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Introduction and Motivation

Exploring 2-flavour Schwinger model in canonical formulation

Similarities with QCD ⇒ Toy model

Physics at fixed number of particles

Ground-state energies of multi-meson states

Physics at finite density µ. Dimensional reduction ⇒ Factorize out
µ-dependence from determinant of Wilson-Dirac matrix

detM[U;µ] =
Lx

∑

k=−Lx

detkM[U]eµLtk

New sampling methods? (Sign problem at finite density µ)
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Grand canonical gauge theories

Schwinger Model: 2d-gauge theory U ∈ U(1) (QED2)

Consider 1-flavour Schwinger model with chemical potential µ

ZGC(µ) = ∫ DUDψDψ e−Sg [U]−ψM[U;µ]ψ

where
Sg [U] = β∑

P

[1 −
1

2
(UP +U†

P)]

Integrating out the Grassmann fields for Nf flavours yields

ZGC(µ) = ∫ DU e−Sg [U]
(detM[U;µ])

Nf
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Dimensional reduction of Nf=1 Schwinger Model

After performing the dimensional reduction on determinant of
Wilson-Dirac matrix

detM[U;µ] =
Lx

∑

k=−Lx

detkM[U]eµLtk

Canonical determinant detkM[U]

detkM[U] ∝ ∑

A,∣A∣=k+Lx

det(T AA
)

where T = ∏
Lt

i=1 Ti is a product of transfermatrices, size (2Lx)
2

Canonical determinant detkM[U] → net-fermion number
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Nf = 2 Schwinger model in d = 2

Physics in the 2-flavour model is more interesting

denote the fermion flavours by u and d

Isospin chemical potential generates multi-meson states

Number of u- and d-fermions must be equal:

charge Q = nu + nd = 0 ⇔ Gauss’ law

isospin I = (nu − nd)/2 arbitrary

Corresponding canonical partition functions (with nu = −nd):

Znu ,nd = ∫ DU e−Sg [U] det nuMu[U]det ndMd[U]

Vacuum sector is described by Z0,0
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Calculating the pion energy

The flavour-triplet meson (pion) ∣π⟩ = ∣ψγ5τ
aψ⟩ has quantum

numbers
Q = 0 fermion number
I = 1 isospin

and is mass degenerate mπ = mπ+ = mπ− = mπ0

State with maximal Iz = 1: ∣π+⟩ = ∣ud̄⟩
is groundstate of system with nu = +1,nd = −1:

Z+1,−1 = ∫ DU e−Sg [U] det +1Mu[U]det −1Md[U]

The free energy difference to the vacuum at T → 0 defines the
pion mass:

Eπ(L) = mπ(L) = − lim
Lt→∞

1

Lt
log

Z+1,−1(Lt)

Z0,0(Lt)
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Computation mπ(L) different volumes, interpolation T → 0

Eπ(L) = mπ(L) = − lim
Lt→∞

1

Lt
log

Z+1,−1(Lt)

Z0,0(Lt)
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Finite Volume Effects

Use canonical formulation to compute mπ(L)

Finite Volume Effects described by [Lüscher, 1984]

mπ(L) = mπ −
1

√

mπL
(

F (0)
√

2π4mπ

)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

A1

e−mπL − (

λ2

4
√

3m3
π

)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

A2

e−
√

3
2
mπL

Infinite volume Pion-mass mπ, effective three-pion coupling λ,
F (0) forward scattering amplitude

In strong coupling limes mπ
g → 0 ⇒ Sine-Gordon: λ = 0
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Pion Mass as a function of the volume mπ

√
β fixed

Patrick Bühlmann, University of Bern 9 / 18



Arbitrary n-Pion ground states

similar strategy works for any n-pion ground state ∣πn⟩, each
one having

Q = 0 fermion number
I = n isospin

State with maximal Iz = n: ∣(π+)n⟩
groundstate of the system with nu = +n,nd = −n:

Z+n,−n = ∫ DU e−Sg [U] det +nMu[U]det −nMd[U]

The free energy difference to the vacuum at T → 0 defines the
energy of the n-pion system:

Enπ(L) = − lim
Lt→∞

1

Lt
log

Z+n,−n(Lt)

Z0,0(Lt)
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Computation E2π(L) diff. volumes, interpolation T → 0

E2π(L) = − lim
Lt→∞

1

Lt
log

Z+2,−2(Lt)

Z0,0(Lt)
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Computation E3π(L) diff. volumes, interpolation T → 0

E3π(L) = − lim
Lt→∞

1

Lt
log

Z+3,−3(Lt)

Z0,0(Lt)
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Two-particle scattering and scattering phase shifts

Bosonic Dispersion Relation on lattice ⇒ 2-Pion energy

E2π(L) = 2arccosh(cosh(mπ) + 1 − cos(k(L))), (1)

with k =
p1−p2

2 relative momentum (center of mass)

Two Pions in box → relative wavefunction requires correction
at the boundaries → scattering-phase shift δ [Lüscher, 1986]

Quantization condition for the relative momentum k
dependent on the scattering-phase shift δ

δ(k(L)) = −
k(L)L

2
≡ δ(L)

Strategy: Compute δ(L) by using k(L) given by equation (1)
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Scattering Phase Shifts δ(k/mπ)
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Scattering Phase Shifts δ(k/mπ) (with Sine-Gordon)
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Three-particle scattering and 3-Pion energy

3-Pion bound state energy

E3π(L) =
3

∑

i=1

arccosh(cosh(mπ) + 1 − cos(pi(L))),

with ∑i=1,2,3 pi = 0 in center of mass system

For three-particle scattering assume pairwise scattering →
quantization conditions related to the scattering-phase shift δ

Use simplest ansatz: Set

p1 = p2 = −p3/2 = −2δ(L)/L = k(L)
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Three-meson energy as function of the volume mπ

√
β fixed
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Summary and outlook

Two-flavour Schwinger model in canonical formulation

Different Meson-sectors, energy-spectrum in each sector

Finite-Volume Effects (Lüscher formula) and lattice artifacts

Scattering phase shift and 3-meson energy

Canonical formalism is generally applicable: Outlook

Can also be applied to QCD [Wenger, Alexandru, 2010]

Use better prescriptions to predict 3-Pion energy [Guo, Morris, 2018]

Phase structure of Schwinger Model

Transfermatrix T shows very interesting features by itself
(⇒ current topic of investigation)
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Thank you very much for your attention



BU-Slide: Dimensional reduction Nf=1 Schwinger Model

Consider the Wilson Dirac matrix for a single quark with
chemical potential µ (Lattice of size Lx × Lt):

M[U;µ] =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

B1 −2κP+A+1 2κP−A−Lt
−2κP−A−1 B2 −2κP+A+2

−2κP−A−2 B3 ⋱
⋱ ⋱

BLt−1 −2κP+A+Lt−1
2κP+A+Lt −2κP−A−Lt−1 BLt

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

M[U;µ] matrix of size (2LxLt)
2, building blocks of size (2Lx)

2

Bt are (spatial) Wilson Dirac operators on time-slice t,

Dirac projectors P± =
1
2
(I ∓ σz),

temporal hoppings are

A+t = e+µ ⋅ I2×2 ⊗Ut = (A−t )
−1



BU-Slide: Canonical Determinant

Canonical determinant detkM[U] → net-fermion number

Lt

α=1,2
Lx=1
³·µ

α=1,2
Lx=2
³·µ

∈ det−2 M[U] ∈ det0 M[U] ∈ det1 M[U]



BU-Slide: Ansatz

Assume canonical Partition Function can be written as

Z(nu ,nd )(T) =
∞
∑

k=0
n(nu ,nd )
k e−E

(nu ,nd )
k

/T ,n(0,0)
0 = 1

F(nu ,nd ) − F(0,0) = −T log(
Z(nu ,nd )

F(0,0)
)

= E (Nu ,Nd )
0 − E (0,0)

0 −T log(n(Nu ,Nd )
0 )

−T log

⎛

⎜
⎜
⎜
⎜

⎝

1 +∑
∞
k=1

n
(Nu ,Nd )
k

n
(Nu ,Nd )
0

e−(E
(Nu ,Nd )
k

−E(Nu ,Nd )
0

)/T

1 +∑∞
k=1 n

(0,0)
k e−(E

(0,0)
k

−E(0,0)
0

)/T

⎞

⎟
⎟
⎟
⎟

⎠

≈ E (Nu ,Nd )
0 − E (0,0)

0 −T log(n(Nu ,Nd )
0 )

−T
⎛

⎝

n(Nu ,Nd )
1

n(Nu ,Nd )
0

e−(E
(Nu ,Nd )
1

−E(Nu ,Nd )
0

)/T
− n(0,0)

1 e−(E
(0,0)
1

−E(0,0)
0

)/T⎞

⎠

lim
T→0
(F(nu ,nd ) − F(0,0)) = E

(Nu ,Nd )
0 − E (0,0)

0 = Enπ, n = Nu



BU-Slide: Spectroscopy via correlation functions

n-pion ground state energies Enπ(L) via Correlation Functions

Define connected contribution Tj and using fermion propagator G

Tj = Tr[Πj
] , with Π = ∑

x,y

G(x , t; y , t0)G
†
(x , t; y , t0)

Correlation function become increasingly more difficult

∣π⟩ → C1(t) ∝ T1

∣π2
⟩ → C2(t) ∝ T 2

1 −T2

∣π3
⟩ → C3(t) ∝ T 3

1 − 3T1T2 + 2T3

⋮

∣π6
⟩ → C6(t) ∝ T 6

1 − 15T2T
4
1 + 40T3T

3
1 + 45T 2

2T
2
1 − 90T4T

2
1 + 40T 2

3

− 120T2T3T1 + 144T5T1 − 15T 3
2 + 90T2T4 − 120T6



BU-Slide: Comparison Canonical Formulation and Spectroscopy,

n-meson energies Enπ(L̂x), β = 5.0, amπ = 0.2925(3)



BU-Slide: Dispersion Relation

Continuum Dispersion Relations for n-particle -states:

En(p) =
n

∑

i=1

√

m2
+ pi

2

Lattice Dispersion Relations for Single particle:

(2 sinh(
E(p)

2
))

2

= (2 sinh(
m

2
))

2

+ (2 sin(
p

2
))

2

⇔ E(p) = arccosh(cosh(m) + 1 − cos(p))

Lattice Dispersion Relations for n-particle states:

En(p) =
n

∑

i=1

arccosh(cosh(m) + 1 − cos(pi))



BU-Slide: Three-Particle Scattering

For three-particle scattering assume pairwise scattering →
quantization conditions related to the scattering-phase shift δ

In the center of mass system (p1 + p2 + p3 = 0) these
quantization conditions read [Guo, Morris, 2018]

cot(δ(−q31) + δ(q12)) + cot(
p1L

2
) = 0

cot(δ(−q23) + δ(q12)) − cot(
p2L

2
) = 0,

with qij =
pi−pj

2

Problem: Have no information about δ(k) for the Schwinger model!



BU-Slide: Phase Structure Schwinger Model?

Meson-number

⟨N⟩(µI ) =
1

Z
∫ DUe

−Sg [u]
Lx
∑

k=−Lx
k ∣detkM[U]∣2eµLt k µI = (F(N) − F(N − 1)) = −

1

Lt
log(

ZN,−N
Z(N−1),−(N−1)

)
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