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Introduction

Muon Anomalous Magnetic Moment a,—. , -

@ Dirac Eq. with B:

oy
Iﬁa =

@ Nonlelativistic Limit, Pauli Eq.:

[a . (—iﬁcV - eA) + B my + er}ib 3

— [ — 2
ih% - [M,ME.BjLeAOP)7
8t 2mgc Muon
Strorage
® Magnetic Moment: M, = g¢5.%- e

@ In Dirac Theory:
g =2, aeE(ggf2)/2:0, Weye = Wprec-

o In QFT (with Loops) for Electron (M.Knecht
,.NPPP2015):
aM =1 159 652 180.07(6)(4)(77) x 1072 (O(%)),
a%® =1 159 652 180.73(0.28) x 1072 [0.24ppb] .
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SM contribution aff““ib' x 1010 Ref.
QED [5 loops] 11658471.8951 + 0.0080 [Aoyama et al '12]
HVP-LO (pheno.) 6923 +4.2  [Davieretsi 1]
694.9 +4.3 [Hagiwara et al '11]

681.5+4.2 [Benayoun et al '16]

HVP-NLO —9.84 £ 0.07 [Hagiwara et al '11]
[Kurz et al '11]

HVP-NNLO 1.24 +£0.01 [Kurz et al '11]
HLbyL 10.5+2.6 [Prades et al '09]
Weak (2 loops) 15.36 £ 0.10  [Gnendiger et al '13]
SM tot [0.42 ppm 116501802 £ 4.9 [Davier et o 11]
0.43 ppm 11659182.8 + 5.0 [Hagiwara et al '11]

0.51 ppm 11659184.0 + 5.9 [Aoyama et al '12]

Exp [0.54 ppm] 11659208.9 + 6.3 [Bennett et al '06]
Exp — SM 28.7 + 8.0 [Davier et al '11]
26.1+7.8 [Hagiwara et al '11]

249 + 8.7 [Aoyama et al '12]

FNAL E989 (2017): 0.14-ppm, J-PARC E34: 0.1-ppm

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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@ QFT Def. for as:

/%\ = @O E) =3I (p.p)ulp) @
» . Ma=p=p)=1"A()+ ,Zm:/u R+, ()
F2(0) = a0 = (g — 2)/2 . (3)

@ Standard Model, Loop Corr.:

a=o/@2r)+-- .

"had |

@ BSM = MSSM (Padley et.al.’15) or TC (Kurachi et.al. '13) etc.:

X (mg//\BSM)Z.
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Pion Contributions to a, from Experimental Data

exp. SM?
Really a2 # a3

T
— KLOE 08 368.1+04+23+22

——— BaBar 09 376.7+2.0+19

0 KLOE10 365.3+0.9+23+22
- KLOE 12 366.7+1.2+24+0.8
BESIII 368.2+25+3.3
PRI L Ly b L
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10600 - 800 Mev) [10°°
amo( eV) [10™]

Figure: BESIII, PLB'16: Pion contributions to a, using ete™ — 7~ data.
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Pion Contributions to a, from Experimental Data

exp. SM?
Really a5 # a7
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Figure: BESIII, PLB'16: Pion contributions to a, using ete™ — 7~ data.

Independent cross-checks by Lattice QCD must be done for Leading-Order (LO)
Hadronic Vauccum Polarization (HVP) contribution to muon g-2, aj>""F.
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Objective in This Work

LO-HVP contribution to muon g-2 for all leptons by lattice QCD:
LO-HVP,f a 2 Ood 2 2 2NAFfr A2 5y
dp= e, ; Q W(Q /m[)l_l (Q)
0
where suffix f stands for a flavor f = I(u, d), s, ¢, disc, and

0 > 8
(@) =@ - = efi- (ERY] IS do, ®

t z=Qt~ =1

with

CLs*(t) = @Prpe SCAUO) Yeom Q
o™ (8) = Gi=disc D ((Fyul = 59u8) (P! = 575)) lasc - Q Q

Here, charge factors are given by (g7, 42, 92, q3sc) = (5/9, —1/9, 4/9, 1/9).
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Simulation Setup

27.5
State of The Art 070 b m . . . ]
@ Nf=(2+1+1) simulations around B L e s o T s S
Physical Mass Points. = : : - i i
S 260 g
@ Large Volume: e m—— = R
(L, T) ~ (6,9 — 12)fm. 8§ 255} gigggg% i o ]
3.8400
@ Controlled Continuum Limit with 15 25.0 ['|3o200 @i e e
simulation points. 24.5 phvs X I I I =
1.03 1.04 1.05 1.06 1.07 1.08 1.09 1.1
M 2/F 2
] affm] N Ns  #traj. M;[MeV] Mg[MeV] #SRC (I,s,c,d)
3.7000 0.134 64 48 10000 ~ 131 ~ 479 (768, 64, 64,9000)
3.7500 0.118 96 56 15000 ~ 132 ~ 483 (768, 64, 64, 6000)
3.7753 0.111 84 56 15000 ~ 133 ~ 483 (768, 64, 64,6144)
3.8400 0.095 96 64 25000 ~ 133 ~ 488 (768, 64, 64, 3600)
3.9200 0.078 128 80 35000 ~ 133 ~ 488 (768, 64, 64,6144)
4.0126 0.064 144 96 04500 ~ 133 ~ 490 (768, 64, 64, —)

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Our Challenge I: Controlled Continuum Extrapolations

©

o e With 6 8’'s = 15 a°[fm] simulations,
g allowing full control over continuum
=% . .

© limit.

e @ Get systematic uncertainty from

x . . .

s various cuttings: no-cut, or cutting
g a > 0.134, 0.111, or 0.095.

< 120 o Get good x?/dof with extrapolation
> linear in a, and interpolation linear
g‘; 8.0 in M% (strange) or M2 and M,

© (charm).
o 2ad
2 100 2 LO-HVP

= @ Strong a° dependences for a,” 4/ gis
£8 e due to taste violations, and for

&s

& 50 a2t due to large mc.

25

0000 0005 0010 0015 0.020
a%[fm?]
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Our Challenge Il: High Q2 Control

LO-HVP

agf = + 'YE(Qmax)ﬁf(Qmax) + Apertabégva(Q > Qmax) .
(5)

400
@ For muon and electron, @ > Qmax
B 0,
effects are tiny < 0.1%. 300 total
L)
o
o For tau, Q@ > Qmax effects are large, = 200 ,ﬂiﬁe"
. . = I
while the total is stable. s =1
9“,‘* matching
100
0
00 10 20 30 40 50

Q2 [GeV]
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Result

Our Challenge Il: High Q2 Control

Continuum Extrapolation
Corrections to Pure Lattice QCD
Summary Table and Comparison

QIE.OEHVP = + 'YE(Qmax)ﬁf(Qmax) + Apertabégva(Q > Qmax) .

@ For muon and electron, @ > Qmax
effects are tiny < 0.1%.

o For tau, Q > Qmax effects are large,
while the total is stable.

@ The lattice data have enough overlap
to perturbative regime even in tau
case.

Kohtaroh Miura (CPT, Aix-Marseille Univ.)

()

total

R 4
/v//”lattice

matching

400
300
L)
=)
x
3 200
e
S,
©
100
0
0.0

1.0 2.0 3.0 4.0 5.0
Q2 [GeV]
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Toward Comparison to Pheno.: Isospin Breaking, QED, and FV Corr.

@ Isospin/QED Collections:
Thanks to F.Jegerlehner (& M. Benayoun) for correspondance and

numbers:
Effect corr. to aho'HVP x 100
p—wW mix. 2.71+£1.36
FSR 4224211
M, — M+ —4.47 + 4.47
70y 4.64 4 0.04
ny 0.65 +£0.01
Total 7.8+5.1

@ FV Collections:
Long-distance /| =1 (/ = 0) contribution dominated by 2-pions (3-pions).
The dominant FV in | = 1 channel could be estimated by XPT for 77~
loop (Aubin et al '16):

(a2 (00) — ap iy (6m)) |xpr = 13.42(13.42) x 107'° ,(1.9%) . (6)

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Summary on a;>"'"* 1711.04980

abo’HVP BMWc

I - 1 582 8(6 7)5t(7 2)acut(0 1)tcut(0 O)qcut(4 5)d3(13.4)ﬁ,
1=0 120.5(3.4) (3.5 acut (0.2) ccue (0.0) qeue (1.0) o
total 711~0(7~5)St(8-O)acut(0~2)tcut(0~0)qcut( 5 da(13-4)f\/(5-1)iso

atO-HVP . 1010

BMWe 1 FV Y ‘ ‘ ‘
BMWS (L 8m)
@ Our Lattice QCD results are RBCLKach 18
H M “
consistent with both “No New ETM 14 ———————
ics” i i Jegerlehner 17 HilH
Physics” and Dispersive Method. e -
@ Total error of our LQCD is 2.6%, KNT 18 -
dominated FV effects. RBC/UKQCD 18
[QCD (N, 22+ 1) @
Pheno. -l _
Pheno + LQCD No new physics

640 660 680 700 720 740
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1't(Q2) vs [1Phe°(Q2) for Various Q2

7/2 ) 5 y e
Slatg A2y o > (sin@t/2N21 Ci(t) o peno, 2y Q Rhad(s)
(e )_a!ino;[t ( Qt/2 > ] 3 (@) = 1272 /g dss(s+ Q?)

° 20000 lattice w. FV &= |1 il pheno. ==
S heno. mm 1.1 : lattice w. fv_-o- | ]
< 15000 o Il
S § 1.05 b b dimmy
<= 10000 <= 1 -
aEs a5
£ & 095
o 5000
o 0.9
s

0 = 0.85

0.0001 0.001 0.01 0.1 1 0.0001 0.001 001 0.1 1

Q% [GeV? Q% [GeV?

Figure: Lat (BMWc) vs Pheno (alphaQEDc17 by Jegerlehner) for w(QQ/mi)ﬁ(Q2).

@ The contributions at @* ~ (m,,/2)? are dominant,
and the lattice and phemenology are consistent within the error-bars there.
@ However, the lattice error gets larger at @ ~ (m,,/2)?, which is due to
poor knowledge on FV effects.

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Summary on a %" 1711.04980

al>"? BMWc

=1 156.9(2.4)2t(2.1)acut (0-0) cur (0.0) geue (1.2) aa (4-6) 1
I=0 30.7(1.2)5t(1.0)acur (0.1) teur (0.0) eut (0.2) s
total  188.5(2.6)st(2.3)acut (0-1) tcur (0.0)geur (1.5)da(4.6) 1 (0.9) 0

ato"P BMWc

=1 253.2(0.7)2t(1.4) 200 (0.0)ecue (0-1)geue (1.2) aa(1.8)
I = 0 84.4(0)5t(0.4)3(;“[»(0.7)tcut(l.o)qcut(3.4)da
total  341.1(0.8)w(2.0)acur(0-0)scur (1.0) qeur (1.5)as(1.9) 10 (1.1) 0

Burger et.al.('15): al""" = 178.2(6.4)(8.6), a:°"** = 341(8)(6)
HPQCD ('16): a->"F = 177.9(3.9)

Jeherlehner('16): al®"" = 185.11(1.24).

Eidelman et.al.('07): a:°"" = 338(4).

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Summary and Perspective

@ We have obtained af>"™"" directly at physical point masses:

a;>"v? = 711.0(7.5)(17.3).

I
@ Full controlled continuum extrapolation and matching to perturbation
theory. Model assumptions are put on only for small corrections from
FV/QED/isospin breaking. Total error is 2.6%, dominated by FV.

@ Our Lattice QCD results are consistent with “No New Physics” as well as
Phenomenological Dispersive Methods with a conservative systematic
errors.

@ Lat-Pheno. comparisons are made for HVP: consistent at small Q?, but

lattice tends to be larger, leading to larger a\2/hY"

@ Need ~ 0.2% precision to match Fermilab/J-PARC experiments!!

@ lat-pheno collaborations for af>"" and n(Q2).

@ increase statistics by 50 — 100 times.

© control FV effects directly based on the first-principle.

@ simulations with QED and isospin breaking corrections taken account.

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Form Factors

Assuming Poincaré invariance and current conservation (g*J,, = 0 with g = p’ — p):

(PN ONR) = UP) [ (6) + -0 FolF) = 260,00 Fol)

+35( e —2meq) Fi()| u(p)

F (qz) —  Dirac form factor: /(0) =1 gf/‘flifc
- 2
F2(q?) —  Pauli form factor, magnetic dipole moment: F»(0) = a, = g’f
Fs(®) — P, T, electric dipole moment: F3(0) = d¢ /e
Fi(q°) — P, anapole moment: & - (V x B)
Ge(P) = F(P)+ %Fz(tf) — electric form factor: Gg(0) = 1

14

Gu(d) Fi(q?) + F2(q%) — magnetic form factor: Gy(0) = %

In SM, F2(g?) & Fs.4(g?) are generated only by quantum fluctuations (loops)

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Our Challenges

@ The integrand kurnel w(Q?/m?,) is known
and makes a peak around
Q? ~ (mu/2)? ~ (0.05GeV)? — 4fm:
Our Lattice: (L, T) ~ (6,9 — 12)fm.

20000
@ The Pion/Kaon dynamics precisely: .
Our simulations are performed with e 15000
Physical Pion/Kaon Masses. oé \
& 10000
o Large distance signal: @
10* Traj., 768 (9000) random sources for N§E, 000
ud-conn. (uds-disc.) correlators. ° (m /2)° |
@ Need controlled continuum limit: ) 0.02 0.04 0.06 0.08
15 lattice spacings (a ~ 0.064 — 0.134 fm). G GeV?

@ For a few % precision, we take account of:
c quark w. matching onto perturb. theory.

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Continuum Extrapolation of M/ _, |

0.18

0.17

W 016 T
3 Y
© 015 @
T 0.14 i e % .

PEY 58 T SR S —

0.12

0 0.005 0.01 0.015 0.02
a% fm?
C® 14+ A2+
F(CF(]2)7 A’ B, C/\//7r7 CMK) = Tr; W(l + Cuy. AM, + CM/\,AMK) .

N _i].20 =0.1652(31) , x?/d.o.f. = 24.3/20
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Continuum Extrapolation of ! _,

o1 our data HEH
-0.15 %
. 02 i T
S 025 & - +
= 03 b % 1 |
-0.35
-0.4
0 0.005 0.01 0.015 0.02
a% fm”
W 14+ A2+
F(CY, A, B, Cu,, Cuy ) = 0 —r ETE;Tff(L+Q7AMA+QMAM@.

N 5|20 = —0.306(23)
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Continuum Extrapolation of 17_, ,

0.068

-0.051
our data, w. My crr. HlH
0,052 | our data, wo. My err.
hy d i
0.067 pge | ) A
A -0.053 5
o 4 < R L L 1 L S s
E 0.066 £ Y oos u
d L . %
< 0065 e T e L1 0085
= o T =]
--------- -0.056
0.064 [
our data, w. Mg crr. HEH
our data, wo. Mi err. -0.057
hpged 4+
0.063 -0.058
0 0.005 001 0015 002 0025 0 0.005 001 0015 002  0.025
2. 2
a” fm’

a’ fm?

Figure: Red-squares = Our data. Green-triangles = HPQCD, 1403.1778.

Ch 1+ Aa2+.-.
F(CE™, A, B, Cur, Cui) = 235 AR : (L4 Cu, AM; + Cu AMy) .

M5 _1l.20 = 0.0658(1) , M3 o]0 = —0.0534(2) , x2/d.o.f. =20.9/18

Kohtaroh Miura (CPT, arseille Univ.)
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Continuum Extrapolation of I1;_, ,

0.0045 -0.0002
our data, w. M crr. HEH our data, w. My crr. HEH
our data, wo. My crr. our data, wo. My err.
0.00425 hpged &+ | -0.00025 hpaed 4 |
4 g
o 0.004 R = -0.0003 B
% = ] T
S 0.00375 LSS C, 000035 gy
o - ) y - ; ‘‘‘‘‘
0.0035 g -0.0004 :
. ;
0.00325 el -0.00045 1
0.003 -0.0005
0 0.005 0.01 0.015 0.02 0 0.005 0.01 0.015 0.02
26 2
a” fm

a’ fm*

Figure: Red-squares = Our data. Green-triangles = HPQCD, 1208.2855.

Ch 1+ A2+
F(C|S|2Y4)aA7 B’ CM7{7 CMK) = a2ljl4 %(1 —+ CM,‘AMﬁ + CMKAMK) o

Mé_y],2_0 = 0.00403(2) , MSs|,e0 = —2.73(2) x 107* .

Kohtaroh M

ix-Marseille Uni

KEK-PH2018, 15 February, 2018
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Disconnected Contributions

_H1disc x 102

0.8

0.4

6.0

5.0

4.0

3.0

/
szisc X 102

2.0

0.00

H i 0.0
0.01 0.01 0.01 0.02 0.00 0.01 0.01

a%[fm?] a%[fm?]

Figure: From Presentaion of T.Kawanai in Lattice 2016.

M™ = —15(2)(1) x 107 Gev ™,
nds —  _4.6(1.0)(0.4) x 10> Gev* .

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Summary Table of Moments (Preliminary)

M[GeV ] Mo[GeV 7]
light 0.1657(16)(18) —0.297(10)(05)
strange 6.57(1)(2) x 1072 —5.32(1)(3) x 1072
charm 4.04(1)(1) x 107*  —2.68(1)(4) x 107*
disconnected —1.5(2)(1) x 1072  4.6(1.0)(0.4) x 1072
I=o0 0.0166(2)(2) —0.017(1)(2)
I=1 0.0828(8)(9) —0.148(5)(2)
total 0.0995(9)(10) —0.166(6)(3)

Table: Preliminary results on the first two moments of the HVP function.

TOTAL ERROR: 1.4% for M1, and 4.0% for I, .

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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FV via Box Asymmetry, XPT Estimate for Various L |

c.f. Aubin et.al., PRD (2016).

M, =135MeV, T = 1.5L M, =135 MeV, T = 1.5L
0.04 0.05 .

E E e,
S 002 = g 0 ~ * s

— ~—e. <
% - Y
ol -, =l /

= 0 e 2 005 )=

3 f %%7 B / Pl

= 002 / =0
2 | v zl

(=} | / = /

. -0.04 . 0.15 4

=) - [

= = ! /f//
21006 s & H i I

-0.2

xpt

(I
z
[ ]
ay
L.
g
om
;

-0.08 -0.25
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16
L fm L fm
i _ xpt,i xpt .
A”:Lz(l‘) - I:rlnzl,Q(L) - nn:1,2(oo)} ) I = ss, t57 st ’

A (L = 6fm) 2%  (for the 1st moment, n =1) ,
) Pl 10% (for the 2nd moment, n = 2) .
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FV via Box Asymmetry, XPT Estimate for Various L Il

c.f. Aubin et.al., PRD (2016).

M, =135 MeV, T = 1.5L M, =135 MeV, T = 1.5L
0.04 0.05 :
g E .~
€ 002 . g 0 Pl 33—
- e )
20 ~ 20
Ee s Eg
= 0 - = 2 005 »
: iy i av.
= 002 / 0
=7 | ¥ 31
Be | Be
= | / = /
L 004 + 05 ’
5 S s
21 006 s " 1 &l -02 . s 5 |
= ts ® El %V ts ®
st ) st a

-0.08 -0.25 ;
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16

L fm L fm

ne12(L) = [MRYL(L) — T (00)] , i = ss,ts, st ,
FV.(L) £ dFV.(L) = [max{A;} + min{A;}] /2 + [max{A;} — min{A;}]/2
0.0006(22) (for the 1st moment, n=1) ,

L—6fm

10
—0.015(19) (for the 2nd moment, n = 2) . (10)
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Summary Table of Moments with FV | (Preliminary)

Mi[GeV~?] Ma[GeV 7]
light 0.1657(16)(18) —0.297(10)(05)
strange 6.57(1)(2) x 1072 —5.32(1)(3) x 1072
charm 4.04(1)(1) x 107*  —2.68(1)(4) x 107*
disconnected —1.5(2)(1) x 1072 4.6(1.0)(0.4) x 1072
=0 0.0166(2)(2) —0.017(1)(2)
=1 0.0828(8)(9) —0.148(5)(2)
total 0.0995(9)(10) —0.166(6)(3)
I'=1FV corr. 0.0006(23) —0.015(10)
=1+ FVcorr. 0.0834(8)(9)(23) —0.164(5)(2)(10)
total + FV corr. ~ 0.1001(9)(10)(23)  —0.182(6)(3)(10)

Table: Preliminary results on the first two moments of the HVP function.

c.f. HPQCD(arXiv:1601.03071 and PRD2014):
Ni = 0.1606(25) GeV~2, M = —0.368(16) GeV~* ,
{ = 0.06625(74) GeV~2, M5 = —0.0526(11) GeV~* .

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Summary Table of Moments with FV Il (Preliminary)

M[GeV 7] M2[GeV 7]
light 0.1657(16)(18) —0.297(10)(05)
strange 6.57(1)(2) x 1072 —5.32(1)(3) x 1072
charm 4.04(1)(1) x107®  —2.68(1)(4) x 107*
disconnected —1.5(2)(1) x 1072 4.6(1.0)(0.4) x 1072
=0 0.0166(2)(2) —0.017(1)(1)
=1 0.0828(8)(9) —0.148(5)(2)
total 0.0995(9)(10) —0.166(6)(3)

I =1FV corr. 0.0006(23) —0.015(10)
I=1+FVcorr. 0.0834(8)(9)(23) —0.164(5)(2)(10)
total + FV corr. ~ 0.1001(9)(10)(23)  —0.182(6)(3)(10)

Table: Preliminary results on the first two moments of the HVP function.

c.f. Phenomenology(Benayoun et.al.1605.04474):
My = 0.990(7) GeV~2, M, = —0.206(2) GeV~*.

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Love (0?2 s N dQ Q? N
af = (;) (/0 +/max)?€w(m7§)n (Q), (11)
= ai ™ (Q < Qax) + aF T (Q > Qumax) 5 (12)

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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* Qmax ) 2
LoHVP _ 8)2(/ / )ﬂ (Q)ﬁf 2 11
dg.f (71’ ) i . méw m% (Q ) ) ( )
= 257 (Q < Qumax) + 3 (Q > Q) (12)
257" (@ < Qmax) : computed by lattice simulations ,

LO-HVP

air (Q> Qmax): computed by lattice M (Qmax) and perturbations .

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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A5 (Q > Qmax) = (9)2/00 ﬁw(ﬁj)ﬁf(cf) , (13)

T my m;

'max

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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(0> am) = () [ Ru(Z)(@). a3
= (3 [ (T )oma [(v(@) - (@) + (1(@) - )]

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018



Why [177?

(0> Qm) = (2) [ (D) (07), (13
~ (&) [ B (1@~ (@) + (V@R - O]
= (g)%idﬁf (%)%qu(ﬂ’(oﬂ—nf(oia») (= 8a™)

HEEA 99 (N (M (Qh) = T(0)) (= 14( Q)1 (@) 14

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Perturbative Corrections

Consider separation of momentum integral range as

a\z?;HVP _ (%)2( + /C):X)Qw(gz)ﬁf(c)z) s (15)

my mé
= + a3 F ™" (Q > Qumax) (16)

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Perturbative Corrections

Consider separation of momentum integral range as

a\z?;HVP _ (%)2( + /C):X)Qw(gz)ﬁf(c)z) s (15)

my mé
= + a3 F ™" (Q > Qumax) (16)
where

lattice simulations, investigated so far ,
o S F r -
a;?fHVP(Q > Qmax) : ’Y/(Qmax)n (Qmax) + APe tab?fHVP(Q > Qmax) .

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018



Backups

Perturbative Corrections

Consider separation of momentum integral range as
_ aNG 0\ d B\ .z
A = (&[T + / )99u(T)Ar@y. (o)
u S QML N T
= + " (Q > Qmax) (16)

where

lattice simulations, investigated so far ,
o S F r -
a;?fHVP(Q > Qmax) : ’Y/(Qmax)n (Qmax) + APe tab?fHVP(Q > Qmax) .

LO-HVP

For muon and electron, 2;%"c (Q > Qmax) is small. For example,

Qmax=2GeV
—_—

a"™""(Q > Qumax) 0.678(1)(1) , (0.1%). (17)

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Continuum Extrap. of Light Component: il

1.9
data HH
fit) —
1.85 fitl ]
fit2 -
18 fit3 -
o
>
3 175
o S
<E RN
& \\}@‘\\\@\
1.65 .
1.6 -
0 0.005 0.01 0.015 0.02
az fm2
1+ Ad°
A + a + .

F(T', A, B, Cu,, Cu) = (1+ Cu, AM + Cy AMk) .

1+Ba? + - --
M’ = 1.8318(42)(60) , x?/d.o.f. =8.2/12 (fitl case).

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Continuum Extrap. of Strange Component:

0.242
\B\ data +=+
> fit0 — | |
0.24 fitl
N fit2 -
0.238 N fit3 --- (1

0.236 \@\\g\
0.234 \@\
0.232 o

LS

0.23 \@.\

0.228
0 0.005 0.01 0.015 0.02
a% fm?

A
1’2 GeV?)

14+ Aa%+ -
1+Ba2 + - --

M° =0.2406(1)(2) , x?/d.o.f. =13.6/11 (fitl case).

F(f1°, A, B, Cu,, Ci,) = I1° (14 Cu, AM; + CuAMk) .

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Continuum Extrap. of Charm Component: fe

data +EH
fitd —
fitl - 1
fi2 -
fit3 ---

“—
3 N
£ 01 2
0.09 \\ d
0.08
0 0.005 0.01 0.015 0.02
a% fm?

ac L 14+ AP+
=flez s T 1, AM, :
F(N%,A, B, Cutry Cie) = N o (14 Cui, AM: + Cua AMk)

N°=0.1246(9)(7) , x?/d.o.f. =26.1/9 (fitl case).

KEK-PH2018, 15 February, 2018
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Continuum Extrap. of Disc. Component: e

-0.0025

0,005
o L2408
> M
L
S .0.0075
« =
& /&/%?
-0.01 o
[ s : dgta HEH
-0.0125 Fdhst fito — |
ot fitl -
fit2 -
-0.015
0 0.005 0.01 0.015 0.02
az fm2
1+ A
~ + a + “ee

F(f1? A, B, Cum,, Cm,) = (14 Cu, AM; + Cuy AMk) .

1+Ba% + - --
MY = —0.0126(6)(7) , x?/d.o.f. =3.5/9 (fitl case).

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018



Backups

Light-Conn. (and Disc.) Correlator: An Example

@ The connected-light correlator C“?(t)

et g loses signal for t > 3fm. To control
1.0e-02 o o o
% statistical error, consider
e = C(t > tc) — Cl‘;g/low(t, tc), where
1.0e-04 =<} @ o
S s o, Cin(t, tc) = C*(tc) p(t)/p(te),
© S C (t,t) = 0.0,
1.0e-06 o5 .
o, with ¢(t) = cosh[Ex=(T /2 — t)],
1.0e-07 I 2 2\1/2
1.0¢-08 @Tﬁl& r g and Exr = 2(M7 + (2m/L)%)"/".
Loeo £ - : T‘j] EH g o Similarly, Cdfsc(t) — ngjlow(tv tc),
ot > 1) = 0.1C* (&) p(t) (),
— %= (t > t.) = 0.0.
Figure: 10“"( > te) ‘
CH(t) = § Tx s SLIGHR j2(0)) @ Cm®e(t ) < CudhdEE(e) < Cuh (1, o).

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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IR-CUT (t.) Deps. of Light/Disc. Component: a;°"'"

il
%tg 600 H}Mﬁfﬁﬁﬂmﬁ%u } % J
:E 150 12%35 ::. MMH
Iﬂiimﬂﬁ%ﬂmJ |
! i

Kohtaroh Miura (CPT, Aix-Marseille Univ.)

¢,ud /disc

ud,disc )
Cup/low(tC)v we obtain
upper/lower bounds for g — 2:
aud,disc (t )

Loup/low\~€/*

Corresponding to

Two bounds meet around t. = 3fm.
Consider the average of bounds:
—ud,disc t)=0 5( ud ,disc + ud,dI'SC)(t )
al ( C) - Y aLup al,low c)r
which is stable around t. = 3fm.

=ud,disc

We pick up such averages &, (tc) with
4 — 6 kinds of t. around 3fm. The average
of average is adopted as a;ftgygisc to be

analysed, and a fluctuation over selected tc

is incorporated into the systematic error.

KEK-PH2018, 15 February, 2018
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Continuum Extrap. of Light Conn. Component: ah‘_’j"}”’

650

x10'°

LO-HVP
a
(8]
N
(&)]

525

0 0.005 0.01 0.015 0.02
a®fm?

F(aud™, A, Cr, o) = )" (1 4+ Ad)+ C. AM: + -

aou® = 634.11(8.10)(8.24) , x°/dof = 7.8/12 (fitl case).

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Continuum Extrap. of Strange Conn. Component:

4.
540 dat -&-~
o
= 535
x
9(“-; 53.0

52.5

0 0.005 0.01 0.015 0.02
2

a2 fm
F(a2™ A, Ck) = a1 + Aa®) + CkAME .

aoav? = 53.60(05)(13) , x*/dof = 16.7/11 (fitl case).

Kohtaroh Miura (CPT, Aix-Marseille Univ.)
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Continuum Extrap. of Charm Conn. Component: 2>

LO-HVP

16.0 T T T H
L 3 3 :
o el : f
o 1200 S R B
. A N :
e @ :
) N :
I 8.0 ": """""" A ®\© """"""
it1 —— | : : @
4.0 It : ‘ :
0 0.005 0.01 0.015 0.02
a? fm?

F(a2t™ A, Crkne) = VP (14 As%) + C:AMA + CyAMik + C, . AM,,

alllc’)—CH\/P = 14.99(08)(08) , X2/d0f = 1/7 (fitl case).

Kohtaroh Miura (CPT, Aix-Marseille Univ.)
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Continuum Extrap. of Disc. Component:

12.5
dat ~o~
fito —
°  10.0
o
x
=g 75
| 5.0
24 L : : :
0 0.005 0.01 0.015 0.02
a2 fm?
F(alor A, Cr,- ) = alind (14 Aa*)+CrAMA - - - .
aLO—HVP

i = —10.9(1.1)(0.7) , x*/dof = 2.4/10 (fitl case).

Kohtaroh Miura (CPT, Aix-Marseille Univ.)
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Continuum Extrap. of Light Component: a*°""

L, ud

700

BMWc &+
HPQCD (no corr.) =4~
HPQCD 4~

T

500

0 0.005 0.01 0.015 0.02

a? fm?

Figure: Red-squares = Our data. Blue-triangles = HPQCD, 1403.1778.

2o — 634.11(8.10)(8.24) , x?/d.o.f. = 7.8/12 (fitl case).

woud

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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FV for 2o by XPT

@ The ahO’HVP comes from Euclidean
mommenta; Exponentially suppressed
FV with LM, ~ 4 for L ~ 6fm.

@) x 10"

LO-HVP

n

@ We work with L ~ fixed, and FV
effects cannot be estimated from
simulations and need model.

(16fm) - a,

LO-HVP,
9
n

n

@ Long-distance | =1 (/ =0)
contribution dominated by 2-pions
(3-pions). The dominant FV in | =1
channel could be estimated by XPT
for mTm~ loop (Aubin et al '16).

(a,

(30 (00) — at0P (6fm))[xpT

=13.42(13.42) x 10710 (1.9%).

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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More detailed comparison

atod"’ . 10" 42" 10
~ [ T T T T T o
Z‘L A Mainz 17 é‘* —A Mainz 17 (TMR)
(TMR+FV)
z 3
K“.— - RBG/UKQGD 18 % vl RBC/UKQCD 18
4
T HPQCD 16 = —— HPQCD 14
% & ETM 17
S —+—@—+— BMWc 17 "
= ) ) ) ) ) ) z —@— BMWc 17
550 575 600 625 650 675 e
50 51 52 &% 64188 56
@ BMWoc '17 ud contribution is signficantly larger 1 AL
than other Nf=2+1+1 results T ABCIUKaCD 18
— difference with HPQCD '14/Mainz '17 is §
=z
~24/150. - [ — HPQGD 14
, e * — o
@ BMWec '17 c contribution is slightly smaller than UL e
Z —@—
other Nf=2+1+1 results ‘ ‘ ‘ e
LO-HV] 10
o . . 14 14395 10155
@ BMWoc '17 is only calculation performed directly at o e P
physical quark masses with 6 3's to fully control ﬁ ABOIUKACD 16
. . I ——
continuum extrapolation. z
' LO-HVP _ —10 2
@ BMWc '17 5‘3u,disc =15x10 % ~ T
\
: ) LO-HVP =
— contributes only 0.2% to error on a; . S B =k S %

Kohtaroh Miura (CPT, Ai: il KEK-PH2018, 15 February, 2018
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Comparison of Light Conn. Component: a° 1"

650
625 I . i
2 i
2 600 frioooeo Ny ]
e
§§575 I A .
o ‘ : : :
550 data =&~ ¥ . 4 N L]
HPQCD (nocr) —2— | 3 3
525 I HPQCP A H H H
0 0.005 0.01 0.015 0.02 0.025
a° fm?
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1't(Q2) vs [1Phe°(Q2) for Various Q2

)

T/ in Cct(t)
[# - (rn) 155"

ﬁphenO(QZ) —

Q2
1272

I Ty = I SRS R I
henQ. LN

0 1 2
Q% [GeV?]
Figure: Lat. (BMW) vs Pheno. (Code alphaQCDc17 by Jegerlahner) for ﬁ(Q2).

Kohtaroh Miura (CPT, Aix-Marseille Univ.)
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Lat-Pheno Comp. w. Kernel: w(Q?/m?)I1(Q?)

20000 , : E——
o | ARy, lattice e~
© R L_pheno. mm |
SR 00N T T, SR L - ]
s :
d |
<E 10000 [/ g — ]
= :
S 3
& 5000 bt N S ]
g :
s | 3
0 i ﬂ ‘ vaar
0.0001 0.001 0.01 0.1 1

Q% [GeV?

The contributions at Q* ~ (m,,/2)? are dominante,
and the lattice and phemenology are consistent there.

Kohtaroh Miura (CPT, Aix-Marseille Univ.) KEK-PH2018, 15 February, 2018
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Lat-Pheno-Ratio: [1/2t /[]pheno

1.15 1.15
pheno. == pheno. ==

11 H lattice &+ | | 11 i lattice w. fv_-&- | ]
g 105 5 boummy & 105 HHH% ¢ btnmm
<& 1 <H 1 L
= =
© ©
<= 095 <E 095

0.9 : i : 0.9

0.85 0.85

0.0001 0.001 0.01 0.1 1 0.0001 0.001 0.01 0.1 1
Q?[GeV?] Q% [GeV?]

Figure: Lat-Pheno-Ratio 17t /[1Pheno a5 3 function of Q2. Left/Right: With/Without
FV.

FV is larger at smaller Q2 as expected. As a result, the ratio becomes flat and

larger than unity in whole Q. This results in %" > a5,V as we have seen.

Kohtaroh Miura (CPT, Aix-Marseille Ui KEK-PH2018, 15 February, 2018
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