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Borel resummation of the perturbation series

@ The coefficient in perturbative expansion,
[eS) ,80)\ k
0231 (e
k=0
typically grows factorially as k — oo (Dyson, Bender—Wu, Lipatoy, ...),

fo ~ b kK.

@ Perturbation series diverges and is an asymptotic series at best.
@ Nevertheless, if the Borel transform,

Yo 3 ey
K!
k=0
does not possess singularities on the positive real axis (b < 0),

1677

f(\) = ~167%u/(Bo).

defines the Borel sum.
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Semi-classical understanding of the Borel singularity

@ Assuming that f()) is given by the functional integral as

_ / Dip e Slel/A,

the Borel transform is given by

~ —1
6
B(u) = 122 [ Doiu - 5o8lel/167) ~ Z( ?ﬁ”) .
o N7 Sol=tereu/s

Thus the Borel transform develops a singularity at

Bo =
= 1678[%-], ;. a solution of EoM.

@ A pair of instanton/anti-instanton, whose action in the SU(N) gauge
theory is 3
S[I1) ~ 162N,
gives rise to Borel singularities at integer multiples of u = GyN.
@ k! associated with /] is attributed to the proliferation of the number of
Feynman diagrams. This is suppressed in N — oc.
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(IR) renormalon: another source of the factorial growth

@ 't Hooft (1979): a single diagram that grows ~ k!
@ This emerges from a diagram such as

»

and, in R*, evaluated as (we assume o > —2)
D o ok [ Bor \* 112
A et (1) (=g - 5w)
! ket [tk (oA " e
—)\167T2(2+a) /_Oodte t 6.2 (t=—Inp%)

k
tok 1 k1 PoA
Mez? ) k'<16772 :

@ This produces the Borel singularity at u = 2 4 «.
@ In what follows, we consider a quantity with oo = 0.

~
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Semi-classical understanding of the renormalon?

@ In R*, the IR renormalon produces a Borel singularity at u = 2. The
corresponding ambiguity in the Borel sum is

[e—mwz/(gox)r ~ N

@ Corresponding semi-classical object???

1672
S = 3]l
ol ~ =7, 8
@ Argyres—Unsal (arXiv:1206.1860) and Dunne-Unsal (arXiv:1210.2423)
argued that the so-called bion is the corresponding object.

@ Still remains a conjecture for 4D QCD(ad;.), for which

o 1 o0 11 2
. 2 _ ! — _“
S[blon] 167 = NS[II]7 Bo 73 Snw.
@ One may further push this picture in 2D CPN~1 model, for which

Bo=1.
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IR renormalon and bion in compactified spaces

@ The bion (pair of fractional instanton/anti-instanton) can exist only in
compactified spaces with twisted boundary conditions (TBC).

@ |t is therefore important to study the IR renormalon in compactified
spaces.

@ Anber—Sulejmanpasic (arXiv:1410.0121), 4D SU(2) and SU(3)
QCD(adj.) on R® x S': vacuum polarization of the “photon” (see below)
loses the In p? behavior. No IR renormalon!.

@ Fujimori-Kamata—Misumi—Nitta—Sakai (arXiv:1810.03768), 2D SUSY
CPN-" model on R x S': very explicit bion calculus of the vacuum energy
and observed the ambiguity corresponding to u = 2.

@ Fujimori-Kamata—Misumi—Nitta—Sakai (arXiv:1607.04205), 1D CPN~*
SUSY QM: observed the coincidence between the bion calculus and the
large order behavior of perturbation theory for the vacuum energy.

@ Yamazaki—Yonekura (arXiv:1911.06327), CPN~" model on R x S' with
periodic boundary conditions: for finite R, convergent series of the
coupling and no renormalon.

@ No unified picture yet?
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IR renormalon in compactified spaces

@ Large N might give a clue. ..

@ Ishikawa—Morikawa—Nakayama—Shibata—H.S.—Takaura
(arXiv:1908.00373), 2D SUSY CPN~' model on R x S', IR renormalon,
but at v = 3/2, not u = 2! = Morikawa’s poster

@ Ishikawa—Morikawa—Shibata—H.S.—Takaura (arXiv:1909.09579), This
shift of the Borel singularity u = 2 — 3/2 under the S' compactification is
a very general phenomenon = Takaura’s talk

@ Ashie—Morikawa—H.S.—Takaura—Takeuchi (arXiv:1909.05489), 4D SU(N)
QCD(adj.) on R® x S' with the large 3, approximation (see below): IR
renormalon, but at u = 2, not u = 3/2!

@ Unfortunately, we do not have yet a general picture. ..
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SU(N) QCD(adj.) on R? x S with TBC

@ RS x S':

(X0, X1, X2) € R3, 0 < x3 < 2nR.
@ Action (Ao = g5 N: bare 't Hooft coupling)
_ 4 4 T 7 A 7
- 2)\0/dxtr /d xtr [5x) (9,0 + (A, 1)
@ Zy twisted boundary conditions (TBC):

(X0, X1, X2, X3 + 27 R) = Qu(x0, X1, X2, X3)Q ",

¥
Y

=Q (X07X1,X27X3)Qf1,

b
77[;()(0, X1, X2, X3 + 27 R)
A#(XO’ X1, X2, X3 + 27TR) = QA#(XOa X1, X2, )(3)S-27‘1 P
where, denoting the Cartan generators by Hy,
Q=¢%oH = ™ diag (e*"zw”)’,

so that tr(e/ ¥ Q) = tr Q.
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U(N) QCD(adj.) on R3 x S' with TBC

@ Field variables in the Cartan—-Weyl basis:

N—-1

1Z(X) ’Z Z HZ —i Z ,l/)mn Emn,
=1 m#n

~ N 1 ~

1E(X) ’Z 1/7 HZ —1i Z ,l/}mn Emn,
=1 m#n
N— 1

AL(x)=—i X)Hp =iy~ AT(X)Enn.

=1 m#n

@ We refer the Cartan part Z\ft(x) to as the “photon”, whereas the root part
A™(x) the “W-boson”.
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Gauge field propagators in the large So-approximation

@ First, we extract a gauge-invariant set of diagrams, by considering the
large flavor limit ny — oo (with A\gnw kept fixed).

@ In this limit, the vacuum polarization is dominated by the fermion one-loop
diagram and we have

< (ALY N 27r)3 271'H
1
(p?)?

I A cmgenp [ AP 1
<A“ (X)Aﬁq(y)> - N5 "o (2m)3 27R

% @Px=¥)

{[(1 - L)_1]erp273£l, + [(1 - T)-‘]“pzply + 6Zr1gpupu} :

pP3€Z/R

ip(x— 1 - - 1
« {ep< ) P [(1 - L) 'PPL + (1 - T) PP + EPHPV]} :

P—Pmn

where PL; are projection operators.
@ ltis important that the momentum for the W-boson is twisted as
B m-—n
P = Pue = 03~ py
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Gauge field propagators in the large So-approximation

@ ..., where X\ and ¢ are renormalized in the MS scheme,
5/3 2
L= 5“2 8 () 4123 (o) / ax &P x(1 — x) [Ko(2) — Ka(2)]
167 p? 7o
or 80)\ or es/suz ixp3 27 Rj 3
T = 16772{5 |n< 2 +12§(U,N o / dxe x(1 = x) | Ko(2) — p—Kz(z)

Bo\ 5/3 2
L= 1‘60 5 {m (e pz“ ) +12 / dx 32 (1 — x) [Ko(2) — Kz(z)]}
4 j540,j= o mod N

5/3 2
T= B"Az {m (e " > +12 / dx 82 Aix(1 — x) {Ko(z) - sz(z)H
167 P2 j#0,j=0 mod N p

z=/x(1 - x)p?27R|j| and

2
Bo = —§f7w

is the one-loop coefficient of the beta function.
@ Then, to include the effect of the gauge field partially, we set by hand,

11 2
ﬂo—>§—§nw.
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Gluon condensate in N — o

@ In the large p-approximation, the gluon condensate is computed as

»

That is,
<tr(l~—‘WF‘W)>

= _% <(8 AZ 0, Al )2> <(8u/2\1’;”” ) A"’”)(a A _ g A”m)>

A [ B 1 N_1
33 5 Ewr s

ps€Z/R £=1

3
N d 3271/:3 Z Z [(1—L) +2(1 _T)_1]papmn‘
EZ/H1<nnq77i1n<N

@ We consider N — oo. The parts containing the Bessel functions are then
suppressed.
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Borel singularity in the gluon condensate

~ o~ k
@ Perturbative expansion <tr(F,WFW)> ~ AR i (1’%"—:2) :
@ Contribution from the photon

k
d p / dp3 Z e/p327rR/ |:|n (65/3 2>:|
oo P>

=1/(2rR) Zpsezm

(fk)photon = 3/

@ The Borel transform (q is the UV cutoff)

a* AN
B photon —_3 Z / p Ip327'rH] < p2 )

]7700

53 ovu | 2veu 1 o 22 (2 )
162(9 ) [(q) g 2w ry e oz
U~3/2 5/3 2\3/2 2 p2\—1/2 1
167 2 (672 ) u_3/2
@ Photon produces a singularity at u = 3/2, but not u = 2, similar

to CPN-1
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Borel singularity in the gluon condensate

@ Contribution of the W-boson,

(fx)w-boson = 3/( E e'p32"H’ Z gl(m=nzwj/N {In( 5; 2)]k.

m#n
1<m,n<N

@ Noting the relation,

Z gl(m=—n2mj/N _ N—-1, forj=0 mod N,
1, forj 20 mod N,

1<m n<N

we have
(i )w-boson = 3/ o )4 i P2 AN (N 1) — (= 1)][ (esl/;uz)]

/3 k
_3 (g p Z P27l _1) [In (e pﬂ )} « cancels photon

k
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Borel singularity in the gluon condensate

@ Contribution of the W-boson is thus

e5/3,,2 k
(fk)W—boson: —-3N / 271-3 271'R Z |:In< p2/~0 )] _(fk)photon

ps€Z/(RN)

e S'is de-compactified in N — oo! (cf. Eguchi—-Kawai, Gross—Kitazawa;
Sulejmanpasic (arXiv:1610.04009)) and, for N — oo,

5/3,,2 k
(fk W-boson = 3N/ |: ( > >:| _(fk)photon

@ Borel transform is the 4D one and

g4 e5/3,,2 u
B(U)W-boson = —3N/ (2 P < pgu ) _B(u)photon-

3N _y 1
_ W(GS/SMZ)U(qZ)Z um — B(U)photon-
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@ In 4D QCD(adj.) on R® x S', in the large By-approximation, for N — oo,
the Borel transform of the gluon condensate is given by
B(u) = B(U)photon + B(U)w-boson

_3N 5/3, 2\u 22—u1
7167r2(e 1)(q%) )

@ The Borel singularity at u = 2 and this is the same as R*.
@ The situation is completely different from that in 2D CPN-1,
@ For this, the contribution of the W-boson is crucial.

@ If you do not like the UV divergence of the gluon condensate, we may
consider the gradient flow (Lischer) version, that is perfectly UV finite
and exhibits the same Borel singularity.

@ We should investigate how the situation changes as a function of N.
@ Yes, we have no unified understanding yet. ..
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