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Some “symmetries” of the action are in truth 
redundancies of description.

Gauge invariance is an invention devised to 
manifest locality and Lorentz invariance for 
interacting massless particles of spin.



Gauge symmetry yields immense complexity.
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pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 4] pe[2, 1] pe[2, 3]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 4] pe[2, 3] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 5] pe[2, 3] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 5] pe[2, 4] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[1, 4] pe[2, 5] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[1, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +
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2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 4] pe[2, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 3] pe[3, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 4] pe[3, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] pe[1, 3] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 4] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[1, 2] pe[2, 3] pe[4, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[1, 3] pe[3, 2] pe[4, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 3] pe[3, 1] pe[4, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[1, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[1, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[2, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[3, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[4, 1] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[1, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[2, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[3, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[3, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[4, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 3] ee[4, 5] pe[1, 2] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[3, 4] pe[1, 2] pp[1, 2, 3]
pp[1, 2] pp[3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1] pp[1, 2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[1, 2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] ee[3, 4] pe[1, 2]
pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[1, 3]
pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4]
pp[2, 3, 4] +

2 ee[1, 4] ee[2, 3] pe[1, 5]
pp[2, 3, 4] -

2 ee[1, 3] ee[2, 4] pe[1, 5]
pp[2, 3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[2, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[2, 1]
pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[2, 3]
pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[2, 4]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[3, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[3, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[3, 1]
pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[3, 2]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[4, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[4, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[4, 1]
pp[2, 3, 4] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[1, 5] pe[2, 3] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[1, 5] pe[2, 4] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[3, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 4] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[3, 1] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 4] pe[3, 1] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 4] pe[3, 2] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 2] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 2] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 4] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 2] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 4] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 4] pe[1, 5] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 3] pe[3, 1] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 3] pe[4, 1] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 2] pe[4, 1] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 2] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 2] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 2] pe[3, 5] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 5] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 5] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 4] pe[4, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 5] pe[4, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 2] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 2] pe[1, 5] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 1] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 1] pe[2, 5] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 4] pe[3, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 5] pe[3, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 4] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 5] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 2] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[4, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[1, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[4, 3] pp[1, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[1, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[3, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[4, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 4] ee[2, 3] pe[1, 5] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[4, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 4] pe[2, 3] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[1, 2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[1, 2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 2] ee[3, 5] pe[3, 4] pp[2, 3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[3, 5] pp[2, 3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[4, 5] pe[4, 3] pp[2, 3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[2, 3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] ee[4, 5] pe[3, 2] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3]

Feynman
diagrams

A(gh1
1 gh2

2 gh3
3 gh4

4 gh5
5 ) =



-
2 ee[1, 5] ee[3, 4] pe[1, 2]

pp[1, 2] +
2 ee[1, 4] ee[3, 5] pe[1, 2]

pp[1, 2] -
2 ee[1, 3] ee[4, 5] pe[1, 2]

pp[1, 2] +
2 ee[2, 5] ee[3, 4] pe[2, 1]

pp[1, 2] -
2 ee[2, 4] ee[3, 5] pe[2, 1]

pp[1, 2] +
2 ee[2, 3] ee[4, 5] pe[2, 1]

pp[1, 2] -
2 ee[1, 2] ee[4, 5] pe[2, 3]

pp[1, 2] +
2 ee[1, 2] ee[3, 5] pe[2, 4]

pp[1, 2] -
2 ee[1, 2] ee[3, 4] pe[2, 5]

pp[1, 2] +

2 ee[1, 2] ee[3, 5] pe[3, 4]
pp[1, 2] -

2 ee[1, 2] ee[3, 4] pe[3, 5]
pp[1, 2] -

2 ee[1, 2] ee[4, 5] pe[4, 3]
pp[1, 2] +

2 ee[1, 5] ee[2, 3] pe[1, 4]
pp[2, 3] -

2 ee[1, 4] ee[2, 3] pe[1, 5]
pp[2, 3] -

2 ee[1, 5] ee[2, 4] pe[2, 3]
pp[2, 3] +

2 ee[1, 4] ee[2, 5] pe[2, 3]
pp[2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3]
pp[2, 3] +

2 ee[1, 5] ee[2, 3] pe[2, 4]
pp[2, 3] -

2 ee[1, 4] ee[2, 3] pe[2, 5]
pp[2, 3] -

2 ee[2, 3] ee[4, 5] pe[3, 1]
pp[2, 3] +

2 ee[1, 5] ee[3, 4] pe[3, 2]
pp[2, 3] -

2 ee[1, 4] ee[3, 5] pe[3, 2]
pp[2, 3] +

2 ee[1, 3] ee[4, 5] pe[3, 2]
pp[2, 3] -

2 ee[2, 3] ee[4, 5] pe[4, 1]
pp[2, 3] +

2 ee[1, 5] ee[3, 4] pe[1, 2]
pp[3, 4] -

2 ee[2, 5] ee[3, 4] pe[2, 1]
pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[2, 5]
pp[3, 4] -

2 ee[2, 5] ee[3, 4] pe[3, 1]
pp[3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2]
pp[3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4]
pp[3, 4] +

2 ee[1, 3] ee[2, 5] pe[3, 4]
pp[3, 4] -

2 ee[1, 2] ee[3, 5] pe[3, 4]
pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[3, 5]
pp[3, 4] +

2 ee[1, 5] ee[2, 4] pe[4, 3]
pp[3, 4] -

2 ee[1, 4] ee[2, 5] pe[4, 3]
pp[3, 4] +

2 ee[1, 2] ee[4, 5] pe[4, 3]
pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[1, 5] pe[3, 1]
pp[1, 2] pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[2, 5] pe[3, 1]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[1, 2] pp[3, 4] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 3] pe[1, 2] pe[1, 5] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[2, 5] pe[1, 3] pe[2, 1] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 3] pe[1, 2] pe[2, 5] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] pe[1, 3] pe[2, 5] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[3, 5] pe[1, 2] pe[3, 1] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[3, 1] pe[3, 5]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[1, 2] pp[3, 4] -

2 ee[3, 5] pe[1, 2] pe[3, 4] pe[4, 1]
pp[1, 2] pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[3, 5] pe[4, 1]
pp[1, 2] pp[3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 4] pe[4, 2]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 5] pe[4, 2]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] pe[1, 2] pe[1, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 4] pe[1, 2] pe[1, 5] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[2, 5] pe[1, 4] pe[2, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] pe[1, 2] pe[2, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] pe[1, 5] pe[2, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[2, 5] pe[2, 1] pe[2, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 4] pe[1, 2] pe[2, 5] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] pe[1, 4] pe[2, 5] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[2, 4] pe[2, 1] pe[2, 5] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[4, 5] pe[1, 2] pe[3, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[4, 5] pe[1, 2] pe[4, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[4, 5] pe[2, 1] pe[4, 2] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4]
pp[1, 2, 3] +

2 ee[1, 3] ee[2, 5] pe[1, 4]
pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[1, 4]
pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[1, 5]
pp[1, 2, 3] -

2 ee[1, 3] ee[2, 4] pe[1, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[1, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[2, 3]
pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[2, 4]
pp[1, 2, 3] +

2 ee[1, 3] ee[2, 5] pe[2, 4]
pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[2, 4]
pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[2, 5]
pp[1, 2, 3] -

2 ee[1, 3] ee[2, 4] pe[2, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[2, 5]
pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[3, 1]
pp[1, 2, 3] -

2 ee[1, 3] ee[4, 5] pe[3, 2]
pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[3, 4]
pp[1, 2, 3] +

2 ee[1, 3] ee[2, 5] pe[3, 4]
pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[3, 4]
pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[3, 5]
pp[1, 2, 3] -

2 ee[1, 3] ee[2, 4] pe[3, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[3, 5]
pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[4, 1]
pp[1, 2, 3] -

2 ee[1, 3] ee[4, 5] pe[4, 2]
pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[4, 3]
pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[1, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 3] pe[1, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 3] pe[1, 4] pe[2, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 3] pe[1, 5] pe[2, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 4] pe[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 5] pe[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 4] pe[2, 1] pe[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 3] pe[1, 5] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 3] pe[2, 1] pe[2, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 3] pe[1, 4] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 3] pe[2, 1] pe[2, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 5] pe[1, 2] pe[1, 4] pe[3, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 4] pe[1, 2] pe[1, 5] pe[3, 1]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 5] pe[1, 2] pe[2, 4] pe[3, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 4] pe[1, 2] pe[2, 5] pe[3, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 5] pe[1, 4] pe[2, 1] pe[3, 2]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[2, 4] pe[3, 2]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 2] pe[1, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 3] pe[2, 1] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 2] pe[2, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 3] pe[2, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 5] pe[1, 2] pe[3, 1] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 2] pe[1, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 3] pe[2, 1] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 4] pe[2, 1] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 2] pe[2, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 3] pe[2, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 4] pe[1, 2] pe[3, 1] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[4, 5] pe[1, 2] pe[1, 3] pe[4, 1]
pp[1, 2] pp[1, 2, 3] -

2 ee[4, 5] pe[1, 2] pe[2, 3] pe[4, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[4, 5] pe[1, 3] pe[2, 1] pe[4, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[4, 5] pe[1, 2] pe[3, 1] pe[4, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 4] pe[2, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 5] pe[2, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 4] pe[2, 1] pe[2, 3]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 4] pe[2, 3] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 5] pe[2, 3] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 5] pe[2, 4] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[1, 4] pe[2, 5] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[1, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] pe[1, 3] pe[1, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[1, 4] pe[2, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[2, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 5] pe[2, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[2, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] pe[1, 3] pe[2, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 4] pe[2, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[1, 4] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 4] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 4] pe[2, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 3] pe[3, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 4] pe[3, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] pe[1, 3] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 4] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[1, 2] pe[2, 3] pe[4, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[1, 3] pe[3, 2] pe[4, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 3] pe[3, 1] pe[4, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[1, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[1, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[2, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[3, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[4, 1] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[1, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[2, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[3, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[3, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[4, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 3] ee[4, 5] pe[1, 2] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[3, 4] pe[1, 2] pp[1, 2, 3]
pp[1, 2] pp[3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1] pp[1, 2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[1, 2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] ee[3, 4] pe[1, 2]
pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[1, 3]
pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4]
pp[2, 3, 4] +

2 ee[1, 4] ee[2, 3] pe[1, 5]
pp[2, 3, 4] -

2 ee[1, 3] ee[2, 4] pe[1, 5]
pp[2, 3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[2, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[2, 1]
pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[2, 3]
pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[2, 4]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[3, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[3, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[3, 1]
pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[3, 2]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[4, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[4, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[4, 1]
pp[2, 3, 4] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[1, 5] pe[2, 3] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[1, 5] pe[2, 4] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[3, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 4] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[3, 1] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 4] pe[3, 1] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 4] pe[3, 2] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 2] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 2] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 4] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 2] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 4] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 4] pe[1, 5] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 3] pe[3, 1] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 3] pe[4, 1] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 2] pe[4, 1] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 2] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 2] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 2] pe[3, 5] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 5] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 5] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 4] pe[4, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 5] pe[4, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 2] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 2] pe[1, 5] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 1] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 1] pe[2, 5] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 4] pe[3, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 5] pe[3, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 4] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 5] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 2] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[4, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[1, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[4, 3] pp[1, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[1, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[3, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[4, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 4] ee[2, 3] pe[1, 5] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[4, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 4] pe[2, 3] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[1, 2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[1, 2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 2] ee[3, 5] pe[3, 4] pp[2, 3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[3, 5] pp[2, 3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[4, 5] pe[4, 3] pp[2, 3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[2, 3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] ee[4, 5] pe[3, 2] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3]

Feynman
diagrams

modern
methods

A(g�1 g
�
2 g

+
3 g

+
4 g

+
5 ) =

h12i3

h23ih34ih45ih51i

A(g�1 g
+
2 g

�
3 g

+
4 g

+
5 ) =

h13i4

h12ih23ih34ih45ih51i

A(gh1
1 gh2

2 gh3
3 gh4

4 gh5
5 ) =

A(g+1 g
+
2 g

+
3 g

+
4 g

+
5 ) = A(g�1 g

+
2 g

+
3 g

+
4 g

+
5 ) = 0

Gauge symmetry yields immense complexity.



n-pt 4 5 6 7 8

Feynman 
diagrams 4 25 220 2485 34300

recursion 
relations 1 1 3 6 20

This redundancy becomes ever more taxing 
at higher orders in perturbation theory.
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corrections. For the Yang-MiOs Geld it takes the form

V( T""')p ~ —ic.p,P"= —ic.~p(P +P'") . (2.3)
The propagators for the normal and Gctitious quanta
are, respectively,

G~v'v"/p',
G~~aP/P2

(2.4)

(2 5)

with p' being understood to have the usual small
negative imaginary part.
The corresponding quantities for the gravitational

6eld are much more complicated. In this case we shall
employ the momentum-index combinations pq4, p'OT'',
p"p'9", p"'4'"z"'. The vertices must not only be sym-
metric in each index pair but must also remain un-
changed under arbitrary permutations of the momen-
turn-index triplets. At least 171 separate terms are
required in the complete expression for S3 in order to
exhibit this full symmetry, and for 54 the number is
2850. However, these numbers can be greatly reduced
by counting only the combinatorially distinct terms~
and leaving it understood that the appropriate sym-
metrizations are to be carried out. In this way S3 is
reduced to j.1 terms and S4 to 28 terms, as follows:

~ Pyv~'Po' r'~ Pp"X"

symL l~.(p—A""n"~ ") lI'4(p-p'~""~ ")+lI'4(p AP ~" ~ ")+lI'4(p A""~"~ ")+~4(P'P"~""~")
'I'4(p'P "-0" 0"")+'I'3(p'P "-0"'6"')+'~4(p'P"0"'0"')+~ (P'P "n'"0"')+f' (P'P'"0"n"")'

I' (p -p'~" ~"~"")j, (26)

ql p"y"~pc"'x"'

symL —l& (p p'~""0"~'"~'")—l~ (p'p'~""~'"~'")—:I' (p'p'"~"—'I'"~'")+lI' (p p'~"'~"'~'"~'")
y ~P4(p pg»g«g pic~*)+—'P»(prpr7J»g pcg~ 4)+ 'P, (prp'-pyJvrrj pcg& 4) 4p, (p—p'gl rqvr. g pc/&v)
+4~24(p P'n""n"n'"n")+'~24(p'P'n"'n""~")+ '&»(P'P'"n"-'n"'n'")+&24(p P"~'"n""~'")

kI'»(p p—'~"'I"~""~") k&»(p'p—'"~"~""~'")+i~»(pp'0'"9""n'")—2&24(p p'~""~"~"'~")
p2 (prp rgv pg x cg Kcc) P»(p pp Agv cgKP gru') I 24 (p p pg rcrjrpgv x) p~ (p pp cg Alvin

rpriv cc)

+I'4(p p'~"p~" ~"~"") I'»(p'p'~""~—"~"") 2I'»(p p'~"p—~""~"~'") I'»(p'p'—~'"~"'n"")
P (ppp c~hcc~pcr~vr) P (pap p~rp~vc~ccX) P (pcrpvp~rp~Xc~rv)+2+ (p.p ~vcr~rp~kc~ccp) j (2 7)

The "Sym" standing in front of these expressions indi-
cates that a symmetrization is to be performed on each
index pair pp, a.r, etc. The symbol P indicates that a
summation is to be carried out over all distinct permu-
tations of the momentum-index triplets, and the sub-
script gives the number of permutations required in
each case.
Expressions (2.6) and (2.7) can be obtained in a

straightforward manner by repeated functional diGer-
entiation of the Einstein action. This procedure, how-
ever, is exceedingly laborious. A more eKcient (but
still lengthy) method is to make use of the hierarchy
of identities (II, 17.31). It is a remarkable fact that
once 52' is known all the higher vertex functions, and
hence the complete action functional itself, are de-
termined by the general coordinate invariance of the
theory. It is convenient, in the actual computation of
the vertices via (II, 17.31), to invent diagrammatic
schemes for displaying the combinatorics of indices.
Since each reader will devise the scheme which suits

G~ (~P.n-+~P.~- n»~-)/P'-
G~n""/P'.

(2.9)
(2.10)

' The choice of terms is not completely unique since momentum
conservation may be used to replace a given term by other terms.
We give here what we believe (but have not proved} to be the
expressions containing the smallest number of terms.

him best we shall not shackle him by describing one
here. V(e also make no attempt to display S& or any
higher vertices.
The vertex V(;)p has the following form for the

gravitational Geld:
aIIr"

(p )v'

,'Symrt2P" pP"8„'—-P"pP'„g"
+(p.p" p'.p )4'+p'P'4—& 'j (2 g)

where the momentum-index combinations are pp, PY,
p"0"T", and the symmetrization is to be performed on
the index pair o.r. The propagators for the normal and
Gctitious quanta are given by

3pt graviton 
Feynman vertex

4pt graviton 
Feynman vertex

The situation is even worse for gravity.

DeWitt (1967)
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corrections. For the Yang-MiOs Geld it takes the form

V( T""')p ~ —ic.p,P"= —ic.~p(P +P'") . (2.3)
The propagators for the normal and Gctitious quanta
are, respectively,

G~v'v"/p',
G~~aP/P2

(2.4)

(2 5)

with p' being understood to have the usual small
negative imaginary part.
The corresponding quantities for the gravitational

6eld are much more complicated. In this case we shall
employ the momentum-index combinations pq4, p'OT'',
p"p'9", p"'4'"z"'. The vertices must not only be sym-
metric in each index pair but must also remain un-
changed under arbitrary permutations of the momen-
turn-index triplets. At least 171 separate terms are
required in the complete expression for S3 in order to
exhibit this full symmetry, and for 54 the number is
2850. However, these numbers can be greatly reduced
by counting only the combinatorially distinct terms~
and leaving it understood that the appropriate sym-
metrizations are to be carried out. In this way S3 is
reduced to j.1 terms and S4 to 28 terms, as follows:

~ Pyv~'Po' r'~ Pp"X"

symL l~.(p—A""n"~ ") lI'4(p-p'~""~ ")+lI'4(p AP ~" ~ ")+lI'4(p A""~"~ ")+~4(P'P"~""~")
'I'4(p'P "-0" 0"")+'I'3(p'P "-0"'6"')+'~4(p'P"0"'0"')+~ (P'P "n'"0"')+f' (P'P'"0"n"")'

I' (p -p'~" ~"~"")j, (26)

ql p"y"~pc"'x"'

symL —l& (p p'~""0"~'"~'")—l~ (p'p'~""~'"~'")—:I' (p'p'"~"—'I'"~'")+lI' (p p'~"'~"'~'"~'")
y ~P4(p pg»g«g pic~*)+—'P»(prpr7J»g pcg~ 4)+ 'P, (prp'-pyJvrrj pcg& 4) 4p, (p—p'gl rqvr. g pc/&v)
+4~24(p P'n""n"n'"n")+'~24(p'P'n"'n""~")+ '&»(P'P'"n"-'n"'n'")+&24(p P"~'"n""~'")

kI'»(p p—'~"'I"~""~") k&»(p'p—'"~"~""~'")+i~»(pp'0'"9""n'")—2&24(p p'~""~"~"'~")
p2 (prp rgv pg x cg Kcc) P»(p pp Agv cgKP gru') I 24 (p p pg rcrjrpgv x) p~ (p pp cg Alvin

rpriv cc)

+I'4(p p'~"p~" ~"~"") I'»(p'p'~""~—"~"") 2I'»(p p'~"p—~""~"~'") I'»(p'p'—~'"~"'n"")
P (ppp c~hcc~pcr~vr) P (pap p~rp~vc~ccX) P (pcrpvp~rp~Xc~rv)+2+ (p.p ~vcr~rp~kc~ccp) j (2 7)

The "Sym" standing in front of these expressions indi-
cates that a symmetrization is to be performed on each
index pair pp, a.r, etc. The symbol P indicates that a
summation is to be carried out over all distinct permu-
tations of the momentum-index triplets, and the sub-
script gives the number of permutations required in
each case.
Expressions (2.6) and (2.7) can be obtained in a

straightforward manner by repeated functional diGer-
entiation of the Einstein action. This procedure, how-
ever, is exceedingly laborious. A more eKcient (but
still lengthy) method is to make use of the hierarchy
of identities (II, 17.31). It is a remarkable fact that
once 52' is known all the higher vertex functions, and
hence the complete action functional itself, are de-
termined by the general coordinate invariance of the
theory. It is convenient, in the actual computation of
the vertices via (II, 17.31), to invent diagrammatic
schemes for displaying the combinatorics of indices.
Since each reader will devise the scheme which suits

G~ (~P.n-+~P.~- n»~-)/P'-
G~n""/P'.

(2.9)
(2.10)

' The choice of terms is not completely unique since momentum
conservation may be used to replace a given term by other terms.
We give here what we believe (but have not proved} to be the
expressions containing the smallest number of terms.

him best we shall not shackle him by describing one
here. V(e also make no attempt to display S& or any
higher vertices.
The vertex V(;)p has the following form for the

gravitational Geld:
aIIr"

(p )v'

,'Symrt2P" pP"8„'—-P"pP'„g"
+(p.p" p'.p )4'+p'P'4—& 'j (2 g)

where the momentum-index combinations are pp, PY,
p"0"T", and the symmetrization is to be performed on
the index pair o.r. The propagators for the normal and
Gctitious quanta are given by

3pt graviton 
Feynman vertex

4pt graviton 
Feynman vertex

modern
methods

A(H�
1 H

�
2 H

+
3 ) =

h12i6

h13i2h32i2

A(H�
1 H

�
2 H

+
3 H

+
4 ) =

h12i4[34]4

stu

The situation is even worse for gravity.



L =
(@�)2

2
⇥ g(�)

Even worse, some “non-symmetries” of the 
action are also redundancies.



L =
(@�)2

2
⇥ g(�)

Even worse, some “non-symmetries” of the 
action are also redundancies.

All on-shell scattering amplitudes vanish!



where

L =
(@�)2

2
⇥ g(�) L =

(@�)2

2

�f(�) f 0(�)2 = g(�)

Even worse, some “non-symmetries” of the 
action are also redundancies.

All on-shell scattering amplitudes vanish!



Z[J ] ⇠
Z
[d�] eiS[�]+i

R
J�

L1 L2 L1· · ·

A

Many Lagrangians yield the same observables.

Amplitudes are field redefinition invariant.
“integration variable”



“gravity as the mother of all theories…”

• unification of these QFTs

The action can obscure important physics.

• absolute rigidity of certain QFTs

“only of all possible worlds…”



rigidity of QFTs



massless spin one  =  gluon
massless spin two  =  graviton

These uniquely define certain theories!

• Poincare Invariance

• Locality

Nature conforms to two physical criteria.



A(1�2�3+) =
h12i3

h13ih32i

A(1+2+3�) =
[12]3

[13][32]
A(1+2+3�) =

[12]6

[13]2[32]2

A(1�2�3+) =
h12i6

h13i2h32i2

gluon graviton

simplest example of “gluon2 = graviton”

Poincare Invariance fixes the 3pt amplitudes.

Benincasa, Cachazo (0705.4305)



Locality fixes the 4pt amplitudes and higher.

p1

p2

A4



Locality fixes the 4pt amplitudes and higher.

(p1 + p2)
2 ! 0

p1

p2
(factorization)

A4 A3
1

(p1 + p2)2
A3



Locality fixes the 4pt amplitudes and higher.

(p1 + p2)
2 ! 0

On-shell recursion relations automate this.  
Optional: matter fields, masses, SUSY.

A4 A3
1

(p1 + p2)2
A3

p1

p2
(factorization)

Britto, Cachazo, Feng, Witten (hep-th/0412308, hep-th/0501052)



Map the “theory space” of massless particles.

s

⇢

1 2 30

-1

0

+1

-2

Characterize by power counting and spin.



Map the “theory space” of massless particles.

s

⇢

1 2 30

-1

0

+1

-2

spin of
particle

(# of ∂’s in vertex - 2) / (# of fields - 2)

Characterize by power counting and spin.



Map the “theory space” of massless particles.

Factorization excludes massless spin > 2.

allowed

forbidden

s

⇢

1 2 30

-1

0

+1

-2

spin of
particle

(# of ∂’s in vertex - 2) / (# of fields - 2)



Map the “theory space” of massless particles.

Factorization excludes massless spin > 2.

s

⇢

1 2 30

-1

0

+1

-2
  scalar ϕ3

  gluons

  gravitons

spin of
particle

(# of ∂’s in vertex - 2) / (# of fields - 2)



Map the “theory space” of massless particles.

Factorization excludes massless spin > 2.

s

⇢

1 2 30

-1

0

+1

-2

  pions

  scalar ϕ4

  scalar ϕ3

  gluons

  gravitons

              R2              F4

spin of
particle

(# of ∂’s in vertex - 2) / (# of fields - 2)



Non-renormalizable operators seem difficult.

The tree-level S-matrices of many theories 
can be constructed from on-shell recursion.

• Yang-Mills theory and gravity

• QCD, SM, SUSY theories

• all renormalizable 4D QFTs



Non-renormalizable operators seem difficult.

The tree-level S-matrices of many theories 
can be constructed from on-shell recursion.

• Yang-Mills theory and gravity

• QCD, SM, SUSY theories very much
non-renormalizable!

• all renormalizable 4D QFTs



• ? ? ?

EFTs like pion theory hinge upon symmetry 
breaking.  What we can do without an action?

• Poincare Invariance

• Locality

What about effective field theories (EFTs)?



EFTs like pion theory hinge upon symmetry 
breaking.  What we can do without an action?

• Infrared Structure

• Poincare Invariance

• Locality

What about effective field theories (EFTs)?



In soft limit, the momentum of an external 
particle is taken to zero.

Enhanced infrared behavior corresponds a 
soft degree greater than expected from 
number of derivatives per field.

� 2 N

� > ⇢

A(p, · · · ) p!0⇠ p� where

generalized “Adler zero”

CC, Kampf, Novotny, Shen, Trnka (1412.4095, 1611.03137)



L =
X

n

cn(@�)
2n

A(p, · · · ) p!0⇠ p

Consider a single Nambu-Goldstone boson.

Amplitudes vanish in the soft limit due to a 
shift symmetry.  There are an infinite number 
of free coupling constants.



c1 = 1/2

c2 = �/8

c3 = �2/16

c4 = 5�3/128
...

A(p, · · · ) p!0⇠ p2

Now demand a faster soft limit.



This sums to Dirac-Born-Infeld theory (DBI).

L = � 1

�

p
1� �(@�)2 + const

c1 = 1/2

c2 = �/8

c3 = �2/16

c4 = 5�3/128
...

A(p, · · · ) p!0⇠ p2

Now demand a faster soft limit.



There is an organizing structure of EFTs.

Their amplitudes obey recursion relations.

�

⇢

2 3 41

1

2

3

0

allowed

forbidden



There is an organizing structure of EFTs.

Their amplitudes obey recursion relations.

�

⇢

2 3 41

1

2

3

0
  pions

  DBI scalar

“special”
Galileon



There is an organizing structure of EFTs.

Their amplitudes obey recursion relations.

�

⇢

2 3 41

1

2

3

0

  Galileon

  NGB

  pions

  DBI scalar

“special”
Galileon



The tree-level S-matrices of many theories 
can be constructed from on-shell recursion.

• Yang-Mills theory and gravity

• QCD, SM, SUSY theories

• all 4D renormalizable QFTs



The tree-level S-matrices of many theories 
can be constructed from on-shell recursion.

• Yang-Mills theory and gravity

• QCD, SM, SUSY theories

• all 4D renormalizable QFTs

• EFTs like NLSM, DBI, Galileon
CC, Kampf, Novotny, Shen, Trnka (1509.03309)



gauge / gravity

s

⇢

1 2 30

-1

0

+1

-2

EFT

“Edge” theories are maximally constrained 
and moreover they are secretly connected!

�

⇢

2 3 41

1

2

3

0



unification of QFTs



energy

Textbook unification runs from UV to IR.

symmetry



SO(10)

SU(5) SU(4) ⊗ SU(2)2

SU(3) ⊗ SU(2) ⊗ U(1)

energy

Textbook unification runs from UV to IR.

symmetry



spin

Scattering amplitudes reveal a hidden unity!

“complexity”



graviton

gluon BI photon

pion

spin

Scattering amplitudes reveal a hidden unity!

scalar ϕ3 Galileon

“complexity”

CC, Shen, Wen (1705.03025)



scalar function of pipj , piej , eiej=

A = eµ1
1 eµ2

2 · · · eµn
n Aµ1µ2···µn

pipi = piei = eiei = 0

Recast an amplitude as an abstract function.

Crucially, we maintain on-shell conditions.
massless

transverse

helicity basis



Wi =
X

v

piv @vei

A
��
ei=pi

= Wi ·A = 0

Physical amplitudes satisfy the Ward identity.

We define an operator that implements the 
Ward identity and annihilates the amplitude.

runs over
all pi and ei



Pv =
X

i

piv

Pv ·A = 0

Physical amplitudes conserve momentum.

We define an operator that implements 
momentum conservation.

any pi and ei



Define an operator     which acts on an 
amplitude     and builds a new one          .

[Wi , T ] ⇠ 0 [Pv , T ] ⇠ 0

T
A T ·A

Pv · (T ·A) = 0Wi · (T ·A) = 0

If the operator satisfies the conditions,

then the resulting object can be physical!



Tijk = @piej � @pkej

Tij = @eiej

Li =
X

j

pipj@pjei

We thus obtain “transmutation” operators.

CC, Shen, Wen (1705.03025)



Tijk = @piej � @pkej

Tij = @eiej

Li =
X

j

pipj@pjei

We thus obtain “transmutation” operators.

2 gluon → 2 scalar

1 gluon → 1 scalar

1 gluon → 1 pion

CC, Shen, Wen (1705.03025)



Tijk = @piej � @pkej

Tij = @eiej

Li =
X

j

pipj@pjei

We thus obtain “transmutation” operators.

We have proven this to be true with on-shell 
recursion, with explicit checks up to 8pt.

2 gluon → 2 scalar

1 gluon → 1 scalar

1 gluon → 1 pion

CC, Shen, Wen (1705.03025)



T12 · T34 ·A(g1g2g3g4) =
p1p3
p1p2

example 1) gluon to charged scalar

color-ordered
gluon amplitude



= A(�1�2,�3�4) =

T12 · T34 ·A(g1g2g3g4) =
p1p3
p1p2

example 1) gluon to charged scalar

scalar matter
scattering via gluons

color-ordered
gluon amplitude



T14 · T124 · T234 ·A(g1g2g3g4) =
1

p1p2
+

1

p2p3

example 2) gluon to scalar ϕ3



example 2) gluon to scalar ϕ3

= A(�1�2�3�4)

= +

T14 · T124 · T234 ·A(g1g2g3g4) =
1

p1p2
+

1

p2p3



T14 · L2 · L3 ·A(g1g2g3g4) = p1p3

example 3) gluon to pion

cyclic invariance
obscured



T14 · L2 · L3 ·A(g1g2g3g4) = p1p3

= A(⇡1⇡2⇡3⇡4)

flavor-ordered
pion amplitude

example 3) gluon to pion

=

cyclic invariance
obscured



Tij

L

EM

Tij

Tijk

L

DBI

Tij

YMS

Tijk

BS

L

YM

Tijk

BI

NLSM

SG

G

Figure 1: Diagram depicting the unified web of theories. The corners represent gravity (G), Einstein-
Maxwell (EM) theory, Yang-Mills (YM) theory, Born-Infeld (BI) theory, Dirac-Born-Infeld (DBI)
scalar theory, nonlinear sigma model (NLSM), special Galileon (SG), Yang-Mills scalar (YMS)
theory, and biadjoint (BS) theory. The arrows correspond to the transmutation operators, Tij, Tijk,
and L. The shaded regions and edges correspond to hybrid theories.

Fig. 1. The corners of the web denote the theories previously discussed, while the edge and bulk
regions denote hybrid theories.

Armed with the notion of transmutation, it is then straightforward to import familiar structures
in gauge theory and gravity into their descendants. For example, transmutation trivially explains
the near-universal applicability of the KLT, BCJ, and CHY constructions. Likewise, the Weinberg
soft theorems transmute into the Adler zero conditions on pions and Galileons, as first observed in
[6]. At subleading order, we can also derive new soft theorems in the spirit of [7].

The remainder of this paper is organized as follows. In Sec. 2, we systematically construct a
basis of transmutation operators. We discuss the web of theories related by transmutation in Sec. 3
and describe examples in Sec. 4. A proof by induction of our claims is presented in Sec. 5, followed
by a discussion of the infrared structure in Sec. 6. Finally, we conclude with a discussion of outlook
and future directions in Sec. 7.
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gluon
pion

“extended”
graviton

scalars ϕ3

BI photon

special
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This extracts the                  component and 
is equivalent to dimensional reduction.

T12 · T34 ·A(g1g2g3g4) = A(�1�2,�3�4)

(e1e2)(e3e4)

eµ3 = eµ4 = (0, 0, 1)

eµ1 = eµ2 = (0, 1, 0)

Now translate this procedure to the action.



This extracts the                  component and 
is equivalent to dimensional reduction.

T12 · T34 ·A(g1g2g3g4) = A(�1�2,�3�4)

(e1e2)(e3e4)

momenta have support on 
d-dimensional subspace

eµ3 = eµ4 = (0, 0, 1)

eµ1 = eµ2 = (0, 1, 0)

Now translate this procedure to the action.

d + 1 + 1

d + 1 + 1



T14 · L2 · L3 ·A(g1g2g3g4) = A(⇡1⇡2⇡3⇡4)

eµ2 = (p↵2 , 0, ip
�
2 ) eµ3 = (p↵3 , 0, ip

�
3 )

Aµ =

✓
X↵ + Z↵p

2
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i
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◆

For pions, the reduction is peculiar.

Some states are longitudinally polarized.
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T14 · L2 · L3 ·A(g1g2g3g4) = A(⇡1⇡2⇡3⇡4)

eµ2 = (p↵2 , 0, ip
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For pions, the reduction is peculiar.

Some states are longitudinally polarized.
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Now apply this reduction to the YM action.

LYM = �1

4
Tr (Fµ⌫F

µ⌫) + LGF



Now apply this reduction to the YM action.

LNLSM = Tr

✓
X↵⇤Z↵ +
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2
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+ iX↵� [Z
↵, Z� ] + iZ↵[Y, @↵Y ]
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LYM = �1
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Tr (Fµ⌫F

µ⌫) + LGF



Now apply this reduction to the YM action.

LNLSM = Tr

✓
X↵⇤Z↵ +

1

2
Y⇤Y+

+ iX↵� [Z
↵, Z� ] + iZ↵[Y, @↵Y ]

◆

LYM = �1

4
Tr (Fµ⌫F

µ⌫) + LGF

A(⇡1 · · ·⇡n) = A(Z1 · · ·Yi · · ·Yj · · ·Zn)

Recast pions as higher-dimensional gluons!

cyclic invariance obscured



Now replace flavor with kinematics.

LNLSM = Tr

✓
X↵⇤Z↵ +

1

2
Y⇤Y+

+ iX↵� [Z
↵, Z� ] + iZ↵[Y, @↵Y ]

◆



LSG = X↵↵̄⇤Z↵↵̄ +
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Now replace flavor with kinematics.

LNLSM = Tr
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So we arrive at “pion2 = Galileon”.
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• Interactions are purely cubic, in sharp 
contrast with the typical formulation.

This pion action has several notable features.

• Permutation invariance and pion parity 
are obscured.

• Kinematic algebra of pions comes from 
the higher-dimensional Poincare algebra.

• Weinberg gluon soft theorem maps to 
the Adler zero condition.



conclusions



• Gauge theory, gravity, and effective field 
theories can be derived from S-matrix 
properties rather than vice versa.

• The very simplest theories are secretly 
unified and can be derived directly from 
the extended graviton S-matrix.

• This construction translates to a version 
of dimensional reduction that recasts 
pions as higher-dimensional gluons.



thank you!



Shift momenta with complex parameter z:

basics of on-shell recursion

pi ! pi + zqi A ! A(z)

X

i

qi = 0

qi · qi = qi · pi = 0

momentum
conservation:

on-shell:

To maintain physical momenta, we impose



=
X

z⇤

Res
z=z⇤

✓
A(z)

z

◆
A(0) =

1

2⇡i

I

z=0

A(z)

z

poles from
factorization 

channels

Apply Cauchy’s them to shifted amplitude.

z

pole from1/z



Here      is fixed by factorization, P (z⇤)
2 = 0z⇤

A(0) =
X

z⇤

AL(z⇤)
1

P 2
AR(z⇤) + Res

z=1

✓
A(z)

z

◆

=
X

z⇤

+
boundary 

term

P (z⇤)

AL(z⇤) AR(z⇤)

(required for recursion)

A(z)
z!1
= 0


