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The greatest Invention
in Accelerator science,
RF accelerator




Static and RF fields

. Cockcrof Walton (KEK-PS Injector) :
700kV/15 x 15 x 15 (m3) = 2.1e+2 V/m3.

. RF electron gun : 4MV/0.2x0.2x0.2 (m3)=5.0e+8
V/ms3.

84mm
< >

U Electric field L
—

|electron beam

cathode

—
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The greatest Invention

. R. Wideroe invented principle of AC acceleration
(RF acceleration) . This is the greatest invention
in the accelerator science.

. By the repetitive acceleration employing
temporally varied EM field, unlimited acceleration
becomes possible.

Vo sin wt (MN\y
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Alvarez-Linac:The first
resonant cavity.

. Resonant structure surrounded by metal
wall.

« No limitation on the acceleration
frequency.

. Alvarez type, DTL(Drift Tube Linac) is
still used in the hadron accelerator.

radio-frequency cavity
r/ power source

drift tubes

&
proton
source
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Disk-loaded Linac

. In a cylindrical wave guide, disks with a hole is
placed.

. The particle passes through the hole.

. Phase velocity and group velocity are controlled
by the disk shape and interval.

ISBA19 Normal Conducting Accelerator



Foundation of
RF Acceleration




Question

All of modern high energy accelerator is based on
RF acceleration.

Radio Frequency field is composed from plane
wave.

Plane wave propagation direction is perpendicular
to Electric field.

Question: How to realize a
continuous acceleration? E

Propagation

—— >

—

particle direction

B
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Answer

. Superposition of plane waves + reflection : E-field
and propagation becomes same direction.

. Reflection is by metal wall -> cavity structure.

(b)
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Pill Box Cavity

. 1he simplest accelerator structure. '
. It is equivalent with a LC circuit. 0= ~C
. Frequency is determined by Geometry.
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Starting from Maxwell Equation

D In vacuum,
1 0%E
VxH =] + — o
J ot AE c2 92 0,
VXE = b AB 19°B =0
Ot c2 otz
V-D=p with
2 2 2
V-B=0 s 9 07 O

~ox2 9y 822
_16( 0)+1 62+02
"or) T 12802 T 92

T ror
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Helmholz Equation

Assume temporal oscillation,
E = E et
B = B e'®t

Equation is simplified as
AE; + k*E, = 0,
AB; + k*B, = 0,
with
2 — wz 2
k = ? — 80[10(1)
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Solving Helmholz Equation

« Assuming TM mode

. . = EyJy(kr)coswt
(Only transverse B field) E,
« Other components are Hy = —70']1(/\‘7“)8111%

Z€r0.
Zy =, /‘;—3 = 377Q, k =27 /X = po1/b, po1 t& Bessel BEIZXDIRT 2.405
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How much gain?

. Shunt impedance r (Q/m) gives the gain,
. £: field

. P dissipated power

. L:length o (EL)Y? B2
~ PL P/L
Length L
<€
Input power

B
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Transit Time Factor

Time variation of RF field gives less acceleration than £L

. wL
L/2 wS Sll’lﬁ
V= j E,cos—ds = LE, = LE,T
L/2 A wlL
21
where 7is Transit time factor
sinw—L
T = 24 <1
Wl
21

The effective shunt impedance is defined with 7 as
(LEyT)* (EoT)?
T = =
PL P/L

ISBA19 Normal Conducting Accelerator
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Shunt Impedance of Pill Box Cavity

A physics

constant

2
Resist Gy = — 967[Q)].
S esisiance 2 P021J12(P01) [ ]

Wave P, L L

RETEE S
factor

p__P

" 2xB5 EE) R o

, ) Zg X\

5 = Z_P A x o Higher wis better
wH
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Q value

Q-value :numbers of oscillation to damp the stored
energy W.

wW
“ T
w(=ck = cPy, /b) Zoc(= /i€ = 1/c) ZybL
- OR.(b+ L)
- PuZz,L
- 2R,(b+ L

Gl A geometrical

factor

R s Surface
resistance
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What is r/Q ?

. 1r/Q is the ratio of the shunt impedance and Q
value.

. The shunt impedance is product of r/Q and Q. So
what???

ISBA19 Normal Conducting Accelerator
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This is r/Q.

% = 1{;/2L (r/Q) is determined
W
B 2By TL)? by the geometry.
B wreb? L2 ES J; (Poy)

217,

w(= cPy/b)m(= Py A/ (20)) Zoe(= 1/¢)b2 T3 (Pyy)
4147,

oy T

T GLT?

A
Wave length

.
/

FPo1)A

Transit time
factor
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Shunt impedance again

. ris composed from two parts : (r/Q) and Q.

=()e=("")®)

Material
property

. rand Q values are measurable. The cavity shape
and electrical quality can be evaluated with (r/Q)
and Q values, respectively.

ISBA19 Normal Conducting Accelerator
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Equivalent Circuit :Pillbox

. Let us start with a simple L, C, R 4@

circuit.

. Impedance is

]. R

w(C

« |t can be rewritten as

Z =R

L L1 [fw  wy 1
NTTR Wo @ W ’ wo_\/ﬁ
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Equivalent Circuit :Pillbox

. We define Q as

CENERT R TN

. With Q, Z is rewritten as

ot
wo W
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-quivalent Circuit :

Pillbox

. Onresonance (8=0), the impedance is

7= R(1+ jsz—Sf)= R

. Off resonance (6+=f,/(20Q)), the impedance is

Z= R(1+ jsz—Sf): R(1+ j)

T ned | petuned

Impedance R V2R
Field E E /N2
Stored w w/2

Energy

ISBA19 Normal Conducting Accelerator

24



Resonance Curve

Find of where the resonance curve becomes % of the peak.

/s I

o/®
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Other Definition of Q-value

_]‘ 2
P = SRP,

L 1/2LI* W
_ o

Q=R =“ippp =9

ISBA19 Normal Conducting Accelerator
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The last definition of Q-value

Q is a time constant of decay curve of W.

d_W:_p:_ﬂW
dt 0

W
because Q = w, - It leads

wo,

W(t) —_ Woe_ Q

ISBA19 Normal Conducting Accelerator
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Multi-cell cavity

The multi-cell cavity is LCR circuits with
mutual inductance L,

nth cell

1 . o o

wt+no)

we assume a solutioninaformof 7, = 7,¢’ (

which gives

1 N
<_C + R+ ]W'L> in + JwW2L.(1 —coso)i, =0,
JwWL
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Dispersion Relation

1
— + R+ jw|L +2L.(1 —coso)| =0,
Jw

wo = 1/+4/C(L +2L.)

Dispersion
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-M ftield in a cylinder

TMyqo solution

E, = EoJo(k,r)e /kzzel 0t

k . .
Ey = j— EoJa(ker)e Tere et
c

Hy =] EoJ1(kcr)e ez el @t

Zokc
\/ % S “2 k= 27” = % k,” =k?— k.’
a

£ ﬁf f v

. C
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Dispersion Relation

\‘\ "f"‘ph > C /,
\\ ,,/ \ Pp]l — C
. ) w? = wf + c*k?
\\ ’ .'Uph - fiiz
\6/ 5 k’_z
W w?2 ,
UVph =7~ = |37 T >¢C
k k
Z 'V yA

Von is always faster than c.
No physical particle can synchronize with the EM field
Iﬂ d Cy||ﬂdel’ ISBA19 Normal Conducting Accelerator 31



Disk-loaded Structure

. Periodic boundary condition by disks.
. Dispersion relation is modified by the periodic
condition.

. A part of forward wave is reflected by the disks
and a backward wave is induced.

» -
L «

2b 2a

32
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Dispersion Relation
of Disk-loaded structure

4q3

2.405¢ K=—> —«1
w=— J1+ k(1 —cos(k,L)e=%h) 37J17(2.405)b%L
2.405
a =
a

¢ Uph = €

.\ reflected wave
T T,
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Standing Wave Linac

_60)_0
Y9 T 9k,

reflected wave

B

|
_ L 0 2r
L L 3L L L
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Standing Wave Linac

. Operated in Standing Wave.
. Phase advance per cell is

P
" N} kcos(nm/N)

ﬁwllwlﬂllo
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SW Cavity Power Balance

Matching
E;+E,=E;.;

Stored Start

Ei + Er —_ O
Dissipated
HH End
E; =E.q

. The field should be matched at the coupling
window.

. Starting from 100% reflection, the cavity power is
grown up to 0% reflection.

ISBA19 Normal Conducting Accelerator
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raveling Wave Cavity

reflected wave

Vg

2@;’:0
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Traveling Wave Linac

. EM power flows through accelerator

pulsed RF ; — B
cell

Power 2 27'[/(])

T
source —mode

3

Electric field RF wall currents RF
' ' load

\ I
\ |
\ I
\ !
\
\ /_\v
|

—y — = —) — — —P — — —P —

Lt A A A FA ] P
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TW Cavity Power Balance

Stored

s

« Basically no reflection.

« Power flows through cavities.
« Rest of power is extracted and dumped.

ISBA19 Normal Conducting Accelerator
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Property of TW structure




Disk-Loaded TW Linac

. By inserting disks periodically to the cylindrical
wave guide, the phase velocity can be decreased.

. Synchronous frequency is determined from the
dispersion relation.

“1/)\0
/\/ \/\ T~ Stopband
T stopban
T~ \/\ " _1 Passband
1/)\9
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Disk-Loaded TW Linac

By operating it with the
synchronous frequency, the Boa

particle sits always ona same =~ [\ N
phase along the structure. N

N

1 e

g § 0 ¥ <
N

o

>

/.
>
3

2 t=cr
4 D

A
. . . ' Ez“
VA

— 3 RN
4

>

d=->) N AN e
2T \_/ N
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Disk-Loaded TW Linac

. The structure can be parametrized with a similar way to
the pill box.

. The biggest difference from the SW cavity is that the
power flows through the TW structure.

IS&B Normal Conducting Accelerator
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Parameters

e E*
Shunt Impedance: r = YR
) _ oW
Q vaule : Q = Y
/Q : £
Q10 =-35
Group velocity : v, = = = —2&
9 w QdpP/dz
Attenuation parameter a: a = _L4r
2P dz

Ldz

Filling time £z tr = | —
g

ISBA19 Normal Conducting Accelerator
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Attenuation constant

dP_ -
dz ¢

P(z) is

P(z) = Poe(‘2 Jy a(z")dzr)

Output power
P(L) — Poe(_z fOL a(Z’)dZI) — Poe(_z»l-)
With attenuation constant ras
L
T=f a(z")dz'
0

Which can be measured as

B 1l (PL)
R Vo
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Constant Impedance Structure

Constant vgzand ralong the structure.
T=alL
E(z) = Ege™ %
P(z) = Pyje %%*

Field is not constant along z. Because the maximum
field is higher than the average, frequent discharge.

N

iA 0 R
d

ISBA19 Normal Conducting Accelerator
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Constant Gradient

. In the CG structure, ais determined to give a
constant field along the structure.

. «ais adjusted by changing the iris size (aperture,
a).

. rdepends not strongly on a.
. dP(z)/dzshould be constant.

Py—P; 1—e™*t
P(z) = Py — z=Py1— 7 Z

dP_ PO—PL_ 1 —e~2Tt
dz L B

ISBA19 Normal Conducting Accelerator
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The gradient of CG structure is a constant as
expected.

_p—27Tt
B2 = —r g = TP — L.
E
veand frare A A A A
wlL—(1—e %) 0
vng 1 — e—21t Z
2071
tf=%

Because the maximum field is same as the average,
discharge rate is much suppressed.
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Transient Property and
Beam Loading Compensation




Standing Wave Accelerator

/D/'n Pf

Power balance
dWO

dt =Py — B — Py

Express in
dWy _ dPy _ %
dt w dt W

GOVO d

Admittance G,
Py = GoVy”

ISBA19 Normal Conducting Accelerator
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With the coupling beta 8, admittance of wage guide is

=BGy

= BGoVin® B = BGoV,2

Matching condition at the coupling window

Qo Vo _ 2 2
—2GoVo— == Pin — B = Py = =B GoVo™ + 2 GoVoVin — GoVo

The equation can be summarized with Qo = (1 + B)0Q;

2Q; dV, 2
QudVo __, | 2
w dt 1+p

Vin



Differential equation of SW accelerator

V (MV)

Solution with
'/0:0 at ZL:O

Z,B Pin _t
1+,3V,3G0(1_e T)

Vo(t) =

-1 :5|| L1
. 0 .
ISBA19 Normal Conducting Accelerator

I|Ill|||||




Introduce Beam

Cavity voltage is determined by not only
Input power, but also beam current.

Beam consume the cavity stored energy as

1 T
Pyoam = Tf dt 1V, cos(wt)
0

If the beam is delta function on crest,
Pyeam = 1Vy

Power balance is

AW,
szin_PT_PO_IVO



Differential equation of SW accelerator with Beam

Voltage reduction

Solution with by beam
V,=0at t=0, . l
Beam start at t=¢, S b
10F-
2 Pip _t 5
Vo(t)—l_l_'BVBGO(l—e T) o
I t—ty, —5§—
- (1—8_T _10:..|....|....|....|....|....

(1 + B) GO ISBA19 Normal ConductingOAcceIerator.I t([.trgl)



Beam Loading Compensation

Since RF and Beam term

. 2B Pin( _t
have the same time Vo® =177 156, 1 ¢
constant 7, V/,can be L oy

: : — l1—e =
constant by adjusting (1+B)Gy

amplitude and timing.

S 251
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Traveling Wave Accelerator

. Accelerator with a finite group velocity.
. The power flows through the accelerator.

. The beam loading can be suppressed with
an active method.

{ ISBA19 Normal Conducting Accelerator

56



Power Balance

Assume quasi-constant power flow in TW accelerator.

ar (dp) +(dp) 2a(2)P(z,t) — IE(z,t)
—=(— — = —2a(z)P(z,t) — IE(z,
dz Az /) wan dz/peam

Expansion with partial derivative

dp _op 0pdt 0P 10P
dz 0z 0tdz 0z w,0t

oP 1 0P
+ —2a(z2)P(z,t) —IE(z,t) =0
dz v, 0t

ISBA19 Normal Conducting Accelerat
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Expression in field,

OF E da 1 0E

— + + E(z,t)+ Iar =0
0z 2adz Vg ot a(2)E(z,t) or
EZ
P=——
2ar

r. shunt impedance

Constant Gradient condition % = -2«

0E(z,t) 1 0E(zt)
+ + [(H)ar =0
0z v, Ot




L aplace Transformation
LIf(®)] = F(s) =j dtf(t)e™st
0

In s-domain, differential and integral operation
becomes algebraic operation.

d
c[] = sre) - 70
t 1
LUO f(u)du] = EF(S)

Differential Differential
' Equation F(s
Equation f(t) Laplace transformation - (s)
1 Algebra
Inverse
Solution Laplace transformation Solution

f(t) F(s)

ISBA19 Normal Conducting Accelerator
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dE(z,t) 1 0E(zt)
+ + I(H)ar =0
0z v, Ot

Laplace transformation

0E(z,s) s 0E(z,s)
+ +I(s)ar =0
0z v, Ot

By integrating with z,
Z

E(z,s) — E(0,s)eStz + I(s)rj adz =0
0

By integrating with z again,

wlL 1 (1@
E(s)[1 — e ()]

wrLI(s) _%tf w(1—e™str=27)
‘zczu—e-Zf)s[ T T TG e/ ]

V(s) =




Input RF E(t) and Beam current,
E(t) = Equ(t), I(t) = Ipu(t — ty)

Giving
E(s) = % : I(s) = I?Oe_Stf
— wl, 1 EO _ —(s+9)tf
V(S)_Q(l_e—ZT)S_I_%S[l e Q ]
3 wrLI(s) lye™5 [1 - e_%tf ~ a)(l _ e—Stf—ZT)]
20@-e™n)  s? Qs + w/Q)
In t-domain,

V(t) = : _Lb;O_ZT [(1 — e_%t)u(t) —e2t(q — e_%(t_tf))u(t — tf)]

)
rLly| o e %7 1—e )
_ 2 _al_e—ZT(t_tf)-l_ 1 — e—27 u(t_tf)




0<t<t

t>tfand10=0,
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t>tfand10;t0,

—L(t—ty)
rLly| o e % 1—e @V 7/
V(t) = LEg ——— 0T == (t—tr) + —— |

X
o
=]

90

V (eV)

RF with Beam

80
70

60

50

40

30

20

IIII|IIII|IIII|lll||III[|III[|IIII|[III|[III

1 1 1 1 1
1.5 2
micro sec
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Beam Loading Compensation

« Acceleration field is varied when we start the

beam acceleration.

« \We consider its compensation for uniform

acceleration.

90 x10°

sof- RF with Beam

= 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1
0 0 0.5 1 1.5 2

micro sec
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Amplitude Modulation

Amplitude modulation on E(t) for compensation,

120 x10°

<

E(t) — EOU(t) + E]_U(t - tf) EIoof—
E E 60;—
E(s) = —+—e 5t :
S S 40:—

0 0.5 1

_ LE, : —o(t—ty)
V(t) = EoL+—— (1—e@t)

r LI 9, . A
B 0 0 [——e_ZT(f—lLf)“‘J._e Q(f tf)]q

(i) | Q ,
B, = rolo (27’6_2: B 1) |
2 ] —e—=7




X
(w=]
)]

9120

100

80

60

40

20

IIIIIII||IIIII||||I||IIIII|I

-20

S
~
~ e
-~

micro sec

The variation is much compensated, but not perfect.
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Two components AM

roLly [ w _, - 27—21
Vit) = EoL — , ——e T (t -1t 1 —e® Q.
(1) = BoL — 5t | =G (=) +1— ¢
The beam loading term has two components.

AM should have also two components for a perfect

compensation.

E(t) = Equ(t) + Equ(t — tr)

Vet tu(t—t)
—E,(t — tr)u(t — 2t5) : T~

ISBA19 Normal Conducting A ] T S o



EoL + L : (El — %Ez) (1 — e_%(t_tf)) - Le —Eo(t —ty)

— — | —=e T (t—ty)+1—e QY
2(T—e27) [ ettt l-e
Q 70L]0
= FoL Ei— —Fo | — — — FoL.
_ TOIO (1 o —‘27') ?205_ _________________________________
‘2 b E """""
_ _TOIO 26 2T 805_
20~ | 1 1 ................................... T —

micro sec
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Summary

RF acceleration is a great invention realizing high

energy acceleration beyond the vacuum discharge.

For acceleration, appropriate boundary condition
and synchronization are essential.

Two types of accelerator: Standing wave and
Travelling wave.

Beam loading compensation is mandatory for
multi-bunch acceleration.

ISBA19 Normal Conducting Accelerator
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W

Stored Energy

ﬁ

— | EZdV
: /

[EoJof (kr)]2dV

z
VOE //]2 (kr)2mrdrdz

£ EZL ‘
0 5 " / Jé(l{rr)Q'rd*r

IS EQL-’/T ‘ ‘ ‘ ’
20T (LR k) — (k)]

0
Y
02 O rb? LI (poy).
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Dissipated Power

&/mm
QA@

R.E? [
S J?(kr)dA
2Z§ [4 1( r)

R.E? ‘ ‘
— /Jf(k°r)27rrdr+27rb/Jf(pm)dz
275

R.E? o ‘
2LZQO <27r 2T (kr) — .]O(lcr).]g(k?r)ﬂg + 27bL.J; (p01))
0

R, E3mh
Z5

(b + L)Jf (Po1)
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