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Motivation/Outline

• BCS + pair-breaking scatterings + pair-conserving scatterings = Dynes superconductor model. 

• (Both) Scattering effects signatures in the superconducting optical conductivity response. 

• (Both) Scattering effects in the superconducting surface impedance properties (in the local limit).



Pairing and Disorder

k

-k

k

-k

k

-k

Superconductivity Pair-conserving, non-magnetic Pair-breaking, magnetic

Δ Γs Γ



F.Herman, PhD Thesis

Dynes Formula

N(E) = Re { E + iΓ
(E + iΓ)2 − Δ2 }

F. H., R. Hlubina, PRB 94, 144508 (2016).
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Dynes Superconductor
• Internally consistent extension of the BCS superconductor including pair-breaking and 

pair-conserving scattering processes in general case. 

• Capable to describe electromagnetic and thermodynamic response. 

• Applicable at low (density of states) and also higher (coherence peak) temperatures. 

• Applicable at high disorder (MoC - superconductor-insulator transition) and low disorder 
(Nb-SRF motivated)  

• Mathematical formulation using Green function method:
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Ĝ(k, ω) =
1
2

δ ln [ε2
k − ϵ(ω)2],

δ = τ0∂ω − τ1∂Δ − τ3∂εk
,

ϵ(ω) = (ω + iΓ)2 − Δ(T)2 + iΓs
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5 energy scales.

Dynes Superconductor
• Internally consistent extension of the BCS superconductor including pair-breaking and 

pair-conserving scattering processes in general case. 

• Capable to describe electromagnetic and thermodynamic response. 

• Applicable at low (density of states) and also higher (coherence peak) temperatures. 

• Applicable at high disorder (MoC - superconductor-insulator transition) and low disorder 
(Nb-SRF motivated)  

• Mathematical formulation using Green function method:

L. Gelenekyová et al., arXiv:2602.02097v1.





Dynes Superconductor - Optical Conductivity Response

σ(ω) =
i

ω + i0
K(ω) K(ωm) = D0 +

e2v2
F

3 ∫
d3k

(2π)3
T∑

ωl

Tr [Ĝ(k, ωl + ωm)Ĝ(k, ωl)]

σ′￼reg(ω) =
σ0

ω ∫
∞

−∞
dν [f(ν) − f(ν + ω)]

Dirty limit, Γs ≫ Δ, Γ

n2(ω) − p2(ω) = 1

F.Herman, PhD Thesis

× [n′￼(ν)n′￼(ν + ω) + p′￼(ν)p′￼(ν + ω)]
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Dynes Superconductor - Optical Conductivity Response

F. H. and R. Hlubina, Phys. Rev. B 104, 094519 (2021) 
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Dynes Superconductor - Optical Conductivity Response

F. Bolle et al., arXiv:2602.15003v1.



Electromagnetic properties and (real part of the) optical conductivity
Dynes Superconductor

D. Bafia et al., ArXiv:2106.10601 (2021)

• Implications towards the superconducting cavities: Coherence peak

F. H. and R. Hlubina, Phys. Rev. B 104, 094519 (2021) 
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Frequency shift & Quality factor
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Surface Impedance  & microwave conductivity (Z) (σ)

Zs

Zn
=

Rs + iXs

Rn + iXn
= ( σ1 − iσ2

σn )
k

•  - surface resistance,  - surface reactanceR X
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ΔTc[K] ≡ Tc0 − Tc,

= 0.93[K/at . % ] × c [at . % ]
W. DeSorbo, Effect of Dissolved Gases on Some Superconducting 
Properties of Niobium, PHYS. REV., 132, 1 (1963).

kBΔTc = (π/4)Γ
= J[eV]c[at . % ]/100

c ≈ 0.1 at . %

Γ ≈ 0.01 meV
J ≈ 10 meV
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Frontiers in Superconducting Materials, 3: 1-7.
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Various regimes, Experiment & Theory
D. Bafia et al., arXiv:2103.10601v2



δf′￼(Θ) ≡
∂δf(Θ)

∂Θ Θ=0
Θ = 1 − T/Tcwhere:

Moderately clean regime:  ℏω < Γ ≪ Γs ≲ Δ0



σ′￼s(T )/σ0 = 1 + f1(Γ, Γs)Θ, σ′￼′￼s (T )/σ0 = f2(Γ, Γs, ω)Θ .

δf(T → Tc)/ f̃ = (f1 − f2) Θ/2
δf′￼(Θ) ≡

∂δf(Θ)
∂Θ Θ=0

Θ = 1 − T/Tcwhere:
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σ′￼s(T )/σ0 = 1 + f1(Γ, Γs)Θ, σ′￼′￼s (T )/σ0 = f2(Γ, Γs, ω)Θ .

1) Γ ≪ Tc ∼ Δ00

δf(T → Tc)/ f̃ = (f1 − f2) Θ/2
δf′￼(Θ) ≡

∂δf(Θ)
∂Θ Θ=0

Θ = 1 − T/Tcwhere:

2) Γ ≫ Tc Γswith arbitrary

f1 ∼ − ( Δ0

Γ )
2

< 0

Moderately clean regime:  ℏω < Γ ≪ Γs ≲ Δ0

• Both signs are possible.

• Pure dip.
f2(Γ, Γs, ω) ∼ ( δ

λL(0) )
2

f1(Γ, Γs) ∼
Δ00

Γ
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• High Quality “plateaus” for 
 

 
 

• Analysis showing the role of the 
in-gap states and Fermi-Dirac 
distribution can be found in 
arXiv:2409.04203 
 
 

• Weakly dependent on 

T ≲ Tp ≈ 0.1Tc,0 .

γs ≲ 1.
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• Pair-breaking subgap induced residual resistance.
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• Ratio of the relevant penetration depths.
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F. H. and R. Hlubina, Phys. Rev. B 96, 014509 (2017) 
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• Pair-breaking subgap induced residual resistance.

• Role of superfluid fraction.

• The different roles of pair-breaking and pair-
conserving scattering. 
 

• Role of pair-conserving disorder changes.



Reduced scattering rates exercise

Qs(0)
Qn

= 4 ( Δ0

ω )
3/2 γ + γs

γ2

σ′￼s(0)/σ0 ≈ γ2(γ + γs) σ′￼′￼s (0)/σ0 ≈ 2(Γ + Γs)/ω

f = 1.3GHz

Δ0 = 2meV

Qs(0) ∼ 108Qn

γ = γs ≈ 2.7 × 10−3

Qs(0)
Qn

=
2
σ0

σ′￼′￼s (0)3/2

σ′￼s(0)

• Leading order of scattering rates

Quality at T = 0K

• Specific numbers



S. E. Posen, Understanding and overcoming limitations in Nb3Sn superconducting 
RF cavities, PhD Thesis, Cornell University (2015), and references therein.

Focusing on Nb3Sn

A15 Crystal structure of Nb3Sn.



Focusing on Nb3Sn

A15 Crystal structure of Nb3Sn.

λL0 = 89nm ξ0 = 7nmℓ = 4.8nm

γn = 2ξ0/ℓ ≈ 2

Δ0 ≈ 3.5meV

λL,0 ≫ ℓ
S. E. Posen, Understanding and overcoming limitations in Nb3Sn superconducting 
RF cavities, PhD Thesis, Cornell University (2015), and references therein.



Ballpark estimate of  in case of Nb3SnRs(0)

Tc = 17.9K Tc, max ≡ Tc,0 = 18.3K

γ ≈ 2 × 10−2

S. E. Posen, Understanding and overcoming limitations in Nb3Sn superconducting 
RF cavities, PhD Thesis, Cornell University (2015), and references therein.



Ballpark estimate of  in case of Nb3SnRs(0)

Rs(0) =
μ0ℏλL0(ωγ)2

4Δ0(1 + γs) ( n
ns(0) )

3/2

≈ 0.2nΩ

Rres ≈ 8.5nΩ

γ ≪ 1 γs ∼ 1and

Tc = 17.9K Tc, max ≡ Tc,0 = 18.3K

γ ≈ 2 × 10−2

ℏω ∼ μeVand

Experimental value:

S. E. Posen, Understanding and overcoming limitations in Nb3Sn superconducting 
RF cavities, PhD Thesis, Cornell University (2015), and references therein.
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Experimental value:

Discrepancy reasons

• Ignored anisotropy of the gap -> Oversimplified model 

• Ignoring Two Level Systems… -> Only pair breaking 
scattering contribution  

S. E. Posen, Understanding and overcoming limitations in Nb3Sn superconducting 
RF cavities, PhD Thesis, Cornell University (2015), and references therein.



Frequency Shift
Summary & Conclusions I.

• Despite omitting the inhomogeneity effects, DS framework provides qualitatively (and quantitatively) 
reasonable results with the same numerical complexity as the Mattis-Bardeen theory.

• Addressing the moderately clean regime, we describe the 
frequency shift slope  with the simple 
function of pair-conserving and pair-breaking scattering rates.

δf′￼(Θ) = ∂δf(Θ)/∂Θ|Θ=0

• Various frequency shift regimes (Foot, Bump, Dip & Bump and Dip) assuming low disorder can be 
systemically identified.



Quality
Summary & Conclusions II.

γs ≈ 0.13
full dashed

γs ≈ 1

• Analysis of the high quality plateaus at low 
temperature and low disorder.

• Analysis of the quality factor at zero Kelvin 
Temperature shows different influence of pair-
breaking and pair-conserving disorder.

• For further details: arXiv:2409.04203
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Coherent Potential Approximation


