK relation even 
when the GW measurement is limited to finite 
frequency band.  (No noise is assumed)

(Obvious) next step

Inclusion of measurement noise
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Work in progress
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Summary 

GL signal obeys the Kramers-Kronig relation.

Gravitational lensing is indispensable tool in 
cosmology.

KK relations provide a model-independent 
diagnostic for gravitational-wave lensing
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