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Rotating nucleus faster

Backbending

Superdeformation



Energy density functional method
• Energy density functional     ! ", $

• ": normal density            $: abnormal (pair) density
• Hartree-Fock-Bogoliubov eq.

(with nuclear superfluidity [pairing])

ℎ − ' Δ
−Δ∗ − ℎ − ' ∗

*+
,+

= !+
*+
,+

• Computation of nuclear and neutron-star properties
• Finite nuclei

• Feasible with the axial-symmetry restriction
• Success: Backbending, superdeformation, etc.

• Neutron star matter
• Trivial for uniform matter
• Difficult for non-uniform matter (neutron-star crust)
• Thomas-Fermi approx. (LDA), Wigner-Seitz approx.



Pulsar
1967 1980

“A textbook on neutron star 
physics disguised as a novel”



Glitch
1969 1985



Nuclear glitch

Nuclear glitch
1972

Pulsar glitch
1969

“Alignment”
Breaking of a Cooper pair

GAMMASPHERE Online Booklet HP
(M. Riley)

Backbending



Neutron star crust



Pulsar

Periodic radiation with regular 

rotational periods

Vela pulsar

Crab pulsar



Neutron stars

Macroscopic nucleus

(Radius: ~10 km)

Core

• Nuclear matter

• Uniform

Inner crust

• Nuclei + free 

neutrons

• Non-uniform

Outer crust

• Nuclear lattice

Courtesy to 

Dany Page (UNAM)



Crust of neutron stars

Chamel and Haensel, Living Rev. Relativity 11, 10 (2008)



Inner crust

Enormously-neutron-rich nuclei
+ low-density neutrons gas
+ electrons gas

(ρ0=3Q1014 g cm-3 )

William G. Newton (2013)

Neutron drip line

0.5 ρ0
0.001ρ0



Yp = 0.3 

Yp = 0.1 

“droplet”  
[fcc] 

ρB = 0.016 fm-3 

“rod”  
[simple] 

0.030 fm-3 

“slab” 
 

0.05 fm-3 

“tube”  
[simple] 

0.066 fm-3 

“bubble”  
[fcc] 

0.080 fm-3 

“droplet”  
[fcc] 

ρB=0.020 fm-3 

“rod”  
[simple] 

0.040fm-3 

“slab” 
 

0.05 fm-3 

“tube”  
[simple] 

0.066 fm-3 

“bubble”  
[fcc] 

0.070 fm-3 

proton 

neutron 

proton 

neutron 

Thomas-Fermi calculation

Thomas-Fermi approx.

(Semi-classical approx.)

Okamoto et al., PRC 88, 025801 (2013).

Need to treat “delocalized” neutrons and ”localized” nuclei
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Most promising glitch mechanisms

• Vortex pinning-unpinning (Anderson-
Itoh 1975; Alper et al. 1981, 1993, 1996)

• Glitch origin: Inner crust
The Astrophysical Journal, 789:141 (18pp), 2014 July 10 Link

vortex

p

ẑ

Ωs

pinning nucleus

l

Figure 2. Pinning of a vortex to nuclei. The vortex generally follows the rotation
axis, but because it has finite rigidity, it cannot bend to intersect every nucleus;
rather, the vortex will pin to the shaded “pinning nuclei,” generally missing the
unshaded nuclei. The relative importance of the pinning force and the tension
force determines the pinning length lp. The pinning situation is illustrated here
for an amorphous lattice, but these considerations are essentially unaltered for
pinning in a regular lattice, since the crystal planes will not generally be aligned
with the rotation vector of the superfluid.

where ρs is the density of free superfluid neutrons. A lower
cut-off at the vortex core radius and an upper cutoff at the inter-
vortex separation lv have been introduced; the logarithmic factor
Λ is typically ≃3, as assumed henceforth. Because the vortex is
stiff, it cannot bend to intersect every nucleus, but bends over a
length scale lp > a, as shown in Figure 2.

Throughout much of the inner crust, most of the neutron
superfluid is nondissipatively entrained by the nuclei and does
not participate in the superfluid flow. Chamel (2005, 2012) finds
that ∼90% of the neutron mass is entrained in the denser regions
of the inner crust. The effects of entrainment can be treated by
taking

ρs = fcρn (27)

where ρn is the total mass density in neutrons, both bound to
nuclei and unbound, ρs is the density of superfluid conduction
neutrons that are not entrained by nuclei, and fc ∼ 0.1 is the
fraction of the neutron fluid comprising superfluid conduction
neutrons. Accounting for nuclear entrainment, the typical vortex
self energy is

Tv ≃ 0.6 fc ρn,14 MeV fm−1, (28)

where ρn,14 is the total superfluid mass density in units of
1014 g cm−3. Tension makes the vortex difficult to bend over the
typical nuclear spacing a ≃ 50 fm of the inner crust.

Dynamical simulations of a vortex in a random potential at
zero temperature by Link (2009), accounting for vortex tension,
show that pinning is inevitable below a critical value of the
superfluid flow speed with respect to the lattice, but that the
pinning force per unit length fp is reduced by a factor a/lp,
where lp is the characteristic bending length of a vortex, typically
10–30a (if nuclear entrainment is neglected). A variational

estimate (Link 2012b; see also Link & Cutler 2002) gives for
the pinning force per unit length

fp = Fp

lp
≃ Ep

aξn

!
2Ep

3aTv

"1/2

where
lp

a
=

!
3aTv

2Ep

"1/2

,

(29)
typically of the order of 1016 dyn cm−1. A similar number was
obtained by Grill & Pizzochero (2012).

The critical velocity difference vs in the rest frame of the solid
above which pinning becomes unstable follows by equating the
Magnus force per unit length to the pinning force per unit length.
In terms of the critical lag ωcrit = vs,crit/r at polar radius r,
accounting for entrainment by nuclei, the Magnus force is

fcρnκrωcrit = fp. (30)

Combining with Equations (28) and (29) gives

ωcrit = Ep

rfcρsκξnlp
∼ 4 ρ

−3/2
n,14 Ep(MeV)3/2

!
fc

0.1

"−3/2

×
!

ξn

10 fm

"−1 # r

10 km

$−1
rad s−1. (31)

Note that entrainment of the neutron superfluid by nuclei
increases ωcrit by reducing both the tension and the Magnus
force.

For small Ep, thermal motion of the vortex precludes pinning.
As shown in Appendix A, pinning disappears for

Ep < 0.04 MeV
!

kT

10 keV

"3/2 # a

50 fm

$ #ρn,14

0.5

$1/3
!

fc

0.1

"1/3

.

(32)
Without entrainment, pinning vanishes for Ep ! 0.1 MeV.

As discussed in Appendix C, pinning to nuclei is likely to
disappear above a baryon density of ρb ≃ 6 × 1013. Above this
density, the coherence length ξn quickly begins to exceed the
size of the Wigner–Seitz cell (Schwenk et al. 2003; Cao et al.
2006), and vortices interact primarily with spatial variations
in the number density of nuclei. The effective pinning energy
becomes so low that thermal fluctuations preclude pinning
unless the interaction energy per nucleus Ep exceeds ≃0.4 MeV.
Recent pinning calculations show a sharp drop in Ep to nearly
zero above ρb ≃ 6 × 1013 g cm−3 (Donati & Pizzochero
2006; Avogadro et al. 2007). These effects appear to eliminate
“superweak pinning” proposed by AAPS to exist in this density
regime; typical values of Ep for “superweak pinning” used in
vortex creep theory are ≃0.3 MeV (e.g., Alpar et al. 1989). For
ρb " 6 × 1013 g cm−3 in the inner crust, pinning probably does
not occur at all, and vortex motion enters the drag regime.

4.2. Pinning of Vortices to Flux Tubes in the Outer Core

The protons of the outer core are predicted to form a type
II superconductor. As the protons condensed when the star was
young, the very high electrical conductivity of the relativistically
degenerate electrons prevented Meissner expulsion of the core’s
natal magnetic field (Baym et al. 1969), and the field formed a
dense tangle of magnetic flux tubes with which vortices interact.
This primarily magnetic interaction pins the vortices to the
magnetic tangle which is frozen to the superconducting fluid.
The flux tube tangle will be treated as completely immobile
under the stresses exerted by the vortex array.

6



Observation constraint

./ = −
Ω1
2Ω̇1

Characteristic age of pulsar

the core superfluid must participate in glitches, which
raises a number of interesting questions.

Phenomenology and observations.—The discussion of
vortex mediated glitches is usually based on a ‘‘body’’
averaged model with two components. The first represents
the charged component (including the elastic crust) which
is spun down electromagnetically. Labeling this compo-
nent by an index p, we have

Ip _!p ¼ "a!3
p "N pin "N MF; (1)

where the first term on the right-hand side represents the
standard torque due to a magnetic dipole (the coefficient a
depends on the moment of inertia, the magnetic field
strength, and orientation; we assume that these parameters
do not evolve with time). We also have a superfluid
component, with index n, which evolves according to

In _!n ¼ N pin þN MF: (2)

On the right-hand sides of these equations we have added
terms representing torques associated with vortex pinning
(N pin ) and dissipative mutual friction (N MF) associated
with scattering off of the vortices in the superfluid. We will
not need explicit forms for these in the following.

Glitches can be understood as a two-stage process. In the
first phase the superfluid vortices are pinned. This means
thatN pin is exactly such that _!n ¼ 0. That is, the pinning
force counteracts the friction which tries to bring the
fluids into corotation. The upshot is that the crust evolves
according to

Ip _!p ¼ "a!3
p ! 1

!2
p

" 1

!2
0

¼ 2a

Ip
ðt" t0Þ: (3)

Assuming that a system starts out at corotation (with spin
!0 at time t0), we can estimate how the spin lag, "! ¼
!n "!p, between the two components evolves with time.
As long as the spin lag is small we have "!=!p &
tglitch =2!c where tglitch is the interglitch time and !c ¼
"!p=2 _!p is the characteristic age of the pulsar.

At some point, this lag reaches a critical level where the
vortices unpin. The two components then relax to corota-
tion on the mutual friction time scale (which may be as fast
as a few hundred rotations of the system [11]). This trans-
fers angular momentum from the superfluid reservoir to the
crust, leading to the observed glitch. Assuming that angular
momentum is conserved in the process (such that the entire
spin lag "! drives the observed glitch jump "!p) we
have

"!p

!p
¼ In

I

tglitch
2!c

; (4)

where I ¼ In þ Ip is the total moment of inertia.
Let us compare this model to observations. To do this,

we assume that we see a number of glitches in a given
system during an observation campaign lasting tobs. Then
we can work out the accumulated change in the observed

spin due to glitches, and relate the result to the simple
two-component model. From Eq. (4) we have

In=I & 2!cA; where A ¼ 1

tobs

!X

i

"!i
p=!p

"
: (5)

For systems that have exhibited at least two glitches of
similar magnitude [1] we can estimate the average reversal
in spin down due to (large) glitches per day of observation,
A. This leads to the inferred moment of inertia fractions
listed in Table I. For some systems, like the Vela pulsar and
the x-ray pulsar J0537–6910, the estimate should be quite
reliable given the number of glitches exhibited and their
regularity (cf. Fig. 1). In other cases, the data are less
impressive, as is evident from Fig. 2. Nevertheless, the
message seems clear: glitches require the superfluid com-
ponent to be associated with at least 1–1.5% of the star’s
moment of inertia. This agrees with the conclusions of
Ref. [7]. In addition, the data seem consistent with the
idea of an angular momentum reservoir that is completely
exhausted in each event. If this is not the case then it is
difficult to explain why the recurring glitches have such
similar magnitude.
The role of entrainment.—Let us now ask what the

influence of a ‘‘heavy’’ superfluid may be. That is, let us
account for the entrainment coupling. At the level of the
averaged two-component model [12,13], the entrainment
can be expressed in terms of a coefficient "n. The two
equations of motion then take the form

ðIp""nInÞ _!pþ"nIn _!n¼"a!3
p"N pin "N MF; (6)

and

ð1" "nÞIn _!n þ "nIn _!p ¼ N pin þN MF; (7)

where we have used the angular momentum of the
superfluid neutrons [12,13]:

TABLE I. Inferred superfluid moment of inertia fraction for
glitching pulsars which have exhibited at least two (large) events
of similar magnitude. The data are taken from Ref. [1] (updated
to include a few more recent events [2]) (cf. Figs. 1 and 2). We
give each pulsar’s name, the characteristic age, !c, the average
rate of spin-reversal due to glitches, A, and the moment of
inertia ratio, In=I, obtained from Eq. (5).

PSR !c (kyr) A ( ' 10"9=d) In=I (%)

J0537-6910 4.93 2.40 0.9

B0833-45 (Vela) 11.3 1.91 1.6

J0631+1036 43.6 0.48 1.5

B1338-62 12.1 1.31 1.2

B1737-30 20.6 0.79 1.2

B1757-24 15.5 1.35 1.5

B1758-23 58.4 0.24 1.0

B1800-21 15.8 1.57 1.8

B1823-13 21.5 0.78 1.2

B1930+22 38.8 0.95 2.7

J2229+6114 10.5 0.63 0.5

PRL 109, 241103 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

14 DECEMBER 2012

241103-2

Moment of inertia ratio    (45: Neutron MoI, 4: Total MoI)
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the charged component (including the elastic crust) which
is spun down electromagnetically. Labeling this compo-
nent by an index p, we have

Ip _!p ¼ "a!3
p "N pin "N MF; (1)

where the first term on the right-hand side represents the
standard torque due to a magnetic dipole (the coefficient a
depends on the moment of inertia, the magnetic field
strength, and orientation; we assume that these parameters
do not evolve with time). We also have a superfluid
component, with index n, which evolves according to

In _!n ¼ N pin þN MF: (2)

On the right-hand sides of these equations we have added
terms representing torques associated with vortex pinning
(N pin ) and dissipative mutual friction (N MF) associated
with scattering off of the vortices in the superfluid. We will
not need explicit forms for these in the following.

Glitches can be understood as a two-stage process. In the
first phase the superfluid vortices are pinned. This means
thatN pin is exactly such that _!n ¼ 0. That is, the pinning
force counteracts the friction which tries to bring the
fluids into corotation. The upshot is that the crust evolves
according to
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Ip
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Assuming that a system starts out at corotation (with spin
!0 at time t0), we can estimate how the spin lag, "! ¼
!n "!p, between the two components evolves with time.
As long as the spin lag is small we have "!=!p &
tglitch =2!c where tglitch is the interglitch time and !c ¼
"!p=2 _!p is the characteristic age of the pulsar.

At some point, this lag reaches a critical level where the
vortices unpin. The two components then relax to corota-
tion on the mutual friction time scale (which may be as fast
as a few hundred rotations of the system [11]). This trans-
fers angular momentum from the superfluid reservoir to the
crust, leading to the observed glitch. Assuming that angular
momentum is conserved in the process (such that the entire
spin lag "! drives the observed glitch jump "!p) we
have

"!p
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¼ In

I

tglitch
2!c

; (4)

where I ¼ In þ Ip is the total moment of inertia.
Let us compare this model to observations. To do this,

we assume that we see a number of glitches in a given
system during an observation campaign lasting tobs. Then
we can work out the accumulated change in the observed

spin due to glitches, and relate the result to the simple
two-component model. From Eq. (4) we have

In=I & 2!cA; where A ¼ 1

tobs

!X

i

"!i
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: (5)

For systems that have exhibited at least two glitches of
similar magnitude [1] we can estimate the average reversal
in spin down due to (large) glitches per day of observation,
A. This leads to the inferred moment of inertia fractions
listed in Table I. For some systems, like the Vela pulsar and
the x-ray pulsar J0537–6910, the estimate should be quite
reliable given the number of glitches exhibited and their
regularity (cf. Fig. 1). In other cases, the data are less
impressive, as is evident from Fig. 2. Nevertheless, the
message seems clear: glitches require the superfluid com-
ponent to be associated with at least 1–1.5% of the star’s
moment of inertia. This agrees with the conclusions of
Ref. [7]. In addition, the data seem consistent with the
idea of an angular momentum reservoir that is completely
exhausted in each event. If this is not the case then it is
difficult to explain why the recurring glitches have such
similar magnitude.
The role of entrainment.—Let us now ask what the

influence of a ‘‘heavy’’ superfluid may be. That is, let us
account for the entrainment coupling. At the level of the
averaged two-component model [12,13], the entrainment
can be expressed in terms of a coefficient "n. The two
equations of motion then take the form

ðIp""nInÞ _!pþ"nIn _!n¼"a!3
p"N pin "N MF; (6)

and

ð1" "nÞIn _!n þ "nIn _!p ¼ N pin þN MF; (7)

where we have used the angular momentum of the
superfluid neutrons [12,13]:

TABLE I. Inferred superfluid moment of inertia fraction for
glitching pulsars which have exhibited at least two (large) events
of similar magnitude. The data are taken from Ref. [1] (updated
to include a few more recent events [2]) (cf. Figs. 1 and 2). We
give each pulsar’s name, the characteristic age, !c, the average
rate of spin-reversal due to glitches, A, and the moment of
inertia ratio, In=I, obtained from Eq. (5).

PSR !c (kyr) A ( ' 10"9=d) In=I (%)

J0537-6910 4.93 2.40 0.9

B0833-45 (Vela) 11.3 1.91 1.6

J0631+1036 43.6 0.48 1.5

B1338-62 12.1 1.31 1.2

B1737-30 20.6 0.79 1.2

B1757-24 15.5 1.35 1.5

B1758-23 58.4 0.24 1.0

B1800-21 15.8 1.57 1.8

B1823-13 21.5 0.78 1.2

B1930+22 38.8 0.95 2.7

J2229+6114 10.5 0.63 0.5
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241103-2

Jn ¼ In!n þ "nInð!p $ !nÞ: (8)

Noting that the left-hand side of Eq. (7) vanishes for
perfect pinning, we find that the crust now spins down
according to

~I _!p ¼ $ a!3
p; where ~I ¼ Ip $

"n
1 $ "n

In: (9)

Expressing the entrainment in terms of the (average)
effective neutron mass, we have

"n ¼ 1 $ hm&
ni

mn
! ~I ¼ I $ mn

hm&
ni
In: (10)

The interpretation of this result is quite simple. The
entrainment encodes the mobility of the superfluid neu-
trons relative to the other component. If the effective mass
is large, then the two components are effectively locked.
Hence, the system spins down as one body ( ~I ! I) in the
limit where hm&

ni ' mn. Basically, the entrainment lowers
the ‘‘effective’’ moment of inertia associated with the
superfluid.

In terms of the observed spin down, the entrainment
only has the effect of altering the inferred magnetic field.

We can still introduce the characteristic age (obtained from
observables) to get the accumulated spin down of the crust.
The main difference now is that !n also changes (even
when vortices are pinned). Thus, we have

_!n ¼ $ "n
1 $ "n

_!p ¼
!
1 $ mn

hm&
ni

"
_!p: (11)

This has repercussions for the estimated glitch jumps
because the spin lag between the two components takes a
longer time to develop if the effective neutron mass is
large. Working out the accumulated spin lag and assuming
angular momentum conservation during the glitch, we
have

"!p

!p
¼ mn

hm&
ni

!
In
I

"
tglitch
2!c

: (12)

The observations then provide us with the constraint

In
I
(2!cA

hm&
ni

mn
: (13)

In other words, if the (average) effective neutron mass is
large, then the constraint inferred from glitch observations
will be more severe than previously assumed (e.g., in
Ref. [7]). This argument may not be new [12], but the
effect has not previously been quantified.
Moments of inertia.—In order to compare the theory to

the glitch data, we need a relativistic model for the
involved moments of inertia [14]. The need for such a
model is emphasised by the recent results of Chamel
[9,10], which suggest that the effective mass for the super-
fluid neutrons that permeate the inner crust may, indeed, be
quite large. The phenomenological (body averaged)
entrainment model from the previous section illustrates
how a large effective mass affects the analysis, but we
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FIG. 1 (color online). The accumulated
P

i"!
i
p=!p ()10$ 9)

as a function of the modified Julian date for the x-ray pulsar
J0537-6910 and the Vela pulsar (B0833-45). The fits that lead to
the slopes ðA) listed in Table I are shown as straight lines.
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These ratios are consistent with the 
superfluid neutrons in the inner crust.



Entrainment effect

n
n

Nuclear lattice
Bragg scattering

N. Chamel

Neutron gas is not “free”.n



Effective mass for neutrons
NEUTRON CONDUCTION IN THE INNER CRUST OF A . . . PHYSICAL REVIEW C 85, 035801 (2012)

FIG. 4. Left panel: neutron band structure in the inner crust of
a neutron star at the average baryon density n̄ = 0.08 fm−3 along
high-symmetry lines in the first Brillouin zone (only unbound states
are shown). The arrow indicates the position of the neutron Fermi
energy. Right panel: band structure of a uniform neutron gas at density
nf

n (reduced zone scheme). For comparison with the left panel, all
bands have been slightly shifted.

Even though this expression is fully equivalent to Eq. (16),
it is computationally much more convenient since only the
evaluation of the first derivative of εαk is needed. In addition,
this derivative can be easily calculated analytically using the
Hellmann-Feynman theorem [28]

∂εk

∂ki

=
!

Gα ,Gβ

"ϕk(Gα)∗#Bn(Gβ − Gα)
$
2ki + Gi

α + Gi
β

%
"ϕk(Gβ),

(27)

with the wave functions normalized as
!

β

|"ϕk(Gβ)|2 = 1. (28)

For each average density n̄, the neutron Fermi energy εF has
been determined solving Eq. (17) using the mean-value point
method [29]. The Fermi surface integral in Eq. (18) has been
evaluated with the Gilat-Raubenheimer method [30] using up
to 1360 points in the irreducible domain (i.e., 65 280 points
in the first Brillouin zone) in order to ensure a precision
of a few percent. Results are summarized in Table I. As
expected from the band structures, the flow of neutrons is
almost unaffected by nuclei in the peripheral regions of
the inner crust. On the contrary, the neutron conduction
is found to be almost completely suppressed at densities
n̄ ∼ 0.02–0.03 fm−3. Whereas more than 90% of neutrons are
unbound in these layers, less than 10% of them are actually
conducting leading to a huge enhancement of the neutron
effective mass m⋆

n ≃ 13.6mn. Incidentally, this result is in close
agreement with the effective mass m⋆

n ≃ 15.4mn obtained
in a previous work [9] using a different crust model, thus
suggesting that such strong entrainment effects are generic.
However, further work remains to be done exploring the
dependence of m⋆

n on the nuclear energy density functional.

TABLE I. Composition of the inner crust of cold nonaccreting
neutron stars as obtained from Ref. [2]. Z and A are, respectively, the
average number of protons and the total average number of nucleons
inside the Wigner-Seitz cell. nn is the average neutron density, nf

n is the
density of free neutrons as defined by the quantity ρBn in Ref. [2], nc

n

is the density of conduction neutrons, and m⋆
n is the neutron effective

mass. Note that in the densest layer, nf
n > nn due to the formation of

bubbles as indicated in Fig. 1.

n̄ (fm−3) Z A nf
n/nn (%) nc

n/nf
n (%) m⋆

n/mn

0.0003 50 200 20.0 82.6 1.21
0.001 50 460 68.6 27.3 3.66
0.005 50 1140 86.4 17.5 5.71
0.01 40 1215 88.9 15.5 6.45
0.02 40 1485 90.3 7.37 13.6
0.03 40 1590 91.4 7.33 13.6
0.04 40 1610 88.8 10.6 9.43
0.05 20 800 91.4 30.0 3.33
0.06 20 780 91.5 45.9 2.18
0.07 20 714 92.0 64.6 1.55
0.08 20 665 104 64.8 1.54

V. MICROSCOPIC ORIGIN OF ENTRAINMENT

The large discrepancy between the density of unbound
neutrons and the density of conducting neutrons is somehow
counterintuitive. Indeed in ordinary metals, the electrons that
are tightly bound inside the individual atoms constituting
the solid have their wave function vanishing exponentially
outside atoms and are therefore not much affected by the Bloch
boundary conditions. As a consequence, their energy bands in
kspace are essentially flat so that ∇kεαk ≃ 0, hence yielding a
negligible contribution to the current. The nontrivial electron
band structure arises from the most loosely bound “valence”
electrons in the isolated atoms which become delocalized
in a metal and which can be generally identified with the
conduction electrons (still, the density of valence electrons
is not exactly equal to the density of conduction electrons).
On the contrary, the neutron-saturated nuclei found in the
inner crust of a neutron star only exist because of the Pauli
blocking effect from the surrounding neutron liquid but would
decay immediately in vacuum. For the reasons mentioned
above, neutrons bound inside nuclei do not contribute to the
current. Since unbound neutrons are delocalized, one might
naively expect that they are all conducting. Indeed, ignoring the
crystal lattice and treating the unbound neutrons as a uniform
gas of density nf

n, it follows immediately from Eq. (16) or
(26) that nc

n = nf
n. However, it should be emphasized that the

density of conduction neutrons is fundamentally different from
the density of unbound neutrons: the former characterizes the
dynamics of the neutron liquid while the latter is a ground-state
property. These two densities are generally not equal because
unbound neutrons can be scattered by the crystal according to
Bragg’s law.

The effects of Bragg scattering are embedded in the
effective mass tensor (15) appearing in the definition (16) of
the conduction neutron density. The components of this tensor
need not be positive and can actually be negative for wave
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Observation constraint (mod.)

Moments of inertia ratio with entrainment
the core superfluid must participate in glitches, which
raises a number of interesting questions.

Phenomenology and observations.—The discussion of
vortex mediated glitches is usually based on a ‘‘body’’
averaged model with two components. The first represents
the charged component (including the elastic crust) which
is spun down electromagnetically. Labeling this compo-
nent by an index p, we have

Ip _!p ¼ "a!3
p "N pin "N MF; (1)

where the first term on the right-hand side represents the
standard torque due to a magnetic dipole (the coefficient a
depends on the moment of inertia, the magnetic field
strength, and orientation; we assume that these parameters
do not evolve with time). We also have a superfluid
component, with index n, which evolves according to

In _!n ¼ N pin þN MF: (2)

On the right-hand sides of these equations we have added
terms representing torques associated with vortex pinning
(N pin ) and dissipative mutual friction (N MF) associated
with scattering off of the vortices in the superfluid. We will
not need explicit forms for these in the following.

Glitches can be understood as a two-stage process. In the
first phase the superfluid vortices are pinned. This means
thatN pin is exactly such that _!n ¼ 0. That is, the pinning
force counteracts the friction which tries to bring the
fluids into corotation. The upshot is that the crust evolves
according to

Ip _!p ¼ "a!3
p ! 1

!2
p

" 1

!2
0

¼ 2a

Ip
ðt" t0Þ: (3)

Assuming that a system starts out at corotation (with spin
!0 at time t0), we can estimate how the spin lag, "! ¼
!n "!p, between the two components evolves with time.
As long as the spin lag is small we have "!=!p &
tglitch =2!c where tglitch is the interglitch time and !c ¼
"!p=2 _!p is the characteristic age of the pulsar.

At some point, this lag reaches a critical level where the
vortices unpin. The two components then relax to corota-
tion on the mutual friction time scale (which may be as fast
as a few hundred rotations of the system [11]). This trans-
fers angular momentum from the superfluid reservoir to the
crust, leading to the observed glitch. Assuming that angular
momentum is conserved in the process (such that the entire
spin lag "! drives the observed glitch jump "!p) we
have

"!p

!p
¼ In

I

tglitch
2!c

; (4)

where I ¼ In þ Ip is the total moment of inertia.
Let us compare this model to observations. To do this,

we assume that we see a number of glitches in a given
system during an observation campaign lasting tobs. Then
we can work out the accumulated change in the observed

spin due to glitches, and relate the result to the simple
two-component model. From Eq. (4) we have

In=I & 2!cA; where A ¼ 1

tobs

!X

i

"!i
p=!p

"
: (5)

For systems that have exhibited at least two glitches of
similar magnitude [1] we can estimate the average reversal
in spin down due to (large) glitches per day of observation,
A. This leads to the inferred moment of inertia fractions
listed in Table I. For some systems, like the Vela pulsar and
the x-ray pulsar J0537–6910, the estimate should be quite
reliable given the number of glitches exhibited and their
regularity (cf. Fig. 1). In other cases, the data are less
impressive, as is evident from Fig. 2. Nevertheless, the
message seems clear: glitches require the superfluid com-
ponent to be associated with at least 1–1.5% of the star’s
moment of inertia. This agrees with the conclusions of
Ref. [7]. In addition, the data seem consistent with the
idea of an angular momentum reservoir that is completely
exhausted in each event. If this is not the case then it is
difficult to explain why the recurring glitches have such
similar magnitude.
The role of entrainment.—Let us now ask what the

influence of a ‘‘heavy’’ superfluid may be. That is, let us
account for the entrainment coupling. At the level of the
averaged two-component model [12,13], the entrainment
can be expressed in terms of a coefficient "n. The two
equations of motion then take the form

ðIp""nInÞ _!pþ"nIn _!n¼"a!3
p"N pin "N MF; (6)

and

ð1" "nÞIn _!n þ "nIn _!p ¼ N pin þN MF; (7)

where we have used the angular momentum of the
superfluid neutrons [12,13]:

TABLE I. Inferred superfluid moment of inertia fraction for
glitching pulsars which have exhibited at least two (large) events
of similar magnitude. The data are taken from Ref. [1] (updated
to include a few more recent events [2]) (cf. Figs. 1 and 2). We
give each pulsar’s name, the characteristic age, !c, the average
rate of spin-reversal due to glitches, A, and the moment of
inertia ratio, In=I, obtained from Eq. (5).

PSR !c (kyr) A ( ' 10"9=d) In=I (%)

J0537-6910 4.93 2.40 0.9

B0833-45 (Vela) 11.3 1.91 1.6

J0631+1036 43.6 0.48 1.5

B1338-62 12.1 1.31 1.2

B1737-30 20.6 0.79 1.2

B1757-24 15.5 1.35 1.5

B1758-23 58.4 0.24 1.0

B1800-21 15.8 1.57 1.8

B1823-13 21.5 0.78 1.2

B1930+22 38.8 0.95 2.7

J2229+6114 10.5 0.63 0.5
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Jn ¼ In!n þ "nInð!p $ !nÞ: (8)

Noting that the left-hand side of Eq. (7) vanishes for
perfect pinning, we find that the crust now spins down
according to

~I _!p ¼ $ a!3
p; where ~I ¼ Ip $

"n
1 $ "n

In: (9)

Expressing the entrainment in terms of the (average)
effective neutron mass, we have

"n ¼ 1 $ hm&
ni

mn
! ~I ¼ I $ mn

hm&
ni
In: (10)

The interpretation of this result is quite simple. The
entrainment encodes the mobility of the superfluid neu-
trons relative to the other component. If the effective mass
is large, then the two components are effectively locked.
Hence, the system spins down as one body ( ~I ! I) in the
limit where hm&

ni ' mn. Basically, the entrainment lowers
the ‘‘effective’’ moment of inertia associated with the
superfluid.

In terms of the observed spin down, the entrainment
only has the effect of altering the inferred magnetic field.

We can still introduce the characteristic age (obtained from
observables) to get the accumulated spin down of the crust.
The main difference now is that !n also changes (even
when vortices are pinned). Thus, we have

_!n ¼ $ "n
1 $ "n

_!p ¼
!
1 $ mn

hm&
ni

"
_!p: (11)

This has repercussions for the estimated glitch jumps
because the spin lag between the two components takes a
longer time to develop if the effective neutron mass is
large. Working out the accumulated spin lag and assuming
angular momentum conservation during the glitch, we
have

"!p

!p
¼ mn

hm&
ni

!
In
I

"
tglitch
2!c

: (12)

The observations then provide us with the constraint

In
I
(2!cA

hm&
ni

mn
: (13)

In other words, if the (average) effective neutron mass is
large, then the constraint inferred from glitch observations
will be more severe than previously assumed (e.g., in
Ref. [7]). This argument may not be new [12], but the
effect has not previously been quantified.
Moments of inertia.—In order to compare the theory to

the glitch data, we need a relativistic model for the
involved moments of inertia [14]. The need for such a
model is emphasised by the recent results of Chamel
[9,10], which suggest that the effective mass for the super-
fluid neutrons that permeate the inner crust may, indeed, be
quite large. The phenomenological (body averaged)
entrainment model from the previous section illustrates
how a large effective mass affects the analysis, but we
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FIG. 1 (color online). The accumulated
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as a function of the modified Julian date for the x-ray pulsar
J0537-6910 and the Vela pulsar (B0833-45). The fits that lead to
the slopes ðA) listed in Table I are shown as straight lines.
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FIG. 2 (color online). Same as Fig. 1, for pulsars with a smaller number of large glitch events.
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Crust is not enough

need to connect this argument with a detailed neutron star
model, incorporating realistic crust and core physics, as
well as reasonable superfluid parameters. We build on the
relativistic superfluid formalism developed in Ref. [14],
and use the same model for the bulk equation of state, crust
composition, and neutron singlet pairing gap as in Ref. [15]
(see Refs. [16–21] for the original references for the ingre-
dients of the model). For comparison, we also consider
the model from Ref. [22], which provides an alternative
crust composition. The mass-radius relation is similar in
both cases, and satisfies observational constraints from
accreting systems [23]. However, the pressure at the
crust-core transition is very different in the two cases.
In the model from Ref. [15] the number density and
pressure at the transition are nt ¼ 0:084 fm"3 and pt ¼
0:56 MeV fm"3, respectively, while the model from
Ref. [22] has nt ¼ 0:076 fm"3 and pt ¼ 0:33 MeV fm"3.
Essentially, the two models span the expected range for
pt (see Refs. [7,24]).

The effective neutron mass in the crust is estimated
using the phenomenological fit to the entrainment from
Ref. [25]. We consider two models, based on Refs. [9,10],
respectively. The main difference is that the effective mass
peaks at lower densities in the latter case. This serves to
weaken the effect we are discussing slightly.

Defining the moment of inertia through J ¼ I!, we get
the total moment of inertia from Ref. [8]

I #
!
1" 2I

R3

"
I0; (14)

where R is the radius of the star, and

I0 ¼
8!

3

Z R

0
r4eð""#Þ=2ðp þ $Þdr; (15)

where p and $ are the pressure and the energy density,
respectively, and " and # determine the spacetime metric.
In the case of the superfluid crust neutrons we ignore
the effect of the rotational frame dragging (this should
be, at most, a 20% correction). Making contact with the
phenomenological model discussed previously, we have
(see Ref. [14] for details)

In #
8!

3

Z R

Rc

r4eð""#Þ=2nn%ndr; (16)

where nn is the number density of the free neutrons and%n

is the corresponding chemical potential, and

"n ¼
1

In

8!

3

Z R

Rc

r4eð""#Þ=2nnðmn "m'
nÞdr: (17)

In these integrals we only account for the crust superfluid
(Rc represents the crust-core interface), but it is obviously
straightforward to introduce a core component as long
as we keep in mind that the entrainment is rather different
in the core. In the inner crust we can safely assume that
the free neutrons are nonrelativistic, which means that
%n # mn. It is then straightforward to work out the effect

of the entrainment [in terms of "n, or the averaged ratio
hm'

ni=mn via Eq. (10)] and check to what extent a given
neutron star model satisfies the constraints set by the
observations. We calculate the ratio In=I and find that, as
long as we do not worry about the entrainment the con-
straints set by the observed systems are easily satisfied; the
angular momentum reservoir exceeds the requirements
(see Fig. 3). This is, of course, the result of Link et al.
[7]. Turning to the entrainment effect, we find that the
results from Ref. [10] lead to hm'

ni=mn in the range
4:3–4:4 (the results from Ref. [9] lead to values in the
range 6:2–6:4). At this point the standard glitch logic is
in trouble. The results in Fig. 3 show that the crust is not
enough; the associated superfluid does not have sufficient
moment of inertia to explain the observations.
Discussion.—Our analysis casts doubt on the standard

model of pulsar glitches being driven by a superfluid
reservoir confined to the inner crust of the star. If the
entrainment lowers the effective superfluid moment of
inertia by a factor as large as ( 4–6 then the theory is in
clear conflict with the data for pulsars with regular large
glitches.
There are (at least) four possible solutions. First of all,

the results in Fig. 3 indicate that the pressure at the crust-
core transition must be high. If we impose the radius
constraints from Ref. [23], then only low-mass neutron
stars can exhibit regular, large glitches. If this is the case,
then there could be a connection between their relatively
slow cooling and the underlying glitch mechanism.
The second possibility is, perhaps, the least attractive. The

neutron star core is expected to contain superfluid neutrons
in abundance. In the case of the singlet pairing gap we have
considered (see Ref. [15]), the total moment of inertia
fraction would be at least a factor of 2 (up to an order of
magnitude for massive stars) larger than required (and one
should probably add the triplet pairing region to this). This is
where a new problem arises. The remarkable regularity of
the glitches in systems like Vela and J0537-6910 suggests a,
more or less, completely recycled reservoir of pinned
superfluid—the very reason why the previous moment of
inertia constraints [7] were taken as evidence in favor of
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FIG. 3 (color online). The moment of inertia ratio In=I0 as a
function of the stellar mass for the models from Ref. [15] (APR)
and Ref. [22] (SLy). If the glitches in the Vela pulsar are to be
explained by the crust superfluid alone, then the moment of
inertia ratio must satisfy In=I0 * 0:016) ðhm'

ni=mnÞ # 0:07
(gray region, with entrainment according to Ref. [10]; we also
show the constraint when entrainment is not accounted for, as
in Ref. [7].)
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Calculation of effective mass

How “free” are the free neutrons?

Band calculation for solids



Band calculation of inner crust

• Treatment of dripped neutrons
• Self-consistent band calculation

• Large space = Many Bloch k
• Structure optimization “without external potentials”

fcc bcc

Localized 
protons

Delocalized neutrons



Simplest case (1D)

Enormously-neutron-rich nuclei
+ low-density neutrons gas
+ electrons gas

(ρ0=3�1014 g cm-3 )

William G. Newton (2013)

Neutron drip line
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• Periodic potential along z axis
V(z + a)=V(z)

• KS equation : 
ℎ+ " 89,+: ; = <9,+:89,+: ;

ℎ+ " =
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Number of @> = Number of unit cells
In the present cal.  30 points for @> adopted

Bloch wave functions (1D)
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U Update the KS Hamiltonian 

S Solve the KS equation

T Update the densities

Barcelona-Catania-Paris-Madrid (BCPM) energy functional

Δz=0.2 fm , F+ = 30

Self-consistent band cal.

SELF-CONSISTENT BAND CALCULATION OF THE SLAB … PHYSICAL REVIEW C 100, 035804 (2019)

In this paper, we adopt the unit of h̄ = 1. In the present case,
since the slab is assumed to be uniform in the x-y plane; the
effective mass m∗

q (r) and the self-consistent potential Uq (r)
depend only on z. It should be noted that the effective mass
m∗

q (r) here is different from those discussed in Secs. II D
and III. When we need to distinguish different effective
masses in the present paper, we will call m∗

q (r) microscopic
effective mass, and those in Sec. II D macroscopic ones. The
wave functions of Eq. (2) lead to

!
k2
ρ

2m∗
q (z)

+ h (q )
kz

"

φ
(q )
α,k(z) = ϵ

(q )
α,kφ

(q )
α,k(z), (6)

with k2
ρ ≡ k2

x + k2
y and

h (q )
kz

≡ (− i∂z + kz )
1

2m∗
q (z)

(− i∂z + kz ) + Uq (z). (7)

We end up at the one-dimensional equation (6), though
the wave functions still depend on (kx, ky) through the z-
dependent kinetic energy term. If the effective mass m∗

q (z) is
identical to the bare nucleon mass mq , the single-particle wave
functions φ

(q )
α,k(z) become independent from (kx, ky); φ

(q )
α,k →

φ
(q )
α,kz

. Since this significantly reduces the computational task,
in this study, we adopt the BCPM EDF that has no derivative
terms (Sec. II B). Equation (6) is reduced to

h (q )
kz

φ
(q )
α,kz

(z) = e(q )
α,kz

φ
(q )
α,kz

(z), (8)

where e(q )
α,kz

represent the energy band as functions of kz. The
single-particle energy is given by

ϵ
(q )
α,k =

k2
ρ

2mq
+ e(q )

α,kz
. (9)

The states with ϵ
(q )
α,k < µq are occupied, where µq is the Fermi

energy (chemical potential).
In practice, the Bloch wave number, − π/a < kz ! π/a is

discretized into Nk points. The calculation with Nk points of
kz is identical to the calculation with the periodic boundary
condition in a space Nk times larger than the unit cell. The
wave functions are normalized as

# a

0

$$φ(q )
α,kz

(z)
$$2dz = 1

Nk
. (10)

The density is calculated as

ρq (z) = 2
%

α,kz

$$φ(q )
α,kz

(z)
$$2

##
dkxdky

(2π )2
θ
&
µq − ϵ

(q )
α,k

'

= mq

π

occ%

α,kz

$$φ(q )
α,kz

(z)
$$2&

µq − e(q )
α,kz

'
, (11)

where θ (x) is a step function and
(occ means the summation

with respect to occupied (hole) orbitals only. The summation
with respect to kz is taken over Nk discretized values of kz.
The baryon (nucleon) number density is defined as ρB(z) ≡
ρn (z) + ρp(z). In a similar manner, the kinetic density is

given by

τq (z) ≡ 2
%

α,kz

##
dkxdky

(2π )2

$$∇ϕ
(q )
α,k(r)

$$2
θ
&
µq − ϵ

(q )
α,k

'

=
m2

q

π

occ%

α,kz

&
µq − e(q )

α,kz

'2$$φ(q )
α,kz

(z)
$$2

+ mq

π

occ%

α,kz

&
µq − e(q )

α,kz

'$$$$

)
ikz + d

dz

*
φ

(q )
α,kz

$$$$
2

. (12)

B. Nuclear and electronic energy density functionals

The average baryon number density nB is given by nB =
nn + n p, with the average neutron and proton densities,

nq ≡ 1
a

# a

0
ρq (z)dz. (13)

The proton fraction Yp is defined by Yp ≡ n p/nB. In this study,
the electrons are assumed to be uniform. The charge neutrality
requires that the electron density is equal to the average
proton density, ne = n p. The charge density is simply given
by ρc(r) ≡ ρp(r) − ne, neglecting the charge form factor of
protons. The electrons are treated as degenerated relativistic
Fermi gas with the Fermi momentum, pF . The Fermi energy
is given as ϵ (e)

F =
√

m2
ec4 + p2

F c2 = mec2 cosh θF , where θF is
determined by the electron density, 3π2ne = (mec sinh θF )3.
Their energy divided by the baryon (nucleon) number A is
given as Ee/A = Ke/A + E (e)

C /A with

Ke

A
= 4π

nB

# pF

0

p2d p
(2π )3

+
m2

ec4 + p2c2

= m4
ec5

32π2nB
(sinh 4θF − 4θF ), (14)

E (e)
C

A
= − 3e2n4/3

e

4nB

)
3
π

*1/3

, (15)

where we use the Slater approximation for the exchange
energy. In fact, the Coulomb exchange energy for electrons
should be treated in the relativistic manner [25]. In the ul-
trarelativistic limit, Eq. (15) should be multiplied by − 1/2.
However, following Ref. [16], we keep the nonrelativistic
form of the Coulomb exchange energy (15) in this paper. As
we see in Sec. II C 2, this modification hardly affects structure
of the slab phase. The direct term of the Coulomb energy
− (2anB)− 1

, a
0 VC (z)nedz, vanishes, because of the charge neu-

trality condition for the Coulomb potential;
# a

0
VC (z)dz = 0. (16)

The Coulomb potential for protons VC (− VC for electrons) is
calculated by solving the Poisson equation

d2

dz2
VC (z) = − 4πe2ρc(z), (17)

with the condition (16).
For nuclear part, we adopt the EDF of BCPM [15], neglect-

ing the spin-orbit coupling terms. This EDF is constructed so
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We end up at the one-dimensional equation (6), though
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with respect to occupied (hole) orbitals only. The summation
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B. Nuclear and electronic energy density functionals

The average baryon number density nB is given by nB =
nn + n p, with the average neutron and proton densities,

nq ≡ 1
a

# a

0
ρq (z)dz. (13)

The proton fraction Yp is defined by Yp ≡ n p/nB. In this study,
the electrons are assumed to be uniform. The charge neutrality
requires that the electron density is equal to the average
proton density, ne = n p. The charge density is simply given
by ρc(r) ≡ ρp(r) − ne, neglecting the charge form factor of
protons. The electrons are treated as degenerated relativistic
Fermi gas with the Fermi momentum, pF . The Fermi energy
is given as ϵ (e)

F =
√

m2
ec4 + p2

F c2 = mec2 cosh θF , where θF is
determined by the electron density, 3π2ne = (mec sinh θF )3.
Their energy divided by the baryon (nucleon) number A is
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where we use the Slater approximation for the exchange
energy. In fact, the Coulomb exchange energy for electrons
should be treated in the relativistic manner [25]. In the ul-
trarelativistic limit, Eq. (15) should be multiplied by − 1/2.
However, following Ref. [16], we keep the nonrelativistic
form of the Coulomb exchange energy (15) in this paper. As
we see in Sec. II C 2, this modification hardly affects structure
of the slab phase. The direct term of the Coulomb energy
− (2anB)− 1

, a
0 VC (z)nedz, vanishes, because of the charge neu-

trality condition for the Coulomb potential;
# a

0
VC (z)dz = 0. (16)

The Coulomb potential for protons VC (− VC for electrons) is
calculated by solving the Poisson equation

d2

dz2
VC (z) = − 4πe2ρc(z), (17)

with the condition (16).
For nuclear part, we adopt the EDF of BCPM [15], neglect-

ing the spin-orbit coupling terms. This EDF is constructed so
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q (r) and the self-consistent potential Uq (r)
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where we use the Slater approximation for the exchange
energy. In fact, the Coulomb exchange energy for electrons
should be treated in the relativistic manner [25]. In the ul-
trarelativistic limit, Eq. (15) should be multiplied by − 1/2.
However, following Ref. [16], we keep the nonrelativistic
form of the Coulomb exchange energy (15) in this paper. As
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interaction energy of the BCPM functional is given as a
functional of ρq(z), we adopt exactly the same form in
the TF calculation. The kinetic density of Eq. (19) is
replaced by [20]

τq [ρ] =
3

5

!
3π2
"2/3

ρ5/3q (z) +
1

36ρq(z)

#
dρq
dz

$2

. (42)

For practical solutions, we use the imaginary-time
method similar to Ref. [21], including the Weizsäcker
term (the second term in Eq. (42)). Introducing the
auxiliary wave functions uq(z) to represent the density
as ρq(z) = u2

q(z), the time evolution is given by

uq(z)|t+δt = uq(z)− δt (hq[ρ]− µq)uq(z), (43)

where uq(z) and ρq(z) in the right hand side are functions
at imaginary time t. µq are the Lagrange multipliers
to control the average density. Here, the “Hamiltonian”
hq[ρ] is given by

hq [ρ] ≡
−1

2mq

4

36

d

dz2
+Uq(z)+

1

2mq

%
3π2ρq(z)

&2/3
. (44)

The “chemical potentials” µq are chosen to keep the
average density nq invariant for calculation with fixed
(nB , Yp).

µq =
1

anq

' a

0
uq(z)hq[ρ]uq(z)dz. (45)

For calculation of beta equilibrium, µq are chosen to keep
nB invariant, which leads to

µq =
1

nB

(
1

a

)

q′=n,p

' a

0
uq′(z)hq′uq′(z)dz

+nq̄

%
(mq̄ −mq) c

2 + (−1)δqpµe

&
*
, (46)

where q̄ = n(p) for q = p(n). Although µq conserves
the average density in the first order in δt, uq(z) are
renormalized every time to reproduce the given average
density nq.

In practice, we adopt the imaginary-time step, δt =
2−8 MeV−1 for calculation with fixed (nB , Yp), and δt =
2−10 MeV−1 for calculation of beta equilibrium. The z
coordinate in the unit cell (0 ≤ z ≤ a) is discretized in a
mesh of ∆z = 0.2 fm, and the nine-point finite-difference
formula is used for differentiation in the imaginary-time
evolution of Eq. (43) The convergence condition is given
by

1

nB

)

q

' a

0
{(hq − µq)uq(z)}2 dz < 4× 10−12. (47)

Since the auxiliary wave functions uq(z) are real, the
Bloch boundarcy condition is reduced to the the periodic
boundary condition, uq(z) = uq(z+a). Thus, there is no
need for the band calculation in the TF aproximation.

C. Comparison between band and TF calculations

1. Beta equilibrium

Let us first show comparison between the band calcula-
tion and the TF calculation at beta equilibrium. We cal-
culate the slab phase at baryon density every 0.01 fm−3,
in a region of 0.01 ≤ nB ≤ 0.08. At nB ≥ 0.09 fm−3, the
slab nuclei are dissolved to produce uniform nuclear mat-
ter in both calculations. The nuclear energy per nucleon
EB/A monotonically increases as the baryon density nB

increases. EB/A = +3.5 MeV at nB = 0.02 fm−3 and
EB/A = +6.3 MeV at nB = 0.08 fm−3. The TF calcula-
tion well reproduces these values. The calculated proton
ratio Yp is shown in Fig. 3. Yp at beta equilibrium in the
slab phase is approximately constant, around Yp ≈ 0.03.
Because of this small value of Yp, the neutrons are always
dripped in the slab phase at beta equilibrium. The band
calculation suggests monotonic increase of Yp as a func-
tion of density, and seems to indicate a converged value
of Yp ≈ 0.026 at low density limit. The TF calculation
gives slightly larger Yp values, especially at low density.
Figure 4 shows the one-dimensional density profiles.

Qualitative features of the density profiles are well repro-
duced in the TF calculation, though we find some quanti-
tatve difference, especially at low density. The TF calcu-
lation always predicts the slab interval a smaller than the
band calculation. This is probably due to the fact that
the TF approximation underestimates the surface difuse-
ness. The TF calculation [3] predicted that the slab phase
appears near the bottom of the inner crust of neutron
star, at density around nB = 007 − 0.09 fm−3. In such
density region, since the difference is not so large, the
TF description of the slab phase is reasonably good. In
contrast, at lower density, the difference becomes larger.
At nB = 0.01fm−3, a = 199.6fm is predicted by the band
calculation, while a = 176.2 fm by the TF calculation.
In the uniform limit, the TF calculation exactly repro-

duces the result of the band calculation. Thus, it is nat-
ural to observe that the TF calculation well agrees with
the band calculation at the uniform limit, nB → 0.09
fm−3. The quantum effect missing in the TF calculation
is more important at low baryon density nB .
Another feature we find in the band calculation is that

not only neutrons but also protons are dripped from slab
nuclei at nB ≥ 0.08 fm−3. Near the transition to the
uniform matter, the nuclear potential becomes almost
flat. Thus, although protons are deeply bound with the
proton chemical potential µp ≈ −70 MeV, µp can be
larger than the maximum potential value for protons, U0

p .
This proton drip phenomenon seem not to take place in
the TF calculation (Need to check).

2. Fixed proton ratio

Away from the beta equilibrium, the discrepancy be-
comes more prominent, especially when the lattice con-
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(5) Calculate the new densities, ρq (z) and τq (z), according
to Eqs. (11) and (12), respectively.

(6) Calculate the nuclear energy EB/A. Check the con-
vergence condition, |(EB − E (i)

B )/EB| < η. If this is
not satisfied, update the density; ρ (i+1)

q (z) = (1 −
ω)ρ (i)

q (z) + ωρq (z), set E (i+1)
B = EB, and go back to

step II C 1.

Here, we adopt the parameters η = 10−10 and ω = 0.1.

2. Beta equilibrium

The electron energy is completely irrelevant for the self-
consistent solutions in the case that both n p and nn are fixed.
In contrast, it affects the condition of beta equilibrium. The
beta-equilibrium condition is given by

(µp + mpc2) + µe = (µn + mnc2). (28)

Note that the electron chemical potential contains its rest
mass,

µe = 1
V

∂Ee

∂ne
=

!
m2

ec4 + p2
F c2 − e2

"
3ne

π

#1/3

. (29)

We perform the calculation at a given average density of pro-
tons, n p. Since the charge neutral condition requires ne = n p,
the condition (28) determines the neutron chemical potential.
Then, the iterative procedure (steps 1–6) is exactly the same
as the previous one in Sec. II C 1, except for step (4) where µn
is given by the condition µn = µp + µe − (mn − mp)c2.

We have examined the relativistic effect of the Coulomb
exchange energy, Eq. (15). It turns out that the effect on the
slab phase is very little. Changes in Yp and a are 0.0003 and
0.2 fm at maximum, respectively. Accordingly, the nuclear
energy EB/A is affected by less than 1%.

D. Entrainment and effective mass

In the outer crust, both neutrons and protons are bound in
nuclei. In the rest frame of crust, even with a perturbative
force on neutrons, there would be no current. In contrast,
the inner crust has conduction neutrons which are dripped
from the nuclear binding. Thus, the band filling property
determines whether they are “conductor” or “insulator.” We
expect that the slab phase of the inner crust is always a
conductor, because the neutron single-particle energy ϵ (n )

α,k in
Eq. (9) is continuous and has no gap. Nevertheless, its z
component, e(n )

α,kz
, represents the band structure and has band

gaps at kz = 0 and ± π/a, which may affect the conduction
properties along the z direction (normal to the slabs).

The group velocity of neutrons in the band ϵ (n )
α,k is given by

[22]

v(n )
α,k = ∇kϵ

(n )
α,k. (30)

Assuming no interband transition between bands with differ-
ent α, the acceleration under a force F on neutrons is given by

dv(n )
α,k

dt
=

"
dk
dt

· ∇k

#
v(n )

α,k = (F · ∇k)∇kϵ
(n )
α,k, (31)

where we used the acceleration theorem, dk/dt = F [22,26].
Writing the ith component (i = x, y, z) of v as

dvi

dt
=

$

j

"
1

m∗

#i j

α,k
Fj, (32)

we obtain the macroscopic effective mass tensor
"

1
m∗

#i j

α,k
≡

∂2ϵ (n )
α,k

∂ki∂k j
. (33)

In the present case, the effective mass is diagonal [(1/m∗)i j =
δi j/m∗

i ], and for i = x, y, they are equal to the bare neutron
mass, m∗

i = mn .
Following Ref. [5], the neutron mobility can be measured

by Eq. (33) summed over the occupied orbits,

Ki j ≡ 2
$

α

%
d3k

(2π )3

∂2ϵ (n )
α,k

∂ki∂k j
θ
&
µn − ϵ (n )

α,k

'
. (34)

For the present case of the slab phase, it is transformed to

Ki j ≡ 2
aNk

$

α,kz

%%
dkxdky

(2π )2

∂2ϵ (n )
α,k

∂ki∂k j
θ
&
µn − ϵ (n )

α,k

'
, (35)

and Ki j is diagonal in the Cartesian coordinates (x, y, z),
namely, Ki j = 0 for i ̸= j. The mobility coefficients for x and
y directions are simply given as Kxx = Kyy = nn/mn , The z
component is calculated as

Kzz ≡ mn

πaNk

occ$

α,kz

d2e(n )
α,kz

dk2
z

&
µn − e(n )

α,kz

'
, (36)

and equivalently given by

Kzz ≡ mn

πaNk

occ$

α,kz

(
de(n )

α,kz

dkz

)2

. (37)

These expressions for the mobility coefficients are given in
Ref. [5]. The derivative of e(n )

α,kz
with respect to kz is calculated

as (⟨φα,kz | (−i∂z + kz ) |φα,kz ⟩ /mn , according to the Hellmann-
Feynman theorem. From this mobility coefficient, we may
define conduction neutron density nc

i which are supposed to
freely move in the neutron-star crust along the i direction
(i = x, y, z) [4],

nc
i ≡ mnKii. (38)

Trivially, we have nc
x = nc

y = nn , which means that all the
neutrons in the slab phase are effectively free in the x-y plane.
In contrast, the z component of the conduction neutron density
nc

z may be hindered, not only by the bound neutrons inside
the slab, but also by the Bragg scattering due to the periodic
nuclear potential. The latter is called the entrainment effect
[4–6].

The reduction of nc
z from the neutron density nn is quanti-

fied as an effective mass [6]:

m∗
z ≡ nn

Kzz
= mn

nn

nc
z
. (39)
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The Bragg scattering enhances the neutron mobility!



Full 3D calculation

• Various configurations (fcc, bcc, rod, slab, anti-rod, 
anti-fcc/bcc, etc.)

• Large 3D box
• Nuclear superfluidity
• Finite temperature



3D finite-temperature HFB calculation
• KSBdG (HFB) eq.

• Densities
→ " = *c,d + ,∗ 1 − c ,e
→ $ = *c,d + ,∗ 1 − c *e
c++f = ⁄h++f 1 + <ijk

• Self-consistent iteration

• Diagonalization of the matrix
• High computational cost
• Low parallel efficiency

ℎ − ' Δ
−Δ∗ − ℎ − ' ∗

*+
,+

= !+
*+
,+



• HFB Green’s function

• Identity

Green’s function

;4 − lmno p ; = 4

p ;; r, r′ = ptt ;; r, r′ ptu ;; r, r′
put ;; r, r′ puu ;; r, r′

pvw ;; r, r′ = 6
+xy

8 r z∗ r{

; − !+
+
z r 8∗ r{

; − !+



Densities

|e =
"e $e
−$e∗ 1 − "e∗

=
1
2}~ �Ä

ce ; p ; Å; + Ç 6
ÉÑ ÖÜ

p(~à5)

C
Re z

Im  z

Ecut‒Ecut

h

‒h

iωn

Ek

à5 = 2W + 1 }ÇMatsubara frequencies:
ce(;) = 1 + <i> TU



Shifted Krylov methods

• No need for calculation of quasiparticle states
• No diagonalization necessary

• Simultaneous solutions for all the complex shifts ;

• Calculation is independent for each r′

;4 − lmno p ; = 4lmno p 0 = 4

High parallel efficiency

p ;; r, r′ = ptt ;; r, r′ ptu ;; r, r′
put ;; r, r′ puu ;; r, r′

;4 − lmno p ; = 4

Jin et al. PRC 95, 044302 (2017)



Shifted COCG vs COCR
• Conjugate Orthogonal Conjugate Gradient (COCG)

• Vorst and Melissen, IEEE Trans. Mag. 26, 706 (1990) 
• Conjugate Orthogonal Conjugate Residual (COCR)

• Sogabe and Zhang, East Asian J. App.  Math. 1, 97107 (2011) 

;4 − lmno p ; = 4
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Benchmark calculation (fcc)

(a)

-20 -10 0 10 20

-20

-10

0

10

20

(b)

Av. density: WX = 0.045 fmTä

Proton/Neutron #: ã = 136, F = 3936

Beta equilibrium state with fcc in a cell of 45 fm ä

"5 = 0.036 fmTä

Δ5 ≈ 1.2 MeV

Se

Se Se

Se

Ç = 200 keV

Emergence of deformed Se nuclei “beyond drip line”

Periodic boundary cond.

SLy4



Benchmark calculation (bcc)

Av. density: WX = 0.066 fmTä

Proton/Neutron #: ã = 204, F = 5774

Beta equilibrium state with bcc in a cell of 45 fm ä

No

Ç = 200 keV

Emergence of deformed No nuclei “beyond drip line”

Periodic boundary cond.

SLy4



Higher density
Beta equilibrium state starting from fcc in a cell of 45 fm ä

Neutron chemical potential:
'5 = 10 MeV

↓
'5 = 14 MeV

Emergence of sliced swiss cheese



Where are the vortexes?

Attractive? Repulsive?or

“Nuclear pinning” “Inter-nuclear pinning”

Vortex-nucleus interaction



Pinned configuration: unstable

Wed., Nov. 20, 2019

Courtesy to
K. Sekizawa (Niigata Univ.)

Wlazłowski, Sekizawa, Magierski, Bulgac, Forbes,  PRL 117, 232701 (2016)

"5 = 0.014 fmTä

TDDFT simulation



Summary
• Self-consistent band calculation for the slab phase 

of inner crust in neutron stars
[Kashiwaba, TN, PRC 100, 035804 (2019)] 

• Enhanced mobility by the entrainment effect
⁄B∗ B ≈ 0.7 at WX = 0.07 − 0.08 fmTä

• FT-HFB calculation in the 3D coordinate space 
representation

• Shifted-COCR method
• Benchmark calculation for inner crust
• Prolate deformed Se nuclei (fcc)
• Prolate deformed No nuclei (bcc)
• fcc → (rod phase ?) → sliced cheese phase

• Where are “pinned” vortices?
• Nuclear pinning vs Interstitial pinning


