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THE PROBLEM

“IT IS OF CONSIDERABLE INTEREST TO IDENTIFY THE
PHYSICAL QUANTITIES, IF ANY, WHICH CAN BE EXTRACTED
DIRECTLY FROM EUCLIDEAN CORRELATION FUNCTIONS,
AVOIDING ANALYTIC CONTINUATION”  [MAIANI, TESTA "90]
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MAIANI-TESTA 1

t1—0o0
~

(Tq, (11)7q, (t2)J(0)) =
2w, ] M/ Zne ntie a2 (1 g, [7q, (0) e~ (H—wm —waz)t2 J(0)[0)
H physical hamiltonian, .J scalar current, 7 pion fields, wq, = /M2 + ¢2
0.setq, =—q,=¢q

1. insert complete set of states (d®,,: n-particle phase space)
S [ d®, (7, q|7—q(0)|n, out)e = (F-2wa)tz F,
Fn = (n,out|J(0)|0): time-like 1 — n form factor

2. identify off-shell contributions
T_q — pole at ) = ¢* — M2 (virtuality)

(7, q|T—q(0)|n, out) = discon X day, + /' Z [n+ie]~t
lim,,_,0 Man(n) = on-shell 2 — n scattering matrix



MAIANI-TESTA 11

(m, q|T—q(0)|n, out) = discon x da,, + V/Zr M3, (n)[n + ie] !

1. disconnected part isolates F5, complex?

Z7 2 2wg)(m, g7 — q<o> e~ (H=22a)t2 7(0)[0) =
e (E QLUq)tQ

Foldw]] + 2wq = Z/d@ s — M, () Fa

2. Maiani and Testa clever observation: separate the absorptive part
qu% Zn fd(I)n(727m')5(77)67(E72u)q)t2M;nf.'n = —ilm [ F,]

3. F2 —ilm[Fe] = Re[Fs| — real v/, time-like v/

Let's turn to principal value part 7?%
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MAIANI-TESTA III

1 1
g5 Y / AR, P e P M, F, m(E) = E(E - 2w,)]

for large t5,
— FE =~ 2M,
dominates integral

a. integration E € [2M, 00)
b. M on-shell only at pole

Conclusion: physical scattering only at g =0 [Maiani, Testa, '90]
(r, 0|70 (t2)J(0)[0) 23° Fp(4M2) {1 +ay/ Ma O(t;W)]
at threshold Fa+scatt.length @ — No-go theorem for g # 0

Maiani-Testa: at threshold there is no inverse problem!
analytic control over inverse problem thanks to ¢5!
toAE < 1, with AE level spacing

for n = 2w d®2 — dE+/E?/4 — M2 regulates pole 1/n(E) C\@



OUR PROPOSAL

(T, qq |7?q2 (0) e~ (H=2w)ts J(0)]0) [Maiani-Testa '90]

(m, q1|7~rq2 (0)O(H — 2wq, A)eiﬂq*zwﬂ))52 J(0)|0)  [Bruno-Hansen, in prep.]

3, [ AP PLO(E 2wy, A)e P MG, F,

smooth ©, smearing width A

tames growing exponentials in
2M; < E < 2wq

(A >0)+ (P;) regulate pole
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GENERALIZED MAIANI-TESTA

(1, 0[Fo(0)e~(H—20)t2 1 (0)|0) [Maiani-Testa '90]
230 7, (402) [1 +ay/Ae O(t_?’/z)}
(7, q|T—q®(H — 2wgq, A)e~(H=22)t2 7 (0)|0)
= Re[F(1wl)] + 30 90T ™ (t2, wg, A)
J ) pure analytic functions

[Bruno-Hansen, in prep.]

wy = 420,m,; = A = 140 [MeV]
10°

q = 0 and large t5:
reproduce 1/+/t2

sum all intermediate channels
— go =~ Im [F5]

Gn>o Off-shell
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——— oM, =05
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20,

(7,41 [7q, (0) 6(H — 2wq, A) J(0)]0)

INVERSE PROBLEM

(. qy[7q, (0) e~ T =24a)t2 J(0)|0)

[Maiani-Testa '90]
physical scattering at g; =g, =0

exponentials mimick “half” §(E — 2M)

[Bulava-Hansen '18]
physical scattering at E = 2wq
ordered double-limit lima o limy o
0. .
2Mx 2y [Bruno-Hansen, in prep.]
~ a —(H —2wq)t:
(m,a17q, (0) O(H — 2wq, A)e~=2a)t= J(0)|0)
physical scattering at pole E = 2wq
A= {,\(:\\ physical scattering at fixed A
§ \\\\ \\\
/} NS Sao
/¢ \\\\ =
o POMIEEIANGI
2M, 2wy
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PRACTICAL IMPLEMENTATIONS

Finite but large volume, say ML ~5

1. exact reconstruction
large basis of operators — GEVP
0(30) energy levels possible [HadSpec]
mm I =1, P-wave, in context of (g —2),
4/5 levels at physical pions  [MB, Izubuchi, Meyer, Lehner '18]

2. approx. reconstruction
Backus-Gilbert the © is possible [Hansen-Lupo-Tantalo '19]
less severe inverse problem than ¢
likely more suited for higher-energies
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FINITE VOLUME ERRORS

(7, @1 [Tq, (0)O(H — 2w, A)e~TT=24a)12 J(0)|0) = [ dwK (w. t2)pr(w)

Spectral-function pr(w) =3, 0(w — Ey)cy

...... A=05,t,=05
e A=1.0,t=0.5
—_— A=10,to=15

A ~ M, we expect
O(e=M=L) FV errors

Large t5 ~ narrow §-function

033 - 2%,
Maiani-Testa: toAE < 1, AFE level spacing
window in #, where method O(e=M~L) C\w
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CONCLUSIONS

Generalization of the Maiani-Testa result
away from threshold
time-like form factor (real and imaginary)
resummed all intermediate channels

understood the connection with the inverse problem

Next steps
1. extension to 2 — 2 processes
2. improve understanding of FV errors

3. numerical tests
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