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Charged Particle Acceleration

Lorentz force: |F =gFE +q(¥ xB) q = Charge of the particle

v = Velocity of the particle

Energy gain: W = I(F.v)dt _ jF.dg E = Electric field
B = Magnetic field

W =|F-ds
=qu'd§+qj(17x§)-d§
=qIE-d§ qj(ﬁxl?)-\?dt

> (VxB)-7=0
SWo= qJ.E -ds
Electric field
Requires an electric field in the direction - i
of particle motion for acceleration. F=qE direction of particle motion
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Acceleration with Electrostatic Field

In linear accelerator, when a positive charge q is accelerated with
electric potential V

» It gains a kinetic energy of W =qgV
» DC voltage is limited to a few MV.

particle source

high voltage / E-field target
generator

/
U - )L
S S P, ooy (7 |
e 7
{ vacuum tube /

particle beam

M.

+ + + + o+ o+

K. Wille, The Physics of Particle Accelerators: An Introduction, Oxford University Press, 2000
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Question: Can we use static electric field to accelerate charged
particles for repetitive acceleration in circular accelerator?

+ > >
— ~ OB
,,—10‘;--\ Faraday’s law: VxE+E=O
& ’ staticEifield \\
/l \‘ ¢ For static electric field: VxE =0
| | —
| ,' f)E-a@ =0
‘\ II
N / W:qu.d§=0 — No energy gain!

~ -
o — -

Courtesy: W.-K. Lau, ISBA22
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Acceleration with Time-varying EM Field

= - OB
Faraday's law: VXE =——
@X % araday’s law =
Energy gain: W=q§E-d§=—d£
dt

W o 7 .
Svnchrotron » To accelerate charged particles in
’ circular accelerator, time-varying
magnetic flux through the surface

enclosed by the orbit is required.

E:E(F,t) —> E(F,0)=E,(F)coswt or E(7,t)=E,(F)sin ot

o
|
o

(F,t) = B(#.t)=B,(F)cosat or B(7,t)=B,(¥)sinot
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Particle Acceleration with Radio-frequency (RF) Waves

» Frequency range: 10 MHz - 30 GHz
» Accelerating gradient: 1 - 100 MV/m

(Microwaves

( \ Phones

Wi-Fi &

Wireless ) ))
Long Medium Short FM TV Sa}t:{ealltljtaerssTV
waves waves waves Band <1 ; /> /
300,000,000 Ry v
frequency f = X 30 kHz 30 i .3.MHz 30 MHz 300 MHz 3 GHz 30 GHz 300 [BHz
. v I @
Wavelength A= 300,000,000 100 m 10m im 10cm 1cm 1 nim
f

With £ = ~1.0 (dielectric constant of air at 20°C)

Courtesy: E. Montesinos, RF powering, CAS 2015

S. Rimjaem Accelerator RF Cavities, ISBA26, October 19, 2026



RF Cavities in Circular & Linear Accelerators

. N\

Microtron £I Synchrotron

B | _bl_l i
l i 2 Linac
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Single RF Gap Acceleration

Instead of using two electric plates, we apply a RF wave to a gap between
two drift tubes. A particle gains kinetic energy of

Drift tube

.
Coupling
loop

/ \ RF

source

/4 :qIE'd§ :qujcos(a)t)dS

T Consider £, =V, / L =constant

+L/2
Vy

W = qL j cos(ws/v)ds =qV,T

—L/2

AE, sm(wL/2v) _

= = Transit-time factor
qV, wL /2v

S. Rimjaem
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Two RF Gaps Acceleration

For two RF gaps, a particle experiences the RF wave at certain selected points

and times with two types of acceleration:

> m-mode acceleration:

1st_gap 2nd_gap 1st_gap 2nd_gap
E E E E
L, LI
) t=0 ) t=t,
> 0-mode or 2x-mode acceleration:
1st_gap 2nd_gap 1st_gap 2nd_gap
E E E E
L L,
< r _ O e < I‘ _ , e
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Multi RF Gaps Acceleration: 7-mode

source drift tubes
n-mode acceleration LR L S S IR U L.,
synchronicity condition: /
1|2 3] 4 i it1l | beam
B0 )98- Yo+ g - g + g -
VT,,f /Irf
| = = f
’ 2 2

ke non-relativistic:
RF generator @

Example: Widerde linacs

» The first RF linac proposed by Ising
in 1925 & built by Widerde in 1928

G. Hoffstaetter, U.S. Particle Accelerator School, June 2010; www.flickr.com/photos/departmentofenergy/16520269905
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Multi RF Gaps Acceleration: 0-mode (or 2n-mode)

0-mode acceleration synchronicity condition: |/, = VT,f = ,Birf

Example: Alvarez linacs (Developed in 1947)

G. Hoffstaetter, U.S. Particle Accelerator School, June 2010;
E. Jensen, CERN Accelerator School, Divonne 2009
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Multi RF Gaps Acceleration: Key Differences in Acceleration Modes

Feature Wideroe Linac (Tr-mode) Alvarez Linac (0-mode)

T mode 0-mode
Phase Difference @ (180" phase shift between gaps) | (0" phase shift; fields point in
the same direction)

Designed so particles traverse a | Particles traverse a tube in a
Drift Tube Length | drift tube in half an RF period full RF period (L = 3A)
(L=BA/2)

_ _ The field reverses polarity while | The field points in the same
Field Behavior  the particle is shielded inside the accelerating direction
drift tube. across all gaps.
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Present RF Cavity: Single Cavity

rectangular waveguide

s

“ TE,o-mode waveguide

TMp4o-mode resonant cavity

pillbox-type RF cavity
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Present RF Linac Structures: Multi Cavities

Two principal types of RF linac:

klystron
| | [,
» Travelling wave structures:
' ides (TMas)  »-—-_ SELIOOLF. 595N SO O SO I O 9~ S
Disk loaded waveguides (TMy) B T T O A T I A I B o
™, Y TE,,
travelling wave
absorber
klystron
» Standing wave structures: . -
Resonant cavities (TMg4) l & =
_____ LIS I UL N OO L L O LU S—
B A o e o I O N N N O OO O N VO VA W O Y S O e

standing wave

Wille, Klaus. The Physics of Particle Accelerators: An Introduction. Oxford University Press, 2000.
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Maxwell’s Equations

Differential form: V -D = p «— Gauss’s law

V-B=0
V x E = —%—? <«— Faraday’s law
oD ,
VxH=J+— <— Ampere-Maxwell’s law

ot

Electric displacement field: D =cFE = ¢€,e,FE

!

Electric permittivity

Magnetic field: B = uH = p,.u,H

!

Magnetic permeability
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Wave Equations in Nonconducting Medium

Maxwell’'s equations in an infinite honconducting medium and absence of sources

V-D=0 VXE:_G_B
ot
ot

Using vector identity: V x (Vx E)=V(V-E)-V?E=-V’E

OB 0 0 ,0D O°E
V X (VxE)=-V x (_E) = —ugt—(V x H) = —#a(ﬁ) —HE
Wave equations:
p Harmonic waves Helmholtz equation
V?E — ue—E =0 jut
ot E x e V2E + w?ueE =0
5? B o el*t
V*H — us@H =1 > V’H + w?ueH =0
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Rectangular Waveguides

Conducting wall

Consider an infinite long rectangular
waveguide in Cartesian coordinates (X, y, z)
with a width “a” and a height “b”.

>

ldeal dielectric __
(e.g. vacuum)

Magnetic

field Magnetic
; ¥ tie\ld
2 5 Electric
L field

i
¢,
| Electric

TEmode  fleld TM mode
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Rectangular Waveguides: TE Modes

TE waves: £ =0

Wave equations:
V2E(r) + w?ueE(r) =0
VZH (r) + w?peH(r) = 0 z/‘\

Infinite long waveguide — 2D boundary condition problem (x, y)

9 2
o0 Hz(x,y) 4 0 Hz(il:sy) — _k;gHz(.L'.y)

2 H —
VJ_ z(xa y) 8"32 ayQ

=y +k =k -k =w’ue — k?

Using separation of variables technique: H,(z,y) = 9:(2)g,(y)

H,(z,y) = (Cysink,x + Cycos k,x)(D; sin k,y + D, cos k,y) k> = k2 + kz
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OH .
on

=0

S

Boundary condition:

H,(z,y) = (Cysink,x + Cycos k,x)(D; sin k,y + D, cos k,y)

J OF. OH, jw,u OH,
E — e — ——— ——
: ‘(Zax w”ﬁi/) k2 Oy

_J (_ 0B  OH.\ _ jwnoH,
k,
E.= kali (Cy sin kyz + Cy cos kyx) (D cos kyy — Do sin kyy)
9 k

By = legz (Ch cos kzx — Cysin kyz) (D sin kyy + Da cos kyy)
kl‘:my m=0,1,2,...

H.(x,y) = Hycos k;x cos kyy n(;r
ky = % B 01,9
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Electric and magnetic field of TE,,, modes

ok ,
E, = J wkl; Y H, cos m;r.z: sin n%y
k.,
B, = _Jw]g Hjsin m;m: COS ?
E,=0
ik, 0H; gk.k; . mmx nmwy
Hi=— k2 oz = 2 Hysin . COST
ik, 0H, jk.k: mrT . NIy
Hy:—kf Y = k2 0€08 — —s8in — =
H. = Hycos = COoS @
a b
L — L W
a
k, = "% n=0,1,2,..

Cut-off wave number: 2 — 2 4 kz

Cut-off frequency

m7r mr)?
We =
1/ 1/ b
Phase velocity:
- w - W
Pk E-R

In a conducting waveguides,k # 0
and the wave can propagate without
any attenuation only when k> £

S. Rimjaem
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Rectangular Waveguide Fundamental Mode: TE;,

. TT s 1
E,=0, E,= Eysin—, E,=0 k,=— AN=2a, fo=——
a a 2a., /1€
T T
H,=Hycos—, H,=0, H,= Hycos —
a a
: |
-4 E-Field
v
- H-Field
v e = X[ X P X| X y
? . . - - X |XpH XX g
N I o 1l 1l o .. J-Field
Green lines: E-field, Purple lines: B-field, Orange lines: J-field

www.3ds.com/products-services/simulia/resources/hollow-rectangular-waveguide/
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Cxlindrical Waveguides

Consider an infinite long circular waveguide in cylindrical coordinates (r, ¢, z)

Electric and magnetic fields:

Conducting wall
E = E,(r,p)e’ ") l
H = HO(,,., {P)ej(wt—kz:) y

Taking derivative w.r.t to time: Dielectric medium a

(e.g. vacuum)

(SN

Wave equations: | V2E = —k*E

Wave number:
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" " " " P, ¢ 2
Express Laplacian in transverse and longitudinal planes: V’E = V2 E + il

022
2
V’H =V’H + e H
02°
. N . . 0 : 0 2
Taking derivative w.r.t to z-coordinates: —=—jk_, 5 =—k;
4 4

Wave equations of longitudinal E-field and B-field: v2 g, = —k2E,

ViH, = -k H,

ki =7"+k*=k*+k. where k_is the cutoff frequency of cylindrical waveguide.
Solutions of wave equations for longitudinal E-field and B-field:
E.(r,¢,2,t) = E,.(r,p)e?t*2)

Hz(fr.? P, Z, t) — Ho,z('r, W)Cj(wt“ kzz)
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Wave equations of longitudinal E-field and B-field: in cylindrical coordinates:

10 OF. 1 0*E O*E., ;
—— 2] 4 = A 2+ k2E. =0 (Eq. 1)
ror (r or > r2 Jp? 0z2 ©r 9

19 (_8H2> 1 8*H, &°H,

o 8 e . k:H, =0 Eqg. 2
ror \| or +r26g02+822+c” By 2

Using “Separation of variable technique” and substitute. E,, = R(r)®(y¢) in (Eqg. 1), we get

r 0 ( 8R> 1 9%

| == " 4 k%2 =0 —p R(r) and ®(y) are independent.
2o \" 5 +¢8902+kc7 0 (r) (

r9 (OR\ 1,._ 107  , 7
Ror \' Or ©

=n
82
¢ 0y ? Ny 9%

285
constant 5 TR (I) - 0
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Longitudinal E-field and B-field

Radial dependent solution:

r 0 OR o i . , o .
R (7§> +kir*=n* —» 7R+ rR + (k*r* —=n*)R=0 “Bessel's equation’
R(r) = AJn(k.r) + BY,(k.r) “Bessel function”
Bessel's function Bessel’s function
of the first kind of the second
kind

Azimuthal angle dependent solution:

82® 2 t 'n¢ 13 . - tH

92 +n®=0 —» @O(p)=Ce™™ “Single-value function

n=0,12,...
Solutions for longitudinal electric and magnetic fields:
E;(T‘, (/97 Z t) — [A*]n(k'c'r) + BYn(kc7.)]6,j(wt—n¢—kzz)

H,(r, ¢, 2,t) = [A'Ju(ker) + B'Y, (kr)|e?t—me=ks2)
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Transverse E-field and B-field

Using curl equations: V x H = jweE and V x E = —jweH
18H, é8H, . 10E, ©OE
— ) e — ET o & @ i i
r Op 8z  I“* rdp 0z ek
OH, OH, . OE,. OFE,
0=~ or g “’; g TR
1 H. 10H, 1 oF, 10F
-H L — —— = jweE, B+ — ————=—j z
r ¥ i or r Op e rEV w aor r Oy JuEH

Transverse E-field and B-field components in terms of longitudinal fields:

B =~ (’“" e aai]oz)
ot
[ we OF, p
Hr:é(%g%so _k’:a;)
' E, k, 0H,
H(p——ki,é2 (wsaar +7%¢)
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TM Modes in Cylindrical Waveguides

TM wave: | [H =0

¥4

Longitudinal E-field:  E (r,p)=[A4J (k.r)+BY, (k.r)le’

E.(r, @) = [Adn(ker) + BYy(ker)][C cosng + D sinny)

E.(r,p) = E,Jn(kcr) cosng

Transverse fields: g — _’Z;Z 853 = 5—;H¢ = —]:: E,J, (k.r) cosny
B, = _kj;z %l;z = —uk)—;Hr = %Ean(kcr) sin ny
H, = ]k(;: a(f; = _j:;n E,J,(k.r)sin ny
H; = _jws% = —waEoJ,'l(kcr) COS NP

k2 or k.

S. Rimjaem Accelerator RF Cavities, ISBA26, October 19, 2026
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TM,,, Modes

Consider boundary conditions at the cylindrical waveguide's wall at » =a
» At r=a, E(r=a)=0
E.(r,¢) = EoJn(ker)cosng =0

E,J,(k.a) = 0

N\ J,(kr)
2ma \
k.a = wey/pea = ) = i} \\ ~
\ / \\ 7\ Y
X— Fr— —yr—f— "kcr
0 \ / \m)(./ 15
] S
«5 9
xnl
Cutoff wavenumber: |k, = n By Lria Fi T, ), T,
. :
0 2.405 5.520 8.654 3.832 7.016 10.174
Cutoff frequency: |y = ke __ %u 1 | 382 7016 10173 | 1841 5331 8536
‘ \ HE a\/,ue 2 5.136 8.417 11.620 3.054 6.706 9.970

S. Rimjaem
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The Lowest Mode: TMy,

The simplest and dominant propagation mode is the TMy; mode.

Jk. jk.

E,=— . EyJi(k.r)cosp, E, = kTE'oJl (k.r)sing, E, = E,J\(k.r)cosp
c AL
H = —]:meoJl(kcr) sing, H,= —l,:)—quJ{ (k.r)cosp, H, =
Cr C
- 27 _ 2.405
A, R

o & N
s 3N

oo)\
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Can we use uniform waveguide to accelerate particle?

From propagation constant in terms of cutoff frequency, we get the phase constant as

w c
For uniform waveguide W = \/c2k§ + w? | “Dispersion relation”
v, = ke =czlE @
7 Ok, W
Uplq = c?

vg<candvp>c

Particle and wave “do not have the same velocity” to maintain the synchronism.
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How to solve this problem? = Periodic Accelerating Structures

» Periodic array of coupled resonant cavities

SosSSSSaESESNNSESGSSSsSS SO OS S OSRA S A NSIAANSSASNSS[SS DSBS N m S (ap er t-ur e )

- d disc
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Resonant RF Cavity

Consider superposition of longitudinal E-field of a standing wave in end-closed waveguide

Z\
E(z,t) = E,&@“Wt %) B /Wtkz) — 9B cos(kz)e’™!

Amplitude of standing wave: 2FE, cos(kz)

Max. amplitude occurs at cos(kz) =1

f—— R —

Min. amplitude occurs at cos(kz) = 0 —» kz = (p+ )7 e . F

Resonant condition occurs when the length between conducting plates is a multiple of a
half-guide wavelength for each mode

d=p=2 | p=0,1,23,...

o Lo 2PN
Resonant wavelength: SYARbY * (d)
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Cylindrical Resonant Cavity

Cylindrical resonant cavity with a width a and a length d

T
[~
a

Longitudinal fields in TM,, waveguide mode: | E:(r,¢) = EoJn(kcr) cos ng

H =0

z

Superposition of longitudinal E-field: E.(r,¢, z,t) = (Ae %% + Be?***)J, (k,.r) cos npe’™"
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Boundary condition: |E

Consider boundary conditions at z =0 and z=d
E, = (Ae 7% 4 Bel*:%) ] (k) cosng

Weget A=B and k.d=pnr

pi= 01,23

Longitudinal E-field:

E, = B(e77%** 4 e7*22) J (k.r) cos ng

= 2BJ,(k.r) cos ny cos %

S. Rimjaem Accelerator RF Cavities, ISBA26, October 19, 2026

37



E-field and B-field of TM,,, Cavity Modes

E, = 2BJ,(k.) cosn,ocos;l?
H,=0
E, = _“jE (kz BBE,,,Z i wrli 0@?;) _ _zlf (p;r) J; (ker) cos nc,osmz%drE
H, kig (L%E%iz = zaaljz) = ]2113:20671 k) Slnncpcosz?
E, = kig ( ,:, %i +w#8§z) lej:plﬂJ (ker) Sinmpsinp%z
e —k% (wt—a;;z i+ %68Z2> = _jzi{:)EJ'(k r) cosmpcos%
S. Rimjaem Accelerator RF Cavities, ISBA26, October 19, 2026 38



2 2 2
Cutoff wavenumber: g — ot _ \/“" S b \/“’ iE 4 (I_”I)

2
Phase constant: k, = \/(2;) tr2=2

Resonant wavelength: )\ = !(;7:;)2 + (2%)2]

Resonant frequency:  f—= VEZ+ k2 = 4 \/(xnz>2+(%)2

SN/ 27\ /e a
n=0,12,...

=108,

His 02 8]
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T™,,,, Mode

The modes are described by 3 indices:

No. of variation of field

n=012... of the azimuthal
variations around theta
n=0 n=1

E, E,

1=123.. No.ofnulsinE,along L 1=1 L 1=2

' the radial direction =8y \
u" -r '\.\ y o r

E; _ Ez

» = 0.1,2.3,.. No.ofnodes of E;along ‘ p=0 - p=1

———  z-axis \
S. Rimjaem Accelerator RF Cavities, ISBA26, October 19, 2026 40



The Lowest Cavity Mode: TMy,, pillbox cavity

> TMo»]O:n:O,l:]. and p=0
o1 = 2.405
k. = 2.405/a E-field
E, = EyJy(k.r) coswt
we
k.
E.=E.,=H,=H,=0

H, = jEy—Jy(k.r) sinwt

A H-field

1.0

JO(kcr)

08 | Bessel functions

0.6 F
i3 \\Jl(kcr)
04 r , S
I, \\
02 [ * s
4 N
/7 N
0.0 : ' ' = k.r

...........

.-
L S R R
- s

P L L S
R A RK

N Ry

'S
¥
i
¢’
13
a
%%
S
b

' e N
AR R S

WM b AN S Srsssrrenany
SerREnEsaen
LA R R R R B R R R J
LA R R R L N R LR R J
TR RN

Courtesy: Dr. Sang-hoon Kim, ISBA23
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3D Simulation with CST MWS: TM,, pillbox cavity

Electric Field Surface Electric Field

Surface Magnetic Field

» Peak surface electric
field at end plates

» Peak surface magnetic
field at outer cylindrical
surface
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Modes in a Pill Box Cavity

TMy10
- Electric field is purely longitudinal
- Electric and magnetic fields have no angular dependence

- Frequency depends only on radius, independent of length
TMo,

- Monopole modes that can couple to the and exchange energy
TM,,

- Dipole modes that can deflect the beam

TE modes
- No longitudinal electric field
- Cannot couple to the beam

- Can deflect the beam
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Cavity Parameters (1)

Fundamental f P O o TR
unadamental rrequency. Jjo = o o T =~ B T
Radi f t it LnlC
adlius or resonant cavity: a@ =
y 2m /L€ fo

Stored energy: U = §/|E|2dv = g/|H|2dV
V Vv

Skin depth: 5:‘/i: / l
o T f uo

Cavity power wall loss: % = %lH”P

S. Rimjaem Accelerator RF Cavities, ISBA26, October 19, 2026
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Cavity Parameters (2)

» Q-factor (cavity quality factor): determines
maximum energy the cavity can fill to for Qo
a given input power

> r/Q (R-upon-Q): surface-independent
parameter as a measure of acceleration efficiency

» Geometric factor (G): surface-independent G =

parameter as a measure of power efficiency:

olU

1 o
2!\}[\2 ds

S. Rimjaem Accelerator RF Cavities, ISBA26, October 19, 2026
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Figure of Merit

Accelerator operation requirement

V2 VZ Cavity material
Rs

=~ Cavity geometry

S. Rimjaem

Accelerator RF Cavities, ISBA26, October 19, 2026
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Equivalent Circuit of Resonant Cavity

For simplicity, consider TMg,o pill-box cavity
» E-field is contained between two metal
plates.
— Capacitance C

» Surface current circulates around the
outside of the cavity and induces the B-field. i

— Inductance L

B
(\\ (_\1 4
A X J
Al X O Surface
A /(:J, T ;:; —> 6; /lé Current
- Al

Courtesy: G. Burt, Introduction to RF for Accelerators, Lancaster University
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» For cavity with finite conductivity wall, the
surface current flows in the skin depth causing
ohmic heating and power loss P..

— Cavity shunt impedance R

» In this model, we assume the voltage across
the resistor is the cavity voltage V..

R L C

1
) = ——— P =-< — c
T JLC ° " 2R V==

Courtesy: G. Burt, Introduction to RF for Accelerators, Lancaster University
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» Simple equivalent circuit can be used to calculate the cavity parameters

Ve=VTI .
____________________________________ cavity
0, ===\ 7R s N
VL I R __Ci

R V’ 1 L 5 5

QO:2a)U:a)C: C

——

Courtesy: G. Burt, Introduction to RF for Accelerators, Lancaster University]
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Practical Accelerating Cavity

> RF Coupllng from Wavegl'“de rectangular wavegquide
to cavity )

TE p-mode
waveguide

TE10-mode —» TMO010-mode
waveguide cavity

» The beam enters and exits the aa
cavity through beam apertures. —

» Cavity optimization TMy1o-mode

resonant cavity

pillbox-type RF cavity
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Qutline

n Charged Particle Acceleration and RF Gaps
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Introduction of Beam Apertures

= Beam tubes add length w/o acceleration
— Makes field modes in cavity more complicate
» Peak E-field is no longer on axis
» Resonant frequency is more sensitive to cavity dimensions

— Mechanical tuning & detuning are needed.

>~
© O OH © O OH
) ol E ~ : g
| > E
’ > S
L L
® QX ® QX
>
I
pillbox pillbox + beam pipes

distributed
L,C, wall loss
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Acceleration between Infinite Parallel Plates (1)

Consider infinite parallel plates separated by a distance L with time-varying
voltage applied and assume uniform E-field in the gab (neglect holes).

PR Accelerating field: £_ = FE_(7) = E, cos(arf + ¢)

+q ¢ is the synchronous phase of the field relative

| c— | X to the crest.
Z
\ y Energy gain in the accelerating gap:

¥ : ) Li2

. L/2
V, AW =gq [ ) E_ dz =qE, J'_L: cos(wt(z)+ @)dz

J-L/

Assume the velocity change through of ~ e = 2z _2m

the gap is small (v ~ constant): v AcBf Pi
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Acceleration between Infinite Parallel Plates (2)

Energy gain:
L/2
AW =gqE, j(cos @f cos ¢ —sin @f sin P)dz
~L/2

Odd-function of z

Li2
=gE, cos ¢ J cos

[2722
-L/2

v sz —gE,smg

v

L/2

| . 2

=gk, cosqﬁ'[/ sm—ﬂ?
27 PA | 54

sin(zL / 1)
JZL»//zi

=qL, Lcosg
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Acceleration between Infinite Parallel Plates (3)

sin(zL / fA)
L/ /3/,

Energy gain: AW =gk, Lcosg

Transit time factor: a factor that takes into account the time variation of the
field during particle transit through the gap

_sm(Al/ pA)
al.| pA

I

|
!
L
WY REEX X!
|
|

Energy gain: | AW =qV,T cos¢

We get energy gain for an on-axis particle acceleration in a pill box cavity
neglecting the beam holes.
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Effects of Beam Apertures: Energy gain and transit time factor (1)

Taking into account of beam apertures, the accelerating field depends on r and z:

Accelerating field: £_=FE _(r,z,1)= E(r,z)cos(wr + @)

Energy gain:

Li2 Li2
AW =g Ed==q| E(0,2)cos(oi(z)+p)d-

v—L

Li2

AW =¢q J E(0, z)(cos @f cos ¢ —sin @i sin P)dz

-L/2

N\
\\\§h N
\\\\? \\§\\' )

NN

Choose the origin at the center of the gap, defined as

n

.

Li/2
jE(O. z)smwt(z)dz =0
~L/2
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Effects of Beam Apertures: Energy gain and transit time factor (2)

Energy gain:
- LI2
L) [ E(0.2)cos otd:
AW =qV,T cos¢ = (1{ [E(O--)d:} 2 cos ¢
whe JE(O.:)d:
~Li2

Transit time factor in general form can be defined as

L2
IE(O. Z)Ccos @rtd:z
I'= —L'Z.r_l:
jf(o-:)(/:

-L{2
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Effects of Beam Apertures: Energy gain and transit time factor (3)

Assume the velocity change through ¢ ~ = — 27z ;e
the gap is small (v ~ constant): v fA

27
Wave number: k& =—

LA

Transit time factor for an on-axis particle acceleration:

I/ >

0 —L/2

)

Li2
Maximum accelerating voltage: 1/, = J ] E(0,2)dz

L/2
Tk)=T(0,k) = A _[E(O,z)cos(kz)dz — The same as the case w/o holes.
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Effects of Beam Apertures: Energy gain and transit time factor (4)

Transit time factor for an off-axis particle acceleration:

5 ] St
I(r.k)=—- [E(r.2)cost)dz  T——) | T(r.k)=T(k)],(Kr)
0 -L/2

l, is the modified Bessel function of order zero.

27T

ypA

is the wave number in the case of off-axis acceleration.

Energy gain in case of off-axis particle acceleration (r-dependent acceleration):

AW = qV,T(k)I,(Kr)cos ¢

Compare to the case of on-axis acceleration: AW =qV,T cos¢
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Effects of Beam Apertures: Energy gain and transit time factor (5)

Assume the accelerating field at the drift-tube bore radius (r = a) is constant

within the gap and zero outside the gap.

b E(r.2)
| ] R
, 0<|zI<o/2] | - \/ :
E(r=a,z)={ ¢ o | & 5 1 - [
) - | U ] ]
0 gx’2_|:| { o e, / ' \r=0
2 L2 ‘ ’ L2 ,/ 1 i
"/ ' ’ ——
U2 L2

Using the definition of r- and z-dependent transit-time factor :

I .

0 -L/2

I(r.k)= L jt'( 1. z)cos(kz)d=

E.g sin(kg/2)  E.g

=4
o

VoI (k) = ‘ = ’
I,(Ka) kg/2 Jo(2ma/ A)
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Effects of Beam Apertures: Energy gain and transit time factor (6)

Transit-time factor for the RF gap with drift tube:

J,2ma/ L) sin(xg/ PA)
Is(Ka) e PA

T(r;k)=T (k)] ;(Kr)=1,(Kr)

Energy gain: ] ) -
AW = qV,T(k)I,(Kr)cos¢ =qV,T(r,k) cos

Jo is the Bessel function of order zero.

I, is the modified Bessel function of order zero.

27

P/

is the wave number in the case of off-axis acceleration.

K =
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Effects of Beam Apertures: Conclusion

Beam apertures allow particles to pass through acerating cavity, while influencing
the cavity's fields and accelerating performance.

Main effects:

rectangular waveguide

Shift the resonant frequency

Perturb the E-field and B-field
distributions

TE4o-mode
waveguide

Modify the axial accelerating field
profile and transit time factor.

f TM010-mOde

Affect the effective accelerating L rosamant cauity
voltage and particle energy gain. N | —

Larger apertures may increase A
RF field leakage and reduce / ;{
accelerating efficiency. DA i

Potentially reduce the quality
factor (Q) Cavity optimization is needed !
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Cavity Optimization: Normal conducting cavity (1)

;

1. Adding beam apertures causes E, at the nose distort
because the condensation of E-field lines.

((

TT\

x\&§// \\§\\\ '
AN

2. Modify the nose cone of pill-box cavity to be a re-entrant cavity
for maximizing transit-time factor and shunt impedance.

3. Modify the wall of the pill-box

cavity (which corresponds to B-field) l 0 f; Q

to increase the Q-factorandreduces — 7 5 " — @
the power loss.
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Cavity Optimization: Normal conducting cavity (2)

coax feed R_./L
loop Q C
»| (magnetic)
coupler = Goal: To maximize L and minimize C,
O while keeping the optimum interaction
o _ 020 len i i
O O gth (maximum T) and maximum Q.
E = Nose-cone (re-entrant) cavity:
. y > Increases the volume occupied by
E > the B-field and the surface area
1 : i carrying the surface current.
> » Surface area in the capacitive
? ? region (nose tips) decreases.
X ® ® » Wall-power dissipation and electric
Q@ ® field strength at the nose-tips limit

achievable gradient.
"nose-cone” copper cavity

Courtesy: John Byrd, RF cavities and linacs, Lawrence Berkeley National Laboratory
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Cavity Optimization: Normal conducting cavity (3)

The shunt impedance is strongly dependent on aperture.

Higher frequencies
need smaller apertures !

Example: KEK photon factory 500 MHz 200

nose cone

- R probably as good as it gets - 8 — l X Ku lband 11.l424GHz'
this cavity optimized (% [ _ g E::S;;qlg%}:;
pillbox = e 150¢ — L band 1.3GHz
R/Q:  111Q 107.5 Q a é
Q: 44270 41630 g =
R: 4.9 MQ 4.47 MS) = -
oud
P
(1))

0 10 20 30 40 50 60 70
Beam Aperture . mm,
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Cavity Optimization: Normal conducting cavity (3)

CST Microwave Studio model of nose-cone (re-entrant) normal conducting cavity

CST V/m

Computer Simulation
Technology -37e+007

‘.1. .82e+007
’ e +007
e+007 -
ks e+007
e+007
Zkle+007
Hne+006 ﬂ
(7]
Type = E-Field (peak)
Monitor = Mode 1
Plane at z = 0
Frequency = 1.28858
Phase = 0 degrees

Maximum-2d 4.36809e+007 V/m at -41.0665 / 19.37 / -2.80202e-015
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Cavity Optimization: Normal conducting cavity (4)

Example: Optimization of beam apertures, nose-cone, waveguide port, side-coupling cavity.

RF input port

S

. . electron
side-coupling beam
cavity
RF input port
thermionic

electron

tuning rod beam

S. Rimjaem et al. Nuclear Instruments and Methods in Physics Research A 736 (2014) 10-21.

1.2e408
9.4le+d?
7.34e+07
5.666+07
4.320407
3.24e+07
237e4+07
1.67¢407
1.1te+07
6.56e+06
2.926+06
o

S s =

o @ o o e e e e e P
i)  \oerees s o obich .¢/£

120408
7340407
4.32e+07
2.3%+07
Lile+07

-L11e407
“2.37a407
-4.328407
-7.34e+07

“1.22408
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Cavity Optimization: Normal conducting cavity (5)

RF waveguide in-put port and side-coupling ]
cavity cause asymmetric azimuthal B-field Asymmetric beam

distribution. distribution!

0.8

0.6

y (mm)

0.4

Intensity (a.u.)
(=]
()

-3 -1.5 0 LS, 3
X (mm) Transverse position (mm)

\, .
0.8

0.6

0.4

xp (mrad)
yp (mrad)

S. Rimjaem et al. Nuclear Instruments and Methods in Physics Research A 736 (2014) 10-21.
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Cavity Optimization: Superconducting cavity (1)

Optimization of superconducting cavity = Optimization of peak surface fields

Bell-shape Cavity

Add “magnetic

volume” at the equator gt iy

to reduce B

Add “electric volume” at the
iris to reduce £,

S. Rimjaem
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Cavity Optimization: Superconducting cavity (2)

» Smooth shape to avoid field emission from the surface.
» R/Qis low but Q is very high
» Gradient is limited by

» Surface magnetic field antenna
> Field emission from surface impurities (electric)
coupler

R¥¥®R
R &

"bell-shaped" superconducting cavity

coax
feed

Courtesy: John Byrd, RF cavities and linacs, Lawrence Berkeley National Laboratory
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Cavity Optimization: Superconducting cavity (3)

Example: Cornell 500 MHz superconducting cavity

0.11 V/ipe
89 Qicell
R83
-
R20
_ mm__ ¥
-
(b)
B-Factory Cell S.hapeg
Quantity Cornell SC 500 MHz Pillbox
G 270 Q 257 Q)
Ra/Qo 88 Q/cell 196 Q/cell
Epk/Eacc 2.3 1.6
Hosef B 52 Oe/MV/m 30.5 Oe/(MV/m)
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Cavity Optimization: Superconducting cavity (4)

Example:
f=1300 MHz

Fiis [mm] 35 30 33

K. [%] 1.9 1.52 1.8

E car/Eace - 1.98 2.36 2.21
Boeai/Eace | [IMT/(MV/m)] 4.15 3.61 3.76
R/Q [Q] 113.8 133.7 126.8

G [Q] 271 284 277
R/Q*G [Q*Q] 30840 37970 35123

S. Rimjaem
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Qutline

n Charged Particle Acceleration and RF Gaps

n Rectangular & Circular Waveguides

Resonant RF Cavities

3
n Cavity optimization
S

Disc-loaded Structure

|
|
|
|
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Periodically Loaded Structure

The most widely used solution for obtaining phase velocity v, < ¢ in accelerating
structure is the use of periodic structure.

» Periodic structure has the modes that are composed of a Fourier sum of waves,
which are suitable for synchronous particle acceleration.

Periodically loaded structure:
» Reflections from the periodic loading elements reduce phase velocity

» lIris-loaded structure (disc-loaded structure) may be viewed as a uniform
waveguide with periodic loading elements.

A N N N N S A N A A S A I N SN DO AN IS SIS SN X

U Uuul % /E /E O d = cell length

L !

[\

NN
1 1\3\\\3

S ANNNASANANRTY SO SS S SN \\\X\\\\\“\\\_\\\\\\ lrl S (ap er t-ur e )
| I

—‘—‘————ﬁ'
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In uniform waveguide, the longitudinal E-field of TMy; mode is

Ez(r; Z, t) — E]O(Kr)ej(wt—koz)

Dispersion relation of uniform waveguide:

w? = w? + (koc)? = (Kc)? + (koc)?

K'is the cutoff wavenumber for TMy; mode

Phase velocity:

Up

w C

"k 1= (Ko)Zjaz

> C

Cannot be used
for synchronous
acceleration !

Solving this problem is based on two fundamental principles:
» Floquet's theorem

» Space harmonics

S. Rimjaem
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Floquet Theorem and Space Harmonics

Floquet's theorem: “For a given mode and frequency, the electric field in
adjacent cells differs by a constant phase factor.”

E(r,z,1) = Ey(r, z)e/ %0 IHIEIRNS

e d
| I
| |

= Asolution E;(r,z) inone cell applies to all identical cells.
» The exponential factor describes the phase shift of the E-field between adjacent cells.

Since E(r, z) is periodic with period d, such that E(r,z + d) = E(r, z), it can be
expressed as a Fourier series:

00

Ed(l‘.Z) = Z an(r)e—jbrnz/d

n=——0C
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Replace E(r,z,1) anc E;(r,z) in wave equation:

dr? r dr

a,(r)+ a;’gr) — K2a,(r) =0
K2 = (0/c)* — (ko + 2mn/d)’

k, =

ko +

2Thn

d

— Dispersion relation of periodic structure

S. Rimjaem
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For K2 > 0, field components in TMg;-mode are

o0
E.(r,z,t) = Z E,Jo(K or)e (@ ka)

n=—00

X
E .] Z En Knr)el(mt ~kn2)

A=—

Bﬂ(r’“ _‘} Z En Jl(an jlor—kyz)

n=-=—oo

= (w/c)* — (ko + 27n/d)* k, = kg +2in

Jo and J, are the Bessel functions

S. Rimjaem
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Dispersion relation of periodic structure: K2 = (0/c)® — (ko + 27n/d)*

Phase velocity for nth space harmonic:

w Up,o
v — =
Pk, 14 (2an/kyd)

B — O _ Bo
" knc 14 (nBohr)/d)

» A periodic structure generates space harmonics with the same frequency but
different wavenumbers K.

» By selecting a suitable harmonic order n, the phase velocity can be reduced
to match the particle velocity, enabling synchronous acceleration.
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When consider vph < ¢, K2 «< () = -—k,?, ot Ky, = jk,

k, = (kg +27nn/d)

Field components in TMo1-mode are

00
E (r,z,1) = Z En[()(K,,r)ej(‘”"k"z)
n=—0oC
_.] Z hn L Kn’) IB-Eie)
Bo(r,z,1) =j Z Ent—s 11 (Kur) o J(01=k,2)
n=-—0oc

|, and /; are the modified Bessel functions.
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Field components in TM0O1-mode for n =0:

E. =E\,(K,r)cos(p)
E, =—y E (Kyr)sin(¢)

B, =1L B 1.(K,r)sin(g)
C

when K, = ‘Kj‘ and ¢=a)t—27zj

dz

A

B, (2)

Energy gain of synchronous particle after acceleration in length d:

v

0

AW:qJ

~
/
~

dzRe [E:(r,z,f =
Bo

-+ 1to)
C

] = gEolo(Kor)dcos ¢

S. Rimjaem
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Phase velocity for nth space harmonic:

o _ Jon
kc 1+mpA/d)

B, =
Dispersion relation of periodic structure:
K>=(w/c) —(k,+2xn/d)’
» Considern=0: k,=w/p,c
K; =(w/c)Y —k;=—y:pc’

v, ==, /)T =1-5))"
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RF power and energy propagate along the accelerating structure in the
direction of beam acceleration.

» Travelling-wave structure: *
RF wave prppagateg,.in the +z - or.| VPR n=0  Vph<C ne1
direction, with a positive group
velocity (vy > 0) Voh =C
®c I I
Y T l ﬁl T '—ﬁ'—'s
P4 n 0o = n en 3n
d d 2d d d d

» Standing-wave structure:
RF waves reflect between walls,

forming standing waves.

= A negative group velocity -  reflected wave
(vg < 0) indicates a backward- < n=0 \/\ y
wave mode. h | direct wave

= A standing wave has zero net i , , : , | , __kp
energy flow (v, = 0) for the -%’f - %é-‘ 5 0 =z Z %‘ %"

ideal standing-wave field.
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RF Linac Structures = Next Lecture by Prof. Kuriki

klystron
» Travelling wave structures:
Disk loaded waveguides (TMy4) l TE,
rrrrrrrrrrrrererrrrrTe
B e e e e e ————— e — -
kA EEERL A e
™, I TE,,
travelling wave
absorber
» Standing wave structures: .
.y stron
Resonant cavities (TMy4o) s
L
l TE, -
_____ HLILINRLJL L LI L L L O I S
S A e S o N e O N N N O R S O ) O N Y O il AN e

standing wave

Wille, Klaus. The Physics of Particle Accelerators: An Introduction. Oxford University Press, 2000.
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Conclusion

1. RF Acceleration 2. Waveguide Modes
Longitudinal RF electric fields accelerate particles; TE/TM modes follow Maxwell’'s equations and
synchronous phase controls energy gain. boundary conditions; uniform guides cannot

provide synchronous acceleration.

3. Resonant Cavities 4. Transit-Time Factor

Standing-wave cavities store RF energy; TMy19 Finite transit time reduces the effective voltage:
mode provides a longitudinal accelerating field.
AW =qV,T cos ¢

5. Cavity Optimization 6. Periodic Structures
Beam apertures and nose cones affect fields, Space harmonics enable velocity matching; travelling-
frequency, Q, shunt impedance, and energy gain. wave and standing-wave structures use different RF

field patterns.

KEY MESSAGE < Synchronization + accelerating field + cavity geometry — efficient energy gain
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