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Gravitational Ieﬁsing (GL) of light
. powerful for probing

 dark matter

. co?ﬂ)logical paraireters
- growth ﬁrge-scale structure

« gravitati "al physi/cs

. https://commons.wikimedia.org/wiki/Category:Gravitational_lensing?uselang=ja






Difference between GL of light and GWs

e.g. Takahashi&Nakamura 2003

« Coherent GW waveform

« Wave effects  Ajighe ~5%x107"m,  Agw ~ 3000 km

Additional probe of cosmological parameters
Precise measurements of dark matter

New probe of sub-galactic-scale DM distribution

A new frontier in cosmology!



DraFr vERsION 18 ApriL 2023
Typeset using IATEX twocolumn style in AASTeX62

No detection yet

Search for gravitational-lensing signatures in the full third observing run of the LIGO-Virgo network

Tue LIGO ScientiFic CoLLaBorATION, THE VIRGO CoLLABORATION AND THE KAGRA CoLLABORATION

ABSTRACT

Gravitational lensing by massive objects along the line of sight to the source causes distortions of gravitational
wave-signals; such distortions may reveal information about fundamental physics, cosmology and astrophysics.
In this work, we have extended the search for lensing signatures to all binary black hole events from the third
observing run of the LIGO—Virgo network. We search for repeated signals from strong lensing by 1) performing
targeted searches for subthreshold signals, 2) calculating the degree of overlap amongst the intrinsic parameters
and sky location of pairs of signals, 3) comparing the similarities of the spectrograms amongst pairs of signals,
and 4) performing dual-signal Bayesian analysis that takes into account selection effects and astrophysical
knowledge. We also search for distortions to the gravitational waveform caused by 1) frequency-independent
phase shifts in strongly lensed images, and 2) frequency-dependent modulation of the amplitude and phase due to
point masses. None of these searches yields significant evidence for lensing. Finally, we use the non-detection of
gravitational-wave lensing to constrain the lensing rate based on the latest merger-rate estimates and the fraction

of dark matter composed of compact objects.
arXiv:2304.08393
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In the future, lensing of the GWs wiill
become daily events.
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Lensing of GWs

Lensing deforms the waveform in f-dependent manner

ne) hy(f) =F(f)ho(f)

unlensed

lensed

t

Amplification factor (complex humber)
F(f) = A(f)e'*D)

Measurement of lens=measurement of F(f)



Example: point-mass lens
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Path integ ral formUIa Nakamura&Deguchi 1999, Leung et al. 2023

O(x) observer

GW source \/A/>. '
.{7/ (1, 0)

" -

Xs

F(r,f) = | D8 exp (iwj L(H, é,x)d)()
0

Xs
f Ldy =ty[0] t,: light travel time
0

L0, 600, x) = 5 1?6 — 20(1,0)

Equivalent to 2d quantum mechanics with time-
dependent mass and potential ’



Geometrical optics

High frequency limit w — oo (the classical limit 4 — 0)

F(r,f) = [ DO exp (ia) fXSL(B, 9,)()d)(>
0

Only paths satisfying % = 0 contribute. (Fermat’s principle)

F(w) = i1 + Z VI exp [i(wTy; — ;)]

t1:magnification of the first arrival image

hij=1 —1j
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Superluminal GWs?
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ARRIVAL TIME DIFFERENCES BETWEEN GRAVITATIONAL WAVES AND ELECTROMAGNETIC SIGNALS
DUE TO GRAVITATIONAL LENSING

RyuicH1 TAKAHASHI
Faculty of Science and Technology, Hirosaki University, 3 Bunkyo-cho, Hirosaki, Aomori 036-8561, Japan
Received 2016 June 1; revised 2016 November 17; accepted 2016 November 19; published 2017 January 20

ABSTRACT

In this study we demonstrate that general relativity predicts arrival time differences between gravitational wave
(GW) and electromagnetic (EM) signals caused by the wave effects in gravitational lensing. The GW signals can
artive earlier than the EM signals in some cases if the GW/EM signals have passed through a lens. even it both
signals were emitted simultaneously by a source. GW wavelengths are much larger than EM wavelengths;
therefore, the propagation of the GWs does not follow the laws ()f geometrical optics, including the Shapiro time
delay, if the lens mass is less than apProx1mately 10° M(f/Hz)~ ', where fis the GW frequency. The arrival time
difference can reach ~0.1s(f/Hz) " if the signals have pdxsed by a lens of mass ~8000 M_(f/Hz)"' with the
impact parameter smaller than the Einstein mdlus, therefore, it is more prominent for lower GW frequencies. For
examnle. when a distant sunermassive hlack hole hinarv (SMBHR) in a ealactic center is lensed bv an intervenine

AL \wﬁht

Phase velocity, group velocity are superluminal




Source world line Observer world line

Physical signals propagating from S to Q break causality
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On Arrival Time Difference Between Lensed Gravitational Waves and Light

Teruaki Suyama
Department of Physics, Tokyo Institute of Technology, 2-12-1 Ookayama, Meguro-ku, Tokyo 152-8551, Japan
Received 2020 March 30; revised 2020 April 21; accepted 2020 April 23; published 2020 June 11

Abstract

It 1s known that geometrical optics no longer applies to gravitational lensing if the wavelength of a propagating
wave becomes comparable to or larger than the Schwarzschild radius of a lensing object. We investigate the
propagation of gravitational waves in wave optics, particularly focusing on the difference between their arrival time
and the arrival time of light. We argue that, contrary to the observation in the previous work, gravitational waves
never arrive at an observer earlier than light when both gravitational waves and light are emitted from a same
source simultaneously.

Unified Astronomy Thesaurus concepts: Gravitational lensing (670)

Lensed GWs never arrive earlier than light
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Simple explanation

F(w) = 2 piwt 6]

path:0

hy(©) = [ (&t —t)ho(t)dt’

F(6) = Z [ 52 crorator-io =Z 5(¢ — tal6])

f(t)=0 for t< mein t1[0] = Trmin

Tinin: travel time of geodesic (=light)

Lensed GWs never arrive earlier than light

14



Lensed signal comes only after its geometrical
optics counterpart (remains inside the lightcone)

No violation of causality in GL
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Kramers-Kronig (KK) relation

° o © ° : ° D((,()) = E((U)E((,U)
* L * n (= Ree): refractive index
. « ° . e k(= Ime): extinction coefficient

Causality =) e(t) = 0 for t < 0

— KK relation
1 /
n(w)—lz—][dw’ Hw)
T ww' —w)
\principal value integral

KK relation is satisfied in any materials



K-K relation in GL

Causality ===) KK relation

Re F(w) =1+ K(w),
Im F(w) = S(w).

— GL version of KK relation
Tanaka and TS
PRD 108, 044015 (2023)

K 1 (% s S
@) 1]2000 1K)

W 7
- T T / /
cwW —w w

W T

KK relation is satisfied in any lens
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Derivation of the K-K relation

® Causality

— F(w) = dt f(t)e™?
% good convergence in |

0
o Fw)

redefine

I is regular in upper half of complex w-plane (™)

e F(0)=1, lim [F(w)]<C
F(w)—-1

G(w) ==

has no poles on the real axis and in I* and G = 0 (w —,).



Derivation of the K-K relation

/
® Cauchy’s integral theorem \&
dw' F(o') — 1 no poles

hoo o = |
cw —Ww w —— .
LW
< dw F(W') —1 F(w)—1
— 7[ , - w ), — T @) =0
oo W — W W W

= ReF(w)=1+ —
-

w%oo dw" TIm F(w’)
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Sum rules (implications of the K-K relation)

Condensed matter

fooo dw k(w) = %wﬁ wp:plasma mass

GL of GWs

w

Efoodwwzl—\/u_l
0

I don’t know an intuitive explanation for this...




Reformulation of the KK relation BN "
PRD 112, 063529(2025)

F(w) = |F(w)|e®?®

The magnitude and the phase have clear physical meaning

Does KK relation for |F| and 6 exist?

% YES for condensed matter
e.g. Stern 1963

In F(w) = In|F(w)| + i0(w)

21






A(w): analytic in upper-half plane

Apew(w) = B(w)A(w) IS analytic B(w) = H (Z*__lLl;)

n

Blaschke product

W
([ o
. M3 Ha .
HUs He
[ [
M1 K2
0
|IB(w)| = 1forw € R |14, 0 ()] = |[A(w)| forw € R

|A(w)| does not uniquely determine the phase of A(w).




Possible existence of the B-product in GL

j\r
arg(\/;Tl + Z #Ije-.iwAtj—frinjsgn(w))

— _—]€ In (Z [ + 22 VG cos(w At g, — unj;c)) = > — ilnB(w)
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The Blaschke product exists in this case



KK Relations for the magnitude and the phase

 In | F(w .
Q(w):—? : z| dw—zZln(w “)

Mn — W
2 [~ W' 1 o

The phase is not uniquely determined from the magnitude.

The magnitude is uniquely determined from the phase.

I don’t know an intuitive explanation for this...
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Low-frequency behavior
Choi et al. 2021, Tambalo et al. 2023

1
rk+1

Flw) 1 +2 2710 T (1—1%) W+ - (Generalized SIS)  p(r) «
W) =
1+ 3 (m+2ilnw)+--- (Point — mass lens)

Now assume |F(w)| =1+ Aw® + -

Point mass (a¢ = 1), SIS (a = %), gSIS (a = S)

KK relation

)
—tan (Z2) In [F(w)| + - - - 0<a<l
\ln|F(w)|lnw+---

Causality strongly restricts the low-frequency
behavior of the lens signal.
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Phenomenology

It may be useful if there is an example which gives analytic form of

the phase
oW

+ 0

W .
) == g gy~ 2 eos(81 = 8)CilBy)
+2Ci(3w) (8 cos d cos(1w) + wsin gsin(1w)) + Bsin(y — ) (x — 28i(8))

+ cos ¢sin(yw) (—mw + 26 Si(yw)) + cos(yw) sin ¢ (78 — 2w Si(yw)) ] :

cos(Yw + @)

In|F(w)] = -

A AN
VU= =

_0'4_ ............................... ] _04 ...............................

In|F|
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Application to lensing measurement

Tanaka et al. 2025

hy(f)

How can we know it is lensed or unlensed?

(This question persists even if the GW data is free from errors)

28



Lensing of GWs

e W,

le=22

le—22
100 100 T Kim&Liu 2023

- unlensed precessmg 75 —— microlensed nonprecessing
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Some GW sources mimic lens signal
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Application to lensing measurement

Tanaka, Prabhu, Kapadia, TS (2025)

- Lensing hypothesis

h.ps(f) IS @ waveform lensed from template hy(f; 0s)

hobs (f)
ho(f; 0s)

Fobs(f): —

Any F,,.(f) which does not satisfy the KK relation
Is ruled out as false GL signal.

Can the KK relation be used to reject the hypothesis
even when the frequency band is finite? .



Application to lensing measurement

Quantification of the violation of the KK
A= (LHS) — (RHS)

Assumptions on measurements:

1. Wmin K W K Wmqgyx, 2.Wave opticsregime at w,,i, , 3- N0 hoise

If F(f) is a correct lens signal,

ReA = 0(1) X K(Wmin)

We reject unlensed template if ReA > 1, K (wmin)
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Proof of concept Tanaka, Prabhu, Kapadia, TS (2025)

GWSs from an eccentric orbit
u ¢0b8 — ¢ecc m —d plot

4
— S parameters —
e = 0.010 e =0.014 Pecc's P
14001 ¥ m = 30Mg
12001 A3 12001 33 | d = 1000 Mpc
1000 G iain 1000 - .‘. i teoal = 0
8001 g00| L ©Pcoal = 0
30.00 30.02 30.00 30.02
e = (0.016 e = (0.022 ® ruled out
o0 — ® not ruled out
1000 TEATGE 1000 1 S Large eccentric orbit can
Folae A be distinguished from
s 800 lensing
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PrOOf Of Concept Tanaka, Prabhu, Kapadia, TS (2025)

GWSs from a spinning orbit

B Dops = ¢spin m — d plot
1400 A ‘|s=0.04] ' s=0.12 B parameters
g -":;' . m = SOM O)
12001 é S
g d = 1000 Mpc
- Fevat = 0
800 - ; '?p Pcoal — 0
1400 s=0.16] s=0.24
P e ® ruled out
12001 Tl £ 1 AP
g ' ® not ruled out
= 1000 1
B Orbit with large spin can
= " be distinguished from
29.98 30.00 29.98 30.00 |ensing
m [Mo] 33

m [Mo]



Towards more realistic cases

There are cases where the lensing hypothesis
IS ruled out by using the KK relation even
when the GW measurement is limited to finite
frequency band. (No noise is assumed)

(Obvious) next step

Inclusion of measurement noise

Work in progress
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Gravitational lensing is indispensable tool in
cosmology.

GL signal obeys the Kramers-Kronig relation.

KK relations provide a model-independent
diagnostic for gravitational-wave lensing

35
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