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Scalar, Gauge boson, Fermion

Relaxation with particle production

Oscillating .
‘Classical’ scalar or condensates  + Leptogenesis
et SON, Ye, You 18’
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* Preheating via parametric resonance or * Relaxation with particle production

excitation in post-inflationary era
Hook, Marques-Tavares 15’

SON, Ye, You 18’

Kofman, Linde, Starobinsky 97’
Fonseca, Morgante, Servant 18’

 Axion-inflation via gauge boson (¢FF) or

fermion (aﬂgbj“S) production  Anbor, Sorbo 10’
Adshead, Pearce, Peloso, Roberts, Sorbo 18’

* Gravitational waves from preheating
Many literature (hard to list all here) Listgoes on .....



Particle Production

‘Quanta’ of
Scalar, Gauge boson, Fermion

‘Classical’ scalar or
pseudo-scalar fields

Relaxation with particle production
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Oscillating .
condensates  + Lepfogene5|s

et SON, Ye, You 18’
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We are going to ‘Reformulate’ of theory of fermion production

in a completely new manner



Traditional Approach

To
Theory of Fermion Production

called technique of ‘Bogoliubov’ coefficient



The model

S =Jd4x\/—_g [tﬁ (i e, v*D, —m+g(¢))¢+%(%¢)2 —V(fl))]

On the metric:
ds? = dt? — a(t)?dx? = a(t)?(dt? — dx?)

Under rescalingy — a~3/%1

_ 1
L= (iv"0, —ma+g(@® ) +5a*n" 0,6 - a*V(¢)

Common Interaction T h¢ :_Yukawa-type coupling
type inliterature g(@) = = Ma,5
fV Y’9u® . derivative coupling
£X°
\
N\o(e, \oo\)’i :

_ , , . % ¢
We will assume spatially homogenous scalar field : 0,¢ = ¢ X0

We will not distinguisht and t
unlessitis necessary



Fermion Production is formulated
in Hamiltonian formalism

L = lp (i y“@u — ma — ]lc]/o)/sﬁb) 'P + %aznuvauqbavqb _ a4V(qb)

A subtlety with derivative coupling

5L, 5L

1
=59 a’p ——-yPy°y>y

H =My +Typ— L
1 @y°y*y)’?
a? f? T2

T 5
p [y + aV(p)

Adshead, Sfakianakis 15’

=l/7<—i)/"6i +ma + %V"Vscﬁ)t/) -5

Definition of particle number is ambiguous

Massless limit is not manifest



A way out: field redefinition

1 : 1
VOV )1+ 5 200,00, — *V ()

L=1 (iy“@u—ma—f
Adshead, Sfakianakis 15’

l/) - e_iys(p/fl/)

JY 26 20 N
=y iy M—macosT+lmasmTy l/J+§ar) L 90, — a*V(P)
= mR = mI Adshead, Pearce, Peloso,
Roberts, Sorbo 18’
Hamiltonian formalism
. oL _¢+ I oL 2q5
= —=1 =—=a
Y sy Y

T( i - 5 1 4
7—[=¢(—1y6i+mR—lm,y)¢+ﬁl'[¢+aV(¢)

No 1) - dependence in conjugate momentum Hcp

Entire fermion sector is quadraticiny

o ) . particle numberis unambiguously defined
Massless limit is manifest



Fermion production

H =P(—iy'o; + mg —i my®) +LH2+ Y
=Y =iy 0+ mp —imy” Jh + o5 1lg +a (&)

Garbrecht, Prokopec, Schmidt 02’
for generic complex mass

To estimate Fermion Production, we quantize i
while keeping pseudo-scalar as a classical field

Quantum field P We follow notation and conventioniin
Adshead, Pearce, Peloso, Roberts, Sorbo 18’
— d°k ik-x +
= | Gmye [U.(kt) a,(K) + V.(=k,t) b} (=K) ]

r=

_(ur(kt) x.(K)
Ur = <r v, (K, t))(r(k))

k+ro-k _
\/Zk(k+k3))(r where)Z+=((1)), )Z_=((1))

** helicity basis for an arbitrary k

xr(K) =




H,, = Z j dk® (af (k), br(—k))@: _Bi,) (b?k(_ki))
r=+

. 1 myg 2 2 i rm; .
A, = E_E(Iurl — |Vr| ) — %Re(urvr) —Elm(urvr)
reir(pk
B, = 5 [2 mpu, v, — k(u% - Vrz) — irm, (urz + Vrz)]

Fermion number density for a particle with helicity
N, = (0]a; (k; t)a, (k; )]|0)
w/ a,(K;t), af (k;t) are diagonalized a,.(K), a; (K) att # 0

Att=0 Att+0
a,(k)|0) =0 q a,(k; £)|0) = 0
a,(k), af (k) a,(k), af (k)
< one-particle state < one-particle state

dueto B, =0 anymore due to B, # 0



H,, = Z j dk® (af (k), br(—k))@: _Bi) (b?k(_ki))
r=+

1 mg ) 5 k ) rm; .
A, = E_E(Iurl |vr| )_%Re(urvr) _mlm(urvr)
r elTPk
B, = 5 [2 mpu, v, — k(u2—v2) — irm;(u?+ v?)]

Fermion number density for a particle with helicity

i = Olaf (k; )a, (k; )10)|= |5,
w/ a,(K;t), af (k;t) are diagonalized a,.(K), a; (K) att # 0

1 mpg k . rmy; .
E__(|u 12 —|v,.|%) — ZRe(urvr) i Im(u;vy)
Bogoliubov

coeff.
ar(k; t) = a, a,(K) — By b1-"l_ (k)
b (k;t) = Br ar(K) + a7 by (K)

Diag. ops In terms of diag.
att+ 0 opsatt =0



looks too technical ... Any simplication?

N, = (0]a;f (k; t)a, (k; t)]0)

mR 9 2 " 7’Hrnl *
=E—E(|ur| _lv‘rl )_ZRB(UTUT)_%IT”(U'TUT)

Solving EOM of u,., v,- with correctinitial condition is
another source of confusion



looks too technical ... Any simplication?

N, = (0]a;f (k; t)a, (k; t)]0)

mR 9 2 " 7’Hrnl *
=E—E(|ur| _lv‘rl )_ZRB(UTUT)_%IT”(U'TUT)

Solving EOM of u,., v,- with correctinitial condition is
another source of confusion

Recall a Fourier mode in ‘helicity’ basis
Y ~ U, (k t)a,.(K) + V.(—K, t) b} (—K)

U, = (ur (k, 1) Xr(k))

_ (ur) .
rv.(K ) x-(K)) ~ \rv, Rxr =& Q xr



looks too technical ... Any simplication?

N, = (0]a;f (k; t)a, (k; t)]0)

mR 9 2 " rml *
=E—E(|ur| _lv‘rl )_ZRB(UTUT)_%IT”(U'TUT)

Solving EOM of u,., v,- with correctinitial condition is
another source of confusion

Recall a Fourier mode in ‘helicity’ basis
Y ~ U, (k t)a,.(K) + V.(—K, t) b} (—K)

_ u’T (kr t) XT‘ (k)
Ur = (r v, (K, t))(,,(k))

=(:;)®Xr55r®)(r

r

Then we realize that
1
(r1= Er(u;v‘r + urv;) =71 Re (u;vr) - N
— ('r — Er o Gz'r

collapses into one vector

l
(ro=— Er(u;k‘vr - urv;) =T Im(u;ivr)

1
(T'3 = E(lurlz _ |v7"|2)



N, = (0]a; (k; t)a, (k; t)]0)

T (a2~ 1o,12) = o Re(uiv,) =
=3 U, v 7 e (uyv, 70 m(u.v,)

R R ~ - N uT‘
q:Tkx1+m1xZ+me3 Crzf‘l”o-f‘l” W/frE( )

* We will see the origin

of this vector later Cr1= Er(u;ivr +u,v;) =1 Re(upvy)
I
(rp=— Er(u’"v’” —u, v, ) =1 Im(u,v,)
1 2 2
CT‘3 - _(lurl - |7.77,.| )

2



N, = (0]a; (k; t)a, (k; t)]0)

mpg . rm, N
=5 =7 (= v, |*) = ——Re(wyvy) = ——Im(u;v;)

A A 2 > = — ur
q=rkX; + m; X, + mp X3 (r =¢7 04 W/"Zrz(rvr)

* We will see the origin 1 * « x

of thi:\cector later © 1= Er(urvr tuvr) =1 Re(urvr)

[
(,’,.2 = — Er(u;vr - urv:) =r Im(u;ivr)
1 4\ 1
— | @ = 5(1 - q|q|r) = Z(1 = cos 6)

¢, q behave like vector reps of SO(3)
What is this mysterious SO(3)?



Group Theoretic Approach



'‘Reparametrization’ Group

While y# is fixed and only 1 transforms in the Lorentz group,
yE-ovH Y- A Y,

there is a freedom in choosing a representation of the gamma matrices.
This freedom is totally unphysical.

Clifford Algebra
yh, vV} =211,
yH > Uy*U~Y . GL(4,0)

Dirac Theory
We assign the transformationof ¢y, Y —» Uy

L= 1/J+y0(iy“0M —m)P
> L=9* UtUy°U~L(iUuy*U~19, — m)Uy

Utu=0U0t=1 : U(4)



We consider the following subgroup of U(4)

SUR)1xSU2),xU(1) c U(4)
The rep of subgroup is constructed asa ‘tensor product’ of two SU(2)’s

and phase rotation, e.g. (a11 a1z) QU = <a11U2 s, Uz)
a1 0Ayo 2 as1 UZ aZZUZ
= U,

Under SU(2),; ® SU(2), transformation (we associate U(1) with &,.)

Y~ & Rx (Ul X UZ)(ET' X Xr) = (Ulfr) & (Uzxr)

e

This is what we
are looking for



We considerthefollo | orentz Group

i
SU(2),xSU( SE =2 Irh v
The rep of K;=S*= %03 ® o : boost 0SU(2)'s
and phase 1 1
P Ji = Eeijksf" = 512 ® o; :space rotation UZ)
U,

in Weyl Representation

(SISY

—i6-

Ar

Y~ EQu - e llp=¢Qe

Under SU(2); ® SU(

Y~ &EQ®x » (U QUE Qx) = WU1&) ®(Uzxr) ,erSO\\Y acts

/ \i:\“\lPL and ¥R

This is what we Looks similar to space

are looking for rotation of Lorentz group.
But it can not be identified
with SU(2) space rotation

Eg. YyH*yY - TUTUYOUTUyHUUY = Yyt

Pyt - P AI}ZV”AHZ‘P = A, yHy



A well-known example of SU(2),

Weyl Representation  Ywey = (://jLR)

0 1 ; 0 . -, 0
)/0:(]2 5): O'1®12 ]/lz(_ai Ol)=l0'2®0-i )/5:(02 12)__03®12
. : _ 1y +1/JR)
Dirac Representation | ¥pirac = \/—7(_% + e

I 0 : 0 o 0 I
0 — (72 — I — ) — ) 5 _ 2 —
Yy = (0 _12)_ 03 ®12 14 _<_O.l_ 0) _10-2®O-L 14 (12 0) 01®12

Two representationsare related via a similarity transformation
7 U -1 _ . MU
yWeyl - UlyWelel ~ VDirac
l/)Weyl - UllpWeyl = Upirac

ity 171 1
w/U(m/2)=¢e 22 —\/—7(_1 1)



SU (2) 1 X U (1)We will drop subscript

is what our group theoreticapproachisbased on

SU(2), doesnotplayanyimportantrole.



Group Theoretic Approach

Dirac equation in inertial frame

(iyHd, —mg+imy®)Yp =0

EOM in tensor form for a Fourier mode can be written as (using (6 - K)y, = rky,)

|(i 030; — irkoy, — mgl, +imo,) @ 16, ® x») =0

Gives rise to EOM of fundamental rep.

— : = . it is called Weyl equation in condensed matter physics
0cér = _l(q . U)fr yAq ~ R Py
/ T w/q=rkXx{+m; X, + mp X3
SU(2) embedding
SU(2) of SO(3) vector q

fundamental



Group Theoretic Approach

v" Fundamentalrep. of SU(2)

e EOM of fundamental rep.

0:& = —i(q-0)é,

SU(2) embedding
of SO(3) vector

W/q=rk521+m1522+mR553



Group Theoretic Approach

v" Fundamental rep. of SU(2)

£ = (v

* EOM of fundamental rep.

08y = _i(q : &))Er

SU(2) embedding
of SO(3) vector

w/q=rk£1+m1£2+mR£3

v" In terms of SO(3) ~ SU(2) reps

Bilinearof &, : &TAE,
w/ A = arbitrary 2x2
complex matrix

EYE(=1) : scalar

(-=¢&Yg & vector
the only non-trivial rep.

« EOM of vector rep.
1,
0tCri = Eér liq- 0, 0;1$r = 269 Cr

1 - -
E 0:¢r = qXG;



Analog to classical precession

Quantum mechanical fermion
production

1de, N
S dr qXG;

g as angularvelocity

?=q'5r

motion

Classical precession of a vector 1
with angular velocity @

E.g. when ¥ = M (magnetization),

W = (1_))3 = _VB
dM
—— = wgXM : called block eq.
dt
E = a)B . M




Particle number density

B, >

A. B'\/( a.(K) )
_ 3 (4t _ r r "
‘7—[1.0 = Z_fdk (ar (k); br( k)) (Br _Ar) (b;(_k)
r=x

A, = 2R (2 2 1,12 — 2 Reuivy) = T i

r —E E ur vr % e urvr Z m(urvr)
rel"®k

— [2 mpu,v,. — k(ui — vrz) - irml(u% + ”rz)]

Now it is clear that each matrix element should be a function of q and fr inour

group theoreticapproach

Off-diagonal element

|Br| — |qx5r|
= wSsinf

Diagonal element
-
Ar=q- ¢
= w cosf

One can easily see why
eigenvalues are +w = %|(|

Iq] = w = Vk? + m?



Particle number density
A B (K
M, = z f dk3(ai(k),br(—k))(B: _}{r) (b;((—l)())
r=+
A =q-3, 1Bl =|ax¢y|

In our approach, a few group properties can uniquely
determine fermion number density

n, . = (0lat (k; t)a, (k; £)[0) = |8, 1>= £(q - - 1q))

1. It should be at most linearin {, (note |Zr| =1)

n.r=A+B q|. ? 2. Pauli-blocking
) q .
0<n.,<1 1 :
which gives rise to inequality, rk > Ny = 5 (1 — qlq?)

A-B<n. <A+B

" —"sign chosen for the
consistency with the form of 4,

(** agrees with our explicit computation)



Solution of EOM

Closed form of solution is available
3%«3 (ep-

1 R . — 1 Q'Zr
50:G = qxG = (q- L), Tk =5<1 T >

W/qZka1+mlf2+me3

* Initial condition (< zero particle number) att = t, is straightforward than other

approach
PP Z(t t) = q(to)
0,*0) —
" |q(to)l
» Just like solving Schrodinger eq. for the unitary op., EOM can be iteratively solved
> t ] / q(tO)
Gr(t, to) = Texp| | dt'(q-L)(t)
to |q(t0)|

Expanding involves commutators of q - L

WKB solution might be the case with vanishing commutators



' 15 > 0
Numerical example 20y = axd, with §,(0) = |3§o§|

@ (t) = ¢, sin(t) for chaotic potential, V(¢) ~ m? >

=l m=1 %=10

50 60

chosen for all plots

0.14f
k=1 k=10 | .
Case where WKB approx. 0.10f
is not valid 0.08f
Region where WKB g ool

approx. is valid 0.04F
0.02} P

0.00

0 10 20 30 40 50 60
t

Region where fermion
production happens, and WKB k
approx. is not valid

=12



‘Inertial Frame vs ‘Rotating Frame’

Transformation from
L= (1740, —mp + imy S+

To, viay) — et ®/fy,

1)/0)/5</3)11J+~°

L= (i)/”au—ma—f

. . . >
is equivalentto, intermsof {,,

- N 1 0 0
Gr = R(t)(,, whereR(® = (0 cos2¢/f —sin 2qb/f>
0 sin2¢/f cos2¢/f



‘Inertial Frame vs ‘Rotating Frame’
Transformation from

L=1,5(iy“6u—mR+im,y5)¢?|_..\. | ’
| in ‘Inertial Frame
To, viay) — et ®/fy,

L=1 (i y*0, —ma— %yOyS(ﬁ)lp F ..
in ‘Rotating Frame’

. . . >
is equivalentto, intermsof {,,

> N 1 0 0
— R(t ,  Where R() = (O cos2¢/f —sin 2qb/f>
(T ( )(r 0 sin2¢/f cos2¢/f
This rotating frame is non-inertial frame

Needs to supplement extra terms, e.g. Coriolis , centrifugal forces
efc, to keep physics independent



EOM in “Rotating Frame'

Under {,, = R(t){,-,
Similarly to the classical mechanics, EOM transforms like
1 - - - 1 - -
Eatcr = qX{, = (q ' L)(r - Eat(R(r) = (q . L)(R(r)

1 - T - 1 T.—)
506 =R (@ LR § — SRIRE

W/ (RTR)” = Eijka)frk



EOM in “Rotating Frame'

Under (_)r — R(t)(: ,

Similarly to the classical mechanics, EOM transforms like

1 . é N 1 > 4
Eatzr = qX{, = (q ) L)cr - Eat(R(r) = (q ) L)(R(T)

1 - T - 1 T.—)
506 =R (@ LR § — SRIRE

T p = ..
EOM can be brought back to the universal form w/ (R R)ij = Cijie@We k

1 - - 1 N - N - P
Eatcr = RqX{, + Eng(r — (Rq + w(r)xzr = q X

q = <rk+%>3?1+maf3

: different basis amounts to choose
different angular velocity



Particle number density in "Rotating (non-inertial) Frame'’

Particle number density in rotating frame

N, = {0lai (& Da.(kt)[0) = £(q - {.1q'])

It should be at most linear in (;.

Higher order terms should vanish to match to the one in inertial frame in ¢ — 0 limit

2

1 e
nr’k=_<1_q Cr

1q']|

)

}[l/)=

* does not take into account of
quartic coupling etc..

\ matches to the quadratic term

) ( —iy'd; + ma + 11/")/545)111 =

1 @@y°y°y)?
2a? f?

f

See Adshead, Sfakianakis 15’

for a related discussion

1. Itlooks like particle numbers are different in two different frames.
2. Establishing the ‘“final’ particle number as a basis-independent quantity seems very
non-trivial, e.g. Inertial frame vs. Non-inertial frame



Summary

We proposed a new group theoreticapproach to theory of fermion production

1. Based on the 'Reparametrization’ group of gamma matrcies

a. Totally unphysical symmetry (that we never cared) provides us with totally
different viewpoint of a very complicated process such as fermion production

2. Insightful visualization of quantum mechanical fermion production dynamics.

a. Dynamicsis analogous to the classical precession.
b. Crystal clear initial condition unlike the traditional approach.
c. Systematic comparison between Exact solution vs WKB solution.

3. This approach applies to any fermion system

a. Possible extension is gravitino production, fermion production from gravitational
background, fermion production in extra-dim. Spacetime
. Application to relaxation scenario
c. Group theoretic approach for both fermion- and gauge boson production



Backup slides



Lorentz Group

Weyl Representation

0 I ; o -1, O
0 — 2) — I — L) — ) 5 _ 2 —
4 _(12 O)_O-1®12 )4 _(_O.L_ 0>_l0-2®0-l 14 (0 12) 03 ®12

Spinor rep. satisfying Lorentz algebra

l

SE =2 lrh vl
4
1 e 1 : io _ ¢
Ji = EfinSJ = 512 ® o; (space rotation) , K, =5" = 5 03 X o; (boost)
_id.7 _ig.e
b 6@ > =L@ | sl o
on Py, ANG ¥R
On the other hand
i +iK, 1 o
(]L,R)i == 72 - = E(Izi 03) ®§L : SU(Z)LXSU(Z)R
: Rep. of SU(2), XSU(2)yis
1 1 Y constructed asa ‘fensor sum’
7o)elog)  v=(3)
(2 D 2 v R



