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We want new physics!

Two approaches for discovering new physics 
★ direct search (LHC etc.) 
★ indirect search (precision measurements …)
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We want new physics!

Two approaches for discovering new physics 
★ direct search (LHC etc.) 
★ indirect search (precision measurements …)

Precision measurements 
★ can prove the existence of new physics 
★ can search higher energy scale than direct searches 
★ require high precision calculations

Observables  
★ g-2, flavor physics (B, K, …), … 
★ EDM is one good observables
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EDM (= Electric Dipole Moment)

Definition
H � �df

~s

|~s| ·
~E

~s ! �~s, ~E ! ~E

violate T (=CP) 

Sensitive to CP violation 
★ BSM predict new source of CPV in many cases
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current status of EDM

Barker et.al. hep-ex/0602020

Gavela et.al ’82, !
Khriplovich et.atl ’82, !
…

10-30
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ACME collaboration 1310.7534

Pospelov Khripolovich ’91, …

10-30

10-40

10-35

10-25

< 10-38 e cm

< 8.7 x 10-29

de [e cm]
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current status 
★ not observed yet 
★ upper bound in much far away 

from the SM prediction 
★ observation means the discovery 

of new physics
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neutron EDM
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Fig. 1. A schematic plot of the hierarchy of scales between the CP-odd sources
and three generic classes of observable EDMs. The dashed lines indicate generically
weaker dependencies.

2.1 Observable EDMs

Let us begin by reviewing the lowest level in this construction, namely the
precise relations between observable EDMs and the relevant CP -odd operators
at the nuclear scale. At leading order, such effects may be quantified in terms
of EDMs of the constituent nucleons, dn and dp (where the neutron EDM
is already an observable), the EDM of the electron de, and CP -odd electron-
nucleon and nucleon-nucleon interactions. In the relevant channels these latter
interactions are dominated by pion exchange, and thus we must also consider
the CP -odd pion-nucleon couplings ḡπNN which can be induced by CP -odd
interactions between quarks and gluons. To be more explicit, we write down
the relevant CP -odd terms at the nuclear scale,

Lnuclear
eff = Ledm + LπNN + LeN , (2.3)

which can be split into terms for the nucleon (and electron) EDMs,

Ledm = −
i

2

∑

i=e,p,n

di ψi(Fσ)γ5ψ, (2.4)

the CP -odd pion nucleon intercations,

LπNN = ḡ(0)
πNNN̄τaNπa + ḡ(1)

πNNN̄Nπ0

+ḡ(2)
πNN(N̄τaNπa − 3N̄τ 3Nπ0), (2.5)

7

[Pospelov Ritz, hep-ph/0504231]

θ term

EDM and chromo EDM

the Weinberg operator 

[Weinberg PRL63.2333(1989)]
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GGG~

generated at the two-loop level 
★ need colored particles 
★ need a source of CPV

calculation is straightforward but tough 
★ calculation was done only in a few models  

✴ THDM [Weinberg ʼ89; Dicus ʼ90] 
✴ MSSM (quark-squark-gluino)  [Dai et.al ʼ90] 
✴ LR model [Chang et.al ʼ90; Rothstein ʻ90] 

★ In other models, you need to calculate 2-loop diagrams 
★ contribution is not negligible
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In this work

8

We have derived model independent formula

★ we do not specify models 
★ we specify Feynman rules with QCD gauge invariance 
★ you can apply our result to your models immediately
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Strategy

Setup 
!

★ two fermions (A and B) 
★ one scalar (S) 
★ QCD invariance is imposed
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I
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P
_
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8
9
P
_
0
1
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Table I: Group factors in some representations.

(A, B, S)  A  B S XB̄AS XTATAX† XTAX†TB XX†TBTB

(3, 3, 1) ( A)a ( B)b S �b
a

1
2

1
2

1
2

(3, 1, 3̄) ( A)a ( B) Si �i
a

1
2 0 0

(1, 3, 3) ( A) ( B)b Si �b
i 0 0 1

2

(6̄, 1, 6) ( A)ab ( B) Sij �a
i �b

j+�a
j �b

i

2
5
2 0 0

(6, 6, 1) ( A)ij ( B)kl S
�k
i �l

j+�k
j �l

i

2
5
2

5
2

5
2

(3, 3̄, 3) ( A)i ( B)j Sk ✏ijk 1 1
2 1

(3̄, 3, 6) ( A)a ( B)b Sij �b
i �a

j +�b
j�a

i

2 1 � 1
4 1

(3, 3, 8) ( A)i ( B)j (SaT a) (T a)j
i

2
3 � 1

12
2
3

Figure 1: Feynman rules.

2 Setup

We consider two fermions (A and B) and a scalar field (S) which have the following interactions,

L � �  ̄BgB̄AS AS �  ̄AgĀBS̄ BS⇤, (2.1)

where

gB̄AS =XB̄AS(s + �5a), (2.2)

gĀBS̄ =X†
ĀBS̄

(s⇤ � �5a
⇤). (2.3)

All the indices of SU(3)c representations are described by X. Explicit expressions for some examples

are shown in Table. I. s and a are complex numbers. The Feynman rules are shown in Fig. 1.

In this setup, we will calculated the Wilson coe�cient of the Weinberg operator, CG, defined

L � g3sCGO, (2.4)

where

O = � 1

3
fabcGa

µ⌫G
b⌫
⇢G̃

c⇢µ, (2.5)

3
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★ “a” and “s” are complex numbers 
★ X contains group theory factor  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2 Setup

We consider two fermions (A and B) and a scalar field (S) which have the following interactions,

L � �  ̄BgB̄AS AS �  ̄AgĀBS̄ BS⇤, (2.1)

where

gB̄AS =XB̄AS(s + �5a), (2.2)
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ĀBS̄
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All the indices of SU(3)c representations are described by X. Explicit expressions for some examples

are shown in Table. I. s and a are complex numbers. The Feynman rules are shown in Fig. 1.

In this setup, we will calculated the Wilson coe�cient of the Weinberg operator, CG, defined
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where
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2 Setup

We consider two fermions (A and B) and a scalar field (S) which have the following interactions,

L � �  ̄BgB̄AS AS �  ̄AgĀBS̄ BS⇤, (2.1)
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where

O = � 1

3
fabcGa

µ⌫G
b⌫
⇢G̃

c⇢µ, (2.5)

3

(ex.) a diagram with 3 fields for GGG~

 A

 B

S

N
O
T
 
F
O
R
 
D
I
S
T
R
I
B
U
T
I
O
N
 
J
H
E
P
_
0
8
9
P
_
0
1
1
8
 
v
1

Figure 3: The diagrams that generate GGG̃. We call each diagram from the left to the right as (3,0), (2,1),

(1,2), and (0,3), respectively.
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terterms vanish after we add other diagrams discussed in the next section. In the calculation for

Eq. (3.9), we have used relations given in Eqs. (A1) and (A2).

3.2 Diagrams with three external gluon fields

We evaluate diagrams with three external gluon fields to obtain GGG̃ terms. Because of the

same reason as in DGDG̃ terms, diagrams should have at least one gluon field from fermion line,

and diagrams with one gluon field from the scalar field vanish. In addition, we find at least two

gluon fields must be attached to the fermions, otherwise terms with �5 all vanish after calculating

the trace for �-matrices. The diagrams we have to evaluate are shown in Fig. 3. We call each

diagram from left to right as (3,0), (2,1), (1,2), and (0,3), respectively.

There are some terms that consist of X and SU(3)c generators. Direct calculations shows
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2 Setup

We consider two fermions (A and B) and a scalar field (S) which have the following interactions,

L � �  ̄BgB̄AS AS �  ̄AgĀBS̄ BS⇤, (2.1)

where

gB̄AS =XB̄AS(s + �5a), (2.2)

gĀBS̄ =X†
ĀBS̄

(s⇤ � �5a
⇤). (2.3)

All the indices of SU(3)c representations are described by X. Explicit expressions for some examples

are shown in Table. I. s and a are complex numbers. The Feynman rules are shown in Fig. 1.

In this setup, we will calculated the Wilson coe�cient of the Weinberg operator, CG, defined

L � g3sCGO, (2.4)

where
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Figure 3: The diagrams that generate GGG̃. We call each diagram from the left to the right as (3,0), (2,1),

(1,2), and (0,3), respectively.
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We evaluate diagrams with three external gluon fields to obtain GGG̃ terms. Because of the

same reason as in DGDG̃ terms, diagrams should have at least one gluon field from fermion line,

and diagrams with one gluon field from the scalar field vanish. In addition, we find at least two

gluon fields must be attached to the fermions, otherwise terms with �5 all vanish after calculating

the trace for �-matrices. The diagrams we have to evaluate are shown in Fig. 3. We call each

diagram from left to right as (3,0), (2,1), (1,2), and (0,3), respectively.

There are some terms that consist of X and SU(3)c generators. Direct calculations shows
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where
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2 Setup

We consider two fermions (A and B) and a scalar field (S) which have the following interactions,

L � �  ̄BgB̄AS AS �  ̄AgĀBS̄ BS⇤, (2.1)

where
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are shown in Table. I. s and a are complex numbers. The Feynman rules are shown in Fig. 1.
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(1,2), and (0,3), respectively.
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We consider two fermions (A and B) and a scalar field (S) which have the following interactions,

L � �  ̄BgB̄AS AS �  ̄AgĀBS̄ BS⇤, (2.1)
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Figure 3: The diagrams that generate GGG̃. We call each diagram from the left to the right as (3,0), (2,1),

(1,2), and (0,3), respectively.
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2 Setup

We consider two fermions (A and B) and a scalar field (S) which have the following interactions,

L � �  ̄BgB̄AS AS �  ̄AgĀBS̄ BS⇤, (2.1)

where
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⇤). (2.3)

All the indices of SU(3)c representations are described by X. Explicit expressions for some examples

are shown in Table. I. s and a are complex numbers. The Feynman rules are shown in Fig. 1.
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Figure 3: The diagrams that generate GGG̃. We call each diagram from the left to the right as (3,0), (2,1),

(1,2), and (0,3), respectively.
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Ā0BS̄

⌘ �
Ga

µ⌫G
b⌫
⇢G

c
↵�✏

⇢µ↵�
�

=
1

2

⇣
XB̄AS([T

a, T b]T c)AA0X†
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We consider two fermions (A and B) and a scalar field (S) which have the following interactions,
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where

gB̄AS =XB̄AS(s + �5a), (2.2)
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(1,2), and (0,3), respectively.
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There are some terms that consist of X and SU(3)c generators. Direct calculations shows
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Table I: Group factors in some representations.

(A, B, S)  A  B S XB̄AS XTATAX† XTAX†TB XX†TBTB
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1
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1
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1
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1
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Figure 1: Feynman rules.

2 Setup

We consider two fermions (A and B) and a scalar field (S) which have the following interactions,

L � �  ̄BgB̄AS AS �  ̄AgĀBS̄ BS⇤, (2.1)

where

gB̄AS =XB̄AS(s + �5a), (2.2)

gĀBS̄ =X†
ĀBS̄

(s⇤ � �5a
⇤). (2.3)

All the indices of SU(3)c representations are described by X. Explicit expressions for some examples

are shown in Table. I. s and a are complex numbers. The Feynman rules are shown in Fig. 1.

In this setup, we will calculated the Wilson coe�cient of the Weinberg operator, CG, defined

L � g3sCGO, (2.4)

where

O = � 1

3
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c⇢µ, (2.5)
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Figure 3: The diagrams that generate GGG̃. We call each diagram from the left to the right as (3,0), (2,1),

(1,2), and (0,3), respectively.
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2
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gluon fields must be attached to the fermions, otherwise terms with �5 all vanish after calculating

the trace for �-matrices. The diagrams we have to evaluate are shown in Fig. 3. We call each

diagram from left to right as (3,0), (2,1), (1,2), and (0,3), respectively.

There are some terms that consist of X and SU(3)c generators. Direct calculations shows
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Table I: Group factors in some representations.

(A, B, S)  A  B S XB̄AS XTATAX† XTAX†TB XX†TBTB

(3, 3, 1) ( A)a ( B)b S �b
a

1
2

1
2

1
2

(3, 1, 3̄) ( A)a ( B) Si �i
a

1
2 0 0

(1, 3, 3) ( A) ( B)b Si �b
i 0 0 1
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Figure 1: Feynman rules.

2 Setup

We consider two fermions (A and B) and a scalar field (S) which have the following interactions,

L � �  ̄BgB̄AS AS �  ̄AgĀBS̄ BS⇤, (2.1)

where

gB̄AS =XB̄AS(s + �5a), (2.2)

gĀBS̄ =X†
ĀBS̄

(s⇤ � �5a
⇤). (2.3)

All the indices of SU(3)c representations are described by X. Explicit expressions for some examples

are shown in Table. I. s and a are complex numbers. The Feynman rules are shown in Fig. 1.

In this setup, we will calculated the Wilson coe�cient of the Weinberg operator, CG, defined

L � g3sCGO, (2.4)

where

O = � 1

3
fabcGa

µ⌫G
b⌫
⇢G̃

c⇢µ, (2.5)

3

All the group factors we need to calculate are 
★ XTATAX†, XTAX†TB, and XX†TBTB  
★ All the others are expressed by these 3 factors
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relations, we find
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where hi are defined in Eqs. (3.10)–(3.13), and
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Similar to (2,0) and (0,2)-diagrams, (3,0) and (0,3)-diagrams contain UV-divergences, and thus h1

and h2 contain counterterms. In the derivation of f1, we have used a relation given in Eq. (A3).
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Similar to (2,0) and (0,2)-diagrams, (3,0) and (0,3)-diagrams contain UV-divergences, and thus h1

and h2 contain counterterms. In the derivation of f1, we have used a relation given in Eq. (A3).
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Similar to (2,0) and (0,2)-diagrams, (3,0) and (0,3)-diagrams contain UV-divergences, and thus h1

and h2 contain counterterms. In the derivation of f1, we have used a relation given in Eq. (A3).
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Table I: Group factors in some representations.

(A, B, S)  A  B S XB̄AS XTATAX† XTAX†TB XX†TBTB

(3, 3, 1) ( A)a ( B)b S �b
a

1
2

1
2

1
2

(3, 1, 3̄) ( A)a ( B) Si �i
a

1
2 0 0

(1, 3, 3) ( A) ( B)b Si �b
i 0 0 1

2

(6̄, 1, 6) ( A)ab ( B) Sij �a
i �b

j+�a
j �b

i

2
5
2 0 0

(6, 6, 1) ( A)ij ( B)kl S
�k
i �l

j+�k
j �l

i

2
5
2

5
2

5
2

(3, 3̄, 3) ( A)i ( B)j Sk ✏ijk 1 1
2 1

(3̄, 3, 6) ( A)a ( B)b Sij �b
i �a

j +�b
j�a

i

2 1 � 1
4 1

(3, 3, 8) ( A)i ( B)j (SaT a) (T a)j
i

2
3 � 1

12
2
3

Figure 1: Feynman rules.

2 Setup

We consider two fermions (A and B) and a scalar field (S) which have the following interactions,

L � �  ̄BgB̄AS AS �  ̄AgĀBS̄ BS⇤, (2.1)

where

gB̄AS =XB̄AS(s + �5a), (2.2)

gĀBS̄ =X†
ĀBS̄

(s⇤ � �5a
⇤). (2.3)

All the indices of SU(3)c representations are described by X. Explicit expressions for some examples

are shown in Table. I. s and a are complex numbers. The Feynman rules are shown in Fig. 1.

In this setup, we will calculated the Wilson coe�cient of the Weinberg operator, CG, defined

L � g3sCGO, (2.4)

where

O = � 1

3
fabcGa

µ⌫G
b⌫
⇢G̃

c⇢µ, (2.5)
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w =� g3s
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⇥
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†� f1(m2
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S) +

�
XX†TBTB

�
f1(m

2
B ,m

2
A,m

2
S)

+
�
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†TB

� 
f2(m

2
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2
B ,m

2
S) + f2(m

2
B ,m

2
A,m

2
S)

�)

L � �w

3
fabcGa

µ⌫G
b⌫
⇢G̃

c⇢µ
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6 Numerical analysis

Let us next estimate the nucleon EDMs induced by the Weinberg operator and discuss the

importance of measuring EDMs. The value of EDMs for proton and neutron induced by the

Weinberg operator (dp(w) and dn(w)) can be estimated by the naive dimensional analysis [24]:

dN (w) = ±e ⇤nEDM w(1 GeV), (N = n, p), (6.1)

where ⇤nEDM = 10 � 30 MeV and w(1 GeV) denotes w = g3sCG at the scale of 1 GeV. It should

be noted that we cannot determine the sign of the contribution from the Weinberg operator solely

from the naive dimensional analysis.

In order to estimate the values of w(1 GeV), we need to take into account the e↵ect of the

renormalization group equation (RGE) evolution between the matching energy scale (µmatch) and

the scale of 1 GeV. The RGE for w at the leading order is given as [25]

d

d ln µ
w(µ) =

g2s(µ)

16⇡2
(NC + 2Nf )w(µ), (6.2)

where NC = 3 and Nf are the number of colors and quark flavors, respectively. Solving the RGE

and plugging the solution into Eq. (6.1), we estimate the nucleon EDMs induced by the Weinberg

operator.

The Weinberg operator induces quark EDMs and cEDMs through the operator mixing e↵ects

and they also a↵ect the nucleon EDMs. However, the contributions are subdominant compared to

that from the Weinberg operator because the operator mixing e↵ects are suppressed by the one-loop

factor. For the models discussed below, we have checked |d(c)EDM
N /dN (w)| . O(0.01) numerically

where d(c)EDM
N is the nucleon EDMs induced by quark (c)EDMs and dN (w) is the nucleon EDMs

induced by Weinberg operator. Therefore, we neglect the operator mixing e↵ects in the following

analysis.

We are now ready to estimate the value of dN (w). Let us consider three cases, (A, B, S) ⇠
(3, 1, 3), (3, 3, 1), and (3, 3, 8) as concrete examples. In the numerical evaluation of the nucleon

EDMs, we use mZ = 91.1876 GeV, mt = 173.1 GeV, mb = 4.18 GeV, mc = 1.28 GeV, and

↵s(mZ) = 0.1182 as input parameters [26] and set the matching energy scale, µmatch, as the

minimum value among mA, mB, and mS (µmatch = min[mA, mB, mS ]).

Figure 6 and figure 7 show the absolute value of dN (w) (|dN (w)|) with taking mS = mB and

Im(sa⇤) = 0.25. In figure 6, blue, red, and green bands correspond to |dN (w)/e| in the case where

mA = 100 GeV, mA = 1 TeV, and mA = 10 TeV, respectively. In these colored bands, the upper
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and they also a↵ect the nucleon EDMs. However, the contributions are subdominant compared to
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EDMs, we use mZ = 91.1876 GeV, mt = 173.1 GeV, mb = 4.18 GeV, mc = 1.28 GeV, and
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We have derived model independent formula

★ we do not specify models 
★ we specify Feynman rules with QCD gauge invariance 
★ you can apply our result to your models immediately
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diagrams with gluons from the scalar field 
★ (ex.) diagrams with one gluon from the scalar field
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Figure 4: The leading order diagrams for the cEDM of A.

Here Q is in the SU(3)c fundamental representation. In the following, we show that our full

two-loop result agree with Ceff.
q in mA ⌧ mB, mS regime.

In order to compare our result given in Eq. (4.1) with Eq. (5.1), we need to calculate the cEDM

of A, which is generated by the diagrams shown in Fig. 4.1 We introduce the following notations,

⇣
X†

ĀBS
(T a)S0SXB̄A0S0

⌘
⌘
⇣
X†TSX

⌘
(T a)AA0 , (5.3)

⇣
X†

ĀBS
(T a)BB0XB̄0A0S

⌘
⌘
⇣
X†TBX

⌘
(T a)AA0 . (5.4)

We denote the contribution to the cEDM from the diagram in the left (right) panel of Fig. 4 as dcS

(dcB). We find

dcS = � 1

(4⇡)2
2Im(sa⇤)mB

⇣
X†TSX

⌘Z 1

0
dz

z(1 � z)

m2
Sz + m2

B(1 � z) � m2
Az(1 � z)

, (5.5)

dcB = � 1

(4⇡)2
2Im(sa⇤)mB

⇣
X†TBX

⌘Z 1

0
dz

(1 � z)2

m2
Sz + m2

B(1 � z) � m2
Az(1 � z)

. (5.6)

The result depends on TS as we can see from Eq. (5.5). However, TA, TB, and TS must be related

to each other by the gauge invariance, and thus TS can be written by TA, TB, and X. We find

X†TSX =X†TBX � 1

N(rA)
(XTATAX†), (5.7)

X†TBX =
1

N(rA)
(XTAX†TB). (5.8)

We take N(rA) = 1/2 because Eq. (5.1) is derived with a fermion in the SU(3)c fundamental

representation in Refs. [22, 23]. A derivation of Eq. (5.7) is given in Appendix C. Eq. (5.8) is

derived by multiplying (T b)A0A and Eq. (5.4). Using these relations, we can eliminate TS from

1 We calculate the diagrams shown in Fig. 4 with the ’t Hooft Feynman gauge, not with the Fock-Schwinger gauge.
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Figure 4: The leading order diagrams for the cEDM of A.
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We do not need to use factors with S 
★ X and X† contains the information of the representation of S 
★ (ex.)
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4 Results

We sum up all of the diagrams calculated in Sec. 3, and find the following coe�cient of the

Weinberg operator.

CG = � 1

(4⇡)4
6Im(sa⇤)mAmB

⇥
(⇣

XTATAX†
⌘

f1(m
2
A, m2

B, m2
S) +

⇣
XX†TBTB

⌘
f1(m

2
B, m2

A, m2
S)

+
⇣
XTAX†TB

⌘
f2(m

2
A, m2

B, m2
S) + f2(m

2
B, m2

A, m2
S)

�)
, (4.1)

where f1 and f2 are defined in Eqs. (3.28) and (3.29). From the definitions, we see that f1 < 0 and

f2 > 0.

We make two comments. First one is that the cancellation of Re(sa⇤) terms. This cancellation

is expected because these terms break hermicity of the Lagrangian. The second comment is the

cancellation of the contributions from the counterterms, which are in h1 and h2. Thus the result

is independent from the renormalization conditions for the subdiagrams in (2,0), (0,2), (3,0), and

(0,3)-diagrams.

For numerical evaluations, we need to calculate group factors such as XTATAX†. Table I shows

some examples. Note that if there is an SU(3)c singlet field, then the non-zero factors are N(r)

that is defined through tr(T aT b) = N(r)�ab.

5 A view point from e↵ective theory

In this section, we discuss our result from a view point of e↵ective theory. For mA ⌧ mB, mS ,

the Weinberg operator can be generated from the chromo-electric dipole moment (cEDM) of the

particle A that is generated by the heavy particles (B and S). The authors in Refs. [22, 23] have

calculated the Weinberg operator in the framework of e↵ective theory assuming the existence of

the cEDM at the UV cuto↵ scale for a fermion in the SU(3)c fundamental representation, and they

have found

Ceff.
g =

dc

32⇡2mA
, (5.1)

where dc is defined through

L �Q̄

✓
� i

2
gsd

c�5�
µ⌫Gµ⌫

◆
Q. (5.2)

9

(the proof is given in our paper)
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technique to simplify calculations
Calculation is complicated 

★ GGG~ contains  
✴ 3 gluons + 3 external momenta 
✴ 4 gluons + 2 external momenta 
✴ 5 gluons + 1 external momenta 
✴ 6 gluons
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★ GGG~ contains  
✴ 3 gluons + 3 external momenta 
✴ 4 gluons + 2 external momenta 
✴ 5 gluons + 1 external momenta 
✴ 6 gluons

x

µ
Aµ(x) = 0

★ gauge field is expressed by its field strength

Refs: 
Hisano-Ishiwata-Nagata [1007.2601] 
Natsumi Nagata [Master thesis] 
Novikov-Shifman-Vainshtein-Zakharov [ITEP-140-1983] 
Shifman [Textbook “Vacuum Structure and QCD Sum Rules”] 
…

Aµ(x) =
1

2
x

⌫1
G⌫1µ(0)

+
1

3
x

⌫1
x

⌫2
D⌫2G⌫1µ(0)

+
1

4

1

2!
x

⌫1
x

⌫2
x

⌫3
D⌫3D⌫2G⌫1µ(0)

+ · · ·

Fock-Schwinger gauge 
★ gauge fixing condition
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fermion propagator in FS gauge

gluon is treated as back-ground fields

Ãa
µ(k) =

(2⇡)4

2

@�4(k)

i@k⌫1

Ga
⌫1µ +

(2⇡)4

3

@2�4(k)

i@k⌫1i@k⌫2

D⌫2G
a
⌫1µ +

(2⇡)4

4 · 2!
@3�4(k)

i@k⌫1i@k⌫2i@k⌫3

D⌫3D⌫2G
a
⌫1µ + · · ·

+ += + …

fermion propagator

gauge field

Z

p

i

/p�m
e�ip(x�y)

+

Z

p,k1

e�i(p+k1)x i

/p+ /k1 �m
(�igT a�µ)Ã

µ

(k1)
i

/p�m
e�ipy

+

Z

p,k1,k2

e�i(p+k1+k2)x i

/p+ /k1 + /k2 �m
(�igT a�µ)Ã

µ

(k1)
i

/p+ /k2 �m
(�igT a�µ)Ã

µ

(k2)
i

/p�m
e�ipy

+ · · ·
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Figure 2: The diagrams that generate DGDG̃. We call each diagram from the left to the right as (2,0),

(1,1), and (0,2), respectively.

and gs is the SU(3)c gauge coupling defined in the covariant derivative by

Dµ = @µ + igsT
aAa

µ. (2.6)

In Eq. (2.5), fabc is the structure constant of SU(3)c, and G̃c⇢µ = 1
2✏

⇢µ↵�Gc
↵� with ✏0123 = +1.

3 Evaluation of diagrams

The leading order contributions to the Weinberg operator are given by two-loop diagrams. We

use the Fock-Schwinger gauge for the external gluon fields. The technical details of the Fock-

Schwinger gauge is reviewed, for example, in Refs. [18, 19].

In addition to the Weinberg operator (GGG̃), we also need to calculate operators which consist

of Gµ⌫ , G̃µ⌫ , and two covariant derivatives, such as DGDG̃. This is because the external gluon

fields are described by covariant derivatives and gluon field strength in the Fock-Schwinger gauge,

and commutation of two covariant derivatives is equivalent to gluon field strength.

3.1 GGG̃ from DGDG̃ terms

We calculate GGG̃ from DGDG̃ terms. We evaluate diagrams with two external gluon fields.

Diagrams should have at least one gluon field from fermion line, otherwise terms with �5 all vanish.

In addition, diagrams with one gluon field from the scalar field vanish because of characteristics

of the Fock-Schwinger gauge. See, for example, Ref. [19]. Figure 2 shows the diagrams we have to

evaluate. We call each diagram from left to right as (2,0), (1,1), and (0,2), respectively.

In the calculation, we obtain terms that are combination of X and SU(3)c generator, such as
⇣
XB̄AS(T a)AA0(T b)A0A00X†

Ā00BS̄

⌘
. Here we denote the SU(3)c indices of T a and T b symbolically.

Since X consists of ✏ tensors and Kronecker deltas,
⇣
XB̄AS(T a)AA0(T b)A0A00X†

Ā00BS̄

⌘
is proportional
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Figure 3: The diagrams that generate GGG̃. We call each diagram from the left to the right as (3,0), (2,1),

(1,2), and (0,3), respectively.

where

h1(m
2
A, m2

B, m2
S) =

✓
i

(4⇡)2

◆�1 Z

`

`2

(`2 � m2
A)4

(B̃0 + B̃1)(`2,m2
S ,m

2
B), (3.10)

h2(m
2
A, m2

B, m2
S) =

✓
i

(4⇡)2

◆�1 Z

`

mAmB

(`2 � m2
A)4

B̃0(`2,m2
S ,m

2
B), (3.11)

h3(m
2
A, m2

B, m2
S) =

✓
i

(4⇡)2

◆�1 Z

`

`2

(`2 � m2
B)3

@(B0 + B1)(`2,m2
S ,m

2
A)

@m2
A

, (3.12)

h4(m
2
A, m2

B, m2
S) =

✓
i

(4⇡)2

◆�1 Z

`

mAmB

(`2 � m2
B)3

@B0(`2,m2
S ,m

2
A)

@m2
A

, (3.13)

B0(`2,m2
S ,m

2
A) =

✓
i

(4⇡)2

◆�1 Z

q

1

[q2 � m2
S ][(q + `)2 � m2

A]
, (3.14)

`µB1(`2,m2
S ,m

2
A) =

✓
i

(4⇡)2

◆�1 Z

q

qµ

[q2 � m2
S ][(q + `)2 � m2

A]
, (3.15)

where
R
` =

R
d4`

(2⇡)4 , and B̃i = Bi+(counter terms). For example, B̃i(`2,m2
S ,m

2
B) = Bi(`2,m2

S ,m
2
B) �

Bi(m2
A,m2

S ,m
2
B) with the on-shell renormalization condition. However, the contributions from coun-

terterms vanish after we add other diagrams discussed in the next section. In the calculation for

Eq. (3.9), we have used relations given in Eqs. (A1) and (A2).

3.2 Diagrams with three external gluon fields

We evaluate diagrams with three external gluon fields to obtain GGG̃ terms. Because of the

same reason as in DGDG̃ terms, diagrams should have at least one gluon field from fermion line,

and diagrams with one gluon field from the scalar field vanish. In addition, we find at least two

gluon fields must be attached to the fermions, otherwise terms with �5 all vanish after calculating

the trace for �-matrices. The diagrams we have to evaluate are shown in Fig. 3. We call each

diagram from left to right as (3,0), (2,1), (1,2), and (0,3), respectively.

There are some terms that consist of X and SU(3)c generators. Direct calculations shows

6

diagrams for DDGG~, DGDG~, GDDG~  (note [D,D] ~ G)

diagrams for GGG~

All the other diagrams do not contribute to GGG~ 
• at least two gluons from the fermions are needed to obtain εμνρσ 
• diagrams with a gluon from the scalar vanish in the FS gauge
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Effective field theory approach [Chang-Kephart-Keung-Yuan ʻ92] 
• A is in the color fundamental representation 
• mA << mB, mS 
• cEDM of A is generated by B and S
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Figure 4: The leading order diagrams for the cEDM of A.

Here Q is in the SU(3)c fundamental representation. In the following, we show that our full

two-loop result agree with Ceff.
q in mA ⌧ mB, mS regime.

In order to compare our result given in Eq. (4.1) with Eq. (5.1), we need to calculate the cEDM

of A, which is generated by the diagrams shown in Fig. 4.1 We introduce the following notations,

⇣
X†

ĀBS
(T a)S0SXB̄A0S0

⌘
⌘
⇣
X†TSX

⌘
(T a)AA0 , (5.3)

⇣
X†

ĀBS
(T a)BB0XB̄0A0S

⌘
⌘
⇣
X†TBX

⌘
(T a)AA0 . (5.4)

We denote the contribution to the cEDM from the diagram in the left (right) panel of Fig. 4 as dcS

(dcB). We find

dcS = � 1

(4⇡)2
2Im(sa⇤)mB

⇣
X†TSX

⌘Z 1

0
dz

z(1 � z)

m2
Sz + m2

B(1 � z) � m2
Az(1 � z)

, (5.5)

dcB = � 1

(4⇡)2
2Im(sa⇤)mB

⇣
X†TBX

⌘Z 1

0
dz

(1 � z)2

m2
Sz + m2

B(1 � z) � m2
Az(1 � z)

. (5.6)

The result depends on TS as we can see from Eq. (5.5). However, TA, TB, and TS must be related

to each other by the gauge invariance, and thus TS can be written by TA, TB, and X. We find

X†TSX =X†TBX � 1

N(rA)
(XTATAX†), (5.7)

X†TBX =
1

N(rA)
(XTAX†TB). (5.8)

We take N(rA) = 1/2 because Eq. (5.1) is derived with a fermion in the SU(3)c fundamental

representation in Refs. [22, 23]. A derivation of Eq. (5.7) is given in Appendix C. Eq. (5.8) is

derived by multiplying (T b)A0A and Eq. (5.4). Using these relations, we can eliminate TS from

1 We calculate the diagrams shown in Fig. 4 with the ’t Hooft Feynman gauge, not with the Fock-Schwinger gauge.
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Figure 4: The leading order diagrams for the cEDM of A.

Here Q is in the SU(3)c fundamental representation. In the following, we show that our full

two-loop result agree with Ceff.
q in mA ⌧ mB, mS regime.
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. (5.6)

The result depends on TS as we can see from Eq. (5.5). However, TA, TB, and TS must be related

to each other by the gauge invariance, and thus TS can be written by TA, TB, and X. We find

X†TSX =X†TBX � 1

N(rA)
(XTATAX†), (5.7)

X†TBX =
1

N(rA)
(XTAX†TB). (5.8)

We take N(rA) = 1/2 because Eq. (5.1) is derived with a fermion in the SU(3)c fundamental

representation in Refs. [22, 23]. A derivation of Eq. (5.7) is given in Appendix C. Eq. (5.8) is

derived by multiplying (T b)A0A and Eq. (5.4). Using these relations, we can eliminate TS from

1 We calculate the diagrams shown in Fig. 4 with the ’t Hooft Feynman gauge, not with the Fock-Schwinger gauge.
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4 Results

We sum up all of the diagrams calculated in Sec. 3, and find the following coe�cient of the

Weinberg operator.

CG = � 1

(4⇡)4
6Im(sa⇤)mAmB

⇥
(⇣

XTATAX†
⌘

f1(m
2
A, m2

B, m2
S) +

⇣
XX†TBTB

⌘
f1(m

2
B, m2

A, m2
S)

+
⇣
XTAX†TB

⌘
f2(m

2
A, m2

B, m2
S) + f2(m

2
B, m2

A, m2
S)

�)
, (4.1)

where f1 and f2 are defined in Eqs. (3.28) and (3.29). From the definitions, we see that f1 < 0 and

f2 > 0.

We make two comments. First one is that the cancellation of Re(sa⇤) terms. This cancellation

is expected because these terms break hermicity of the Lagrangian. The second comment is the

cancellation of the contributions from the counterterms, which are in h1 and h2. Thus the result

is independent from the renormalization conditions for the subdiagrams in (2,0), (0,2), (3,0), and

(0,3)-diagrams.

For numerical evaluations, we need to calculate group factors such as XTATAX†. Table I shows

some examples. Note that if there is an SU(3)c singlet field, then the non-zero factors are N(r)

that is defined through tr(T aT b) = N(r)�ab.

5 A view point from e↵ective theory

In this section, we discuss our result from a view point of e↵ective theory. For mA ⌧ mB, mS ,

the Weinberg operator can be generated from the chromo-electric dipole moment (cEDM) of the

particle A that is generated by the heavy particles (B and S). The authors in Refs. [22, 23] have

calculated the Weinberg operator in the framework of e↵ective theory assuming the existence of

the cEDM at the UV cuto↵ scale for a fermion in the SU(3)c fundamental representation, and they

have found

Ceff.
g =

dc

32⇡2mA
, (5.1)

where dc is defined through

L �Q̄

✓
� i

2
gsd

c�5�
µ⌫Gµ⌫

◆
Q. (5.2)
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4 Results

We sum up all of the diagrams calculated in Sec. 3, and find the following coe�cient of the

Weinberg operator.
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We make two comments. First one is that the cancellation of Re(sa⇤) terms. This cancellation

is expected because these terms break hermicity of the Lagrangian. The second comment is the

cancellation of the contributions from the counterterms, which are in h1 and h2. Thus the result

is independent from the renormalization conditions for the subdiagrams in (2,0), (0,2), (3,0), and

(0,3)-diagrams.

For numerical evaluations, we need to calculate group factors such as XTATAX†. Table I shows

some examples. Note that if there is an SU(3)c singlet field, then the non-zero factors are N(r)

that is defined through tr(T aT b) = N(r)�ab.

5 A view point from e↵ective theory

In this section, we discuss our result from a view point of e↵ective theory. For mA ⌧ mB, mS ,

the Weinberg operator can be generated from the chromo-electric dipole moment (cEDM) of the

particle A that is generated by the heavy particles (B and S). The authors in Refs. [22, 23] have

calculated the Weinberg operator in the framework of e↵ective theory assuming the existence of

the cEDM at the UV cuto↵ scale for a fermion in the SU(3)c fundamental representation, and they

have found

Ceff.
g =

dc

32⇡2mA
, (5.1)

where dc is defined through
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4 Results

We sum up all of the diagrams calculated in Sec. 3, and find the following coe�cient of the

Weinberg operator.

CG = � 1
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where f1 and f2 are defined in Eqs. (3.28) and (3.29). From the definitions, we see that f1 < 0 and

f2 > 0.

We make two comments. First one is that the cancellation of Re(sa⇤) terms. This cancellation

is expected because these terms break hermicity of the Lagrangian. The second comment is the

cancellation of the contributions from the counterterms, which are in h1 and h2. Thus the result

is independent from the renormalization conditions for the subdiagrams in (2,0), (0,2), (3,0), and

(0,3)-diagrams.

For numerical evaluations, we need to calculate group factors such as XTATAX†. Table I shows

some examples. Note that if there is an SU(3)c singlet field, then the non-zero factors are N(r)

that is defined through tr(T aT b) = N(r)�ab.

5 A view point from e↵ective theory

In this section, we discuss our result from a view point of e↵ective theory. For mA ⌧ mB, mS ,

the Weinberg operator can be generated from the chromo-electric dipole moment (cEDM) of the

particle A that is generated by the heavy particles (B and S). The authors in Refs. [22, 23] have

calculated the Weinberg operator in the framework of e↵ective theory assuming the existence of

the cEDM at the UV cuto↵ scale for a fermion in the SU(3)c fundamental representation, and they

have found

Ceff.
g =

dc
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, (5.1)

where dc is defined through
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Compare with our result 
!
!
!

• two results should agree with each other in mA << mB, mS limit
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Figure 5: The ratio of Ceff.
g and Cg. The left panel is for (A, B, S) ⇠ (3, 1, 3̄). In the right panel,

the red-solid line is for (A, B, S) ⇠ (3, 3, 1), and the blue-dashed line is for (A, B, S) ⇠ (3, 3, 8). We take

mA = 100 GeV, and mS = mB .

Eq. (5.5), and results can be expressed only by XTATAX† and XTAX†TB. We find

Ceff.
g = � 1

(4⇡)4
6Im(sa⇤)mAmB

⇥
 

�(XTATAX†)
1

3m2
A

Z 1

0
dz

z(1 � z)

m2
Sz + m2

B(1 � z) � m2
Az(1 � z)

+ (XTAX†TB)
1

3m2
A

Z 1

0
dz

(1 � z)

m2
Sz + m2

B(1 � z) � m2
Az(1 � z)

!
. (5.9)

We compare our full two-loop result, Cg, with the result calculated based on the e↵ective theory,

Ceff.
g . We consider three cases, (A, B, S) ⇠ (3, 1, 3̄), (3, 3, 1), (3, 3, 8). We calculate the ratio of

Ceff.
g and Cg by using Eqs. (4.1), (5.9), and Table. I. Numerical results are shown in Fig. 5. Here

we take mA = 100 GeV, and mS = mB. We find that our calculation agrees with the result

in Refs. [22, 23] very well for mA ⌧ mB, mS . This result means the validity of the calculation

based on the e↵ective theory for the large mass hierarchy regime. On the other hand, we also find

discrepancies between Ceff.
g and Cg for small mass hierarchy regime. In particular, the discrepancy

is not negligible for (A, B, S) ⇠ (3, 1, 3̄). Therefore, it is better to use Cg instead of Ceff.
g for the

purpose of reducing theoretical uncertainty.

Even for the large mass hierarchy regime, Cg has an advantage over Ceff.
g . Eq. (5.1) is applicable

only if a lighter particle is a color non-singlet fermion. On the other hand, Eq. (4.1) can be applied

for any color representation with arbitrary mass spectra.

11

Comparison in three difference representations 
        (mA = 100 GeV, mS = mB)

Agreement in mA << mB, mS limit  
• non-trivial check of our calculation


