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Introduction and Motivation

Exploring 2-flavour Schwinger model in canonical formulation

Similarities with QCD = Toy model

Physics at fixed number of particles

Ground-state energies of multi-meson states

Physics at finite density ©. Dimensional reduction = Factorize out
u~dependence from determinant of Wilson-Dirac matrix

det M[U; 1] Z det, M e"'"‘k
k=L,

@ New sampling methods? (Sign problem at finite density 1)
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Grand canonical gauge theories

@ Schwinger Model: 2d-gauge theory U ¢ U(1) (QED>)

o Consider 1-flavour Schwinger model with chemical potential 1
Zec(p) = f DU DY Dip e~ SelVI-¥MLUip]y

where

1
S [UI=8Y [1 -5 (e + U,T,)]
P
@ Integrating out the Grassmann fields for Vs flavours yields

Zoc(p) = f DU e 5 (det M[U; 11])"
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Dimensional reduction of Nf=1 Schwinger Model

o After performing the dimensional reduction on determinant of
Wilson-Dirac matrix

det M[U;p] = > det, M U]ette

@ Canonical determinant det, V[ U]

det, M[U]oc S det(T™)

A|Al=k+Ly

where T = I_If.‘:fl 7T: is a product of transfermatrices, size (2L,)>

@ Canonical determinant det, M| U] — net-fermion number
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N¢ =2 Schwinger model in d =2

@ Physics in the 2-flavour model is more interesting

e denote the fermion flavours by v and d
e Isospin chemical potential generates multi-meson states

@ Number of u- and d-fermions must be equal:

charge Q =n,+ny =0 <  Gauss' law

isospin /= (n,—ny)/2 arbitrary
e Corresponding canonical partition functions (with n, = —ngy):

Zoon, :fDUe—Sg[U]det,,Ul\/lu[U] det ,, My[ U]

@ Vacuum sector is described by 7o
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Calculating the pion energy

@ The flavour-triplet meson (pion) |7) = [{)574) has quantum

numbers
Q =0 fermion number

[ =1 isospin
and is mass degenerate m; = Mg+ = My~ = Mo
o State with maximal I, = 1: |7*) = |ud)
is groundstate of system with n, = +1,ny = —1:

Zi11= fDUe‘Sg[U]det,lmu[U]det,lmd[U]
@ The free energy difference to the vacuum at T — 0 defines the

pion mass:

1 Zi1-1(Ly)
En(L) =mr(L) = = lim log—
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Computation m; (L) different volumes, interpolation T — 0
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Finite Volume Effects

Use canonical formulation to compute m, (L)

@ Finite Volume Effects described by [Liischer, 1984]

mx(L) = my - 1 ( F(O) )e"”ﬂL—( A5 )e‘ng’"ﬂL
i " m,L V2rdm;, 4\/§m75;

| — —_—
A1 Az

Infinite volume Pion-mass m,, effective three-pion coupling A,
F(0) forward scattering amplitude

In strong coupling limes % — 0 = Sine-Gordon: A =0
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Pion Mass as a function of the volume m,+/f fixed
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Arbitrary n-Pion ground states

@ similar strategy works for any n-pion ground state |7"), each
one having
Q =0 fermion number
| =n isospin

e State with maximal I, = n: |(7*)")
groundstate of the system with n, = +n,ny = —n:

Zonon / DU e SV det ., M,[U]det ,My[U]
@ The free energy difference to the vacuum at T — 0 defines the
energy of the n-pion system:

an,fn L
Ev(L) = — lim - log Zrrtle)
Le—oo Ly ZO,O(Lt)
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Computation Ep;(L) diff. volumes, interpolation T — 0

2.0
e s s 0 e e e 0 e 0 e 0 e e e e e e oo oo oo
.
1.8 .
167 ¢ ]
o
1.4 x.--x-x---nxxx‘--x-;n-xnxn
Joox
] * P . " . . L * o PR
S12 e - - . . .
= .
5 .
%1.0 ’”’,,,,,,.ro—oow—o—o—Qo‘Ooo‘Ooo000
- *
P 4
08 e 4 LJa=6,8=3.0,my/B = 0.7536(9)
4 LJa=8,8=3.0,my/B = 0.7536(9)
06 ¢ + LdJa=10,8=3.0,mm/B = 0.7536(9)
04 + Lda=12,8=3.0,my/B = 0.7536(9)
4 Lda=20,8=3.0,my/B = 0.7536(9)
02 10 20 30 40 50 60

Li/a

Patrick Biihlmann, University of Bern 11 /18



Computation Es;(L) diff. volumes, interpolation T — 0
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Two-particle scattering and scattering phase shifts

@ Bosonic Dispersion Relation on lattice = 2-Pion energy

E>-(L) = 2arccosh(cosh(m;) + 1 —cos(k(L))), (1)

with k = BL5P2 relative momentum (center of mass)

@ Two Pions in box — relative wavefunction requires correction
at the boundaries — scattering-phase shift § [Liischer, 1986]

@ Quantization condition for the relative momentum k

dependent on the scattering-phase shift ¢

k(DL _

6(k(L)) = o(L)

e Strategy: Compute §(L) by using k(L) given by equation (1)
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Scattering Phase Shifts §(k/m,)
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Scattering Phase Shifts §(k/m,) (with Sine-Gordon)
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Three-particle scattering and 3-Pion energy

@ 3-Pion bound state energy
3
Esx (L) =" arccosh(cosh(my) + 1 - cos(p;(L))),
i-1
with 3,1 53 p =0 in center of mass system

@ For three-particle scattering assume pairwise scattering —
quantization conditions related to the scattering-phase shift o

@ Use simplest ansatz: Set

p1=p2=-p3f2=-20(L)/L = k(L)
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Three-meson energy as function of the volume m,+//3 fixed
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Summary and outlook

@ Two-flavour Schwinger model in canonical formulation
@ Different Meson-sectors, energy-spectrum in each sector
@ Finite-Volume Effects (Liischer formula) and lattice artifacts

@ Scattering phase shift and 3-meson energy

Canonical formalism is generally applicable: Outlook

@ Can also be applied to QCD [Wenger, Alexandru, 2010]

@ Use better prescriptions to predict 3-Pion energy [Guo, Morris, 2018]
@ Phase structure of Schwinger Model

@ Transfermatrix 7 shows very interesting features by itself

(= current topic of investigation)
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: Dimensional reduction Nf=1 Schwinger Model

o Consider the for a single quark with
chemical potential . (Lattice of size Ly x L;):

By —2kPL A 26P_AL,
—2kP_A] B, —2kPy A}
M[U: ] = —2kP_A; 33 :
2P AT 72nBPft;\17 _2KF;AZFI
+0 —Lp-1 Lt
o M[U; ut] matrix of size (2L.L;)?, building blocks of size (2L)?

B; are (spatial) Wilson Dirac operators on time-slice ¢,

o Dirac projectors P, = 2(I¥ o),

temporal hoppings are

Al = e Tpo ® Uy = (A7)



: Canonical Determinant

Canonical determinant det, M| U] — net-fermion number

a=1,2 a=1,2
Lyx=1 Lyx=2

edet_p M[U] € detg M[U] € dety M[U]



Assume canonical Partition Function can be written as

= (ng,ng) ~EM0"D T (00
Ziny gy (T) = 3 nr@ e BT p00
=0

Fionny - Fo) = ~T log [ 20un2)
() = Frooy = = Tlog| = "

— EO(NU’Nd) _ EO(O’O) _ TlOg(néNu’Nd))

(NusNer) (Ny,Ng) _

(Ny,Ng)
oo & —(E, E )T
L+ 3wy e 0
0

k

- Tlog

(0,0) _£(0,0)
1+¥5, n,((o’o)e'(Ek —-Ey )T

Nu,N, 0,0 Nu,N,
zEO( d)—EO( )—Tlog(n(() d))

(Nu;Ng)
[T M N _gMeNady 7 0,0) —(ECO -0y
T e n €

n(Nu:Nd) 1

o

im (Fin,.ng) = o) = g™ = £ = Evm, n = N,



: Spectroscopy via correlation functions

@ n-pion ground state energies E, (L) via Correlation Functions

@ Define connected contribution T; and using fermion propagator G

Tj= Tr[l'lj] ,with = Z G(x,ty, to)GT(x7 t;y, to)

X,y
@ Correlation function become increasingly more difficult

|7y > Gi(t) < Ty
) > G(t) < TP~ T
m3) > G(t) < T? -3Th T2 +2T;

|7%) = Co(t) oc TP —15To T +40T3 T +45T3T2 - 90T, T +40T2
- 120T2T3T1 + 144T5T1 - 157—23 +90T2T4 - 120T6



: Comparison Canonical Formulation and Spectroscopy,

n-meson energies En.(Ly), 3 = 5. =0.2925(3)

x X En(lx), Can. Form.
4 b eSevsy i)
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: Dispersion Relation

@ Continuum Dispersion Relations for n-particle -states:
n
En(p) = Z \% m?2 + pi2
i-1

@ Lattice Dispersion Relations for Single particle:

2 m \2 2
(um(@)) :(2sinh(§)) +(25in(g))
< E(p) = arccosh(cosh(m) + 1 - cos(p))

@ Lattice Dispersion Relations for n-particle states:

En(p) = Zn;arccosh(cosh(m) +1—cos(p;))



: Three-Particle Scattering

@ For three-particle scattering assume pairwise scattering —
quantization conditions related to the scattering-phase shift §

@ In the center of mass system (p; + p2 + p3 = 0) these
quantization conditions read [Guo, Morris, 2018]

cot(6(-q31) +0(g12)) + cot(%L) =0
cot(5(~25) + 8(412)) - cot(22) =0,

with g = —p’;p’

@ Problem: Have no information about d(k) for the Schwinger model!



: Phase Structure Schwinger Model?

Meson-number

1 L 1
N)(up) = > [ DU > Kldetg M{UIPeM ki) = (F(N) = F(N=1)) = —— log
z k=—Ly Ly
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