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Lattice Measurements Matching to OPE Lattice Artifacts

Overview of Calculation

Want to study light-cone distribution amplitude of pion by
computing its moments

Can calculate moments using operator product expansion
(OPE) of hadronic tensor

U [µν] =
2ifπεµνρλq

ρpλ

Q̃2

[
C(0)
W + 〈ξ2〉6(p · q)2 − p2q2

6(Q̃2)2
C(2)
W + · · ·+O

(
ΛQCD

Q̃

)]
where

Uµν(p, q) ≡
∫

d4z e iq·z
〈

0
∣∣∣T [Jµ (z

2

)
Jν
(
−z

2

)]∣∣∣π(p)
〉

Jµ ≡ Ψ̄γµγ5ψ + ψ̄γµγ5Ψ

and where Ψ is an artifically heavy valence quark
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Correlator on Lattice

τ = τm − τe , p = pe + pm, q = (pm − pe)/2

Fix τe ,pe and allow τm,pm to vary

Fourier transforming over the spatial components gives

Rµν(τ ;p,q) =

∫
d3z e iq·z

〈
0
∣∣∣T [Jµ (z

2

)
Jν
(
−z

2

)]∣∣∣π(p)
〉
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Lattice Details

Heavy quark mass requires fine lattice spacing

Quark masses: m
(0)
Ψ ≈ 1.6, 2.5 GeV

Lattice spacings used: a = 0.060, 0.048, 0.041 fm

Cost of dynamical gauge configurations ∼ a−7 or worse

Dynamical quarks prohibitively expensive, especially for
preliminary simulation

Use quenched configurations, at least for now

mπ ∼ 560 MeV and L ∼ 1.92 fm, so mπL & 5

Wilson-clover fermions with cSW set non-perturbatively
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Ensembles Used

a (fm) L3 × T Ncfg Nsrc Light Props Heavy Props

0.060 323 × 64 450 6 2700 108,000

0.048 403 × 80 250 2 500 20,000

0.041 483 × 96 341 2 682 27,280
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Reducing Noise

At the kinematics used, 〈ξ2〉 determined by
Re
(
U [12]

)

∼ 10−2 × Im
(
U [12]

)
Since R [12](τ) ∈ iR, Im(U) comes from the symmetric part of
R(τ), and Re(U) comes from the antisymmetric part of R(τ):

Re[U(p, q)] = Re

[∫ ∞
−∞

dτ R(τ ;p,q)e−iq4τ

]
∝
∫ ∞

0
dτ [R(τ ;p,q)− R(−τ ;p,q)] sin(q4τ)

τe is fixed during calculations, and Cµν(τe , τe + τ ;p,q) is
poorly correlated with Cµν(τe , τe − τ ;p,q)
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Reducing Noise

Re[U(p, q)] ∝
∫ ∞

0
dτ [R(τ ;p,q)− R(−τ ;p,q)] sin(q4τ)

γ5-hermiticity tells us, configuration by configuration,

Cµν
3 (τe , τm,pe ,pm)∗ = C νµ

3 (τm, τe ,−pm,−pe)

This lets us compute

R(τ ;p,q)− R(−τ ;p,q) = R(τ ;p,q) + R(τ ;−p,q)

The RHS is the correlated difference of two quantities
measured at the same τe , τm, so correlated errors will cancel.
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Reducing Noise

0.0 0.1 0.2 0.3 0.4 0.5 0.6

0

20

40

60

80

τ (fm)

1 ⅈ
ℱ

-
1
[R
e
(U

μ
ν
)]
(M
e
V
2
)

Measurement of R(τ ;p,q) + R(τ,−p,q) (blue) and
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Extraction of Parameters

U [µν] =
2ifπεµνρλq

ρpλ

Q̃2

[
C(0)
W + 〈ξ2〉6(p · q)2 − p2q2

6(Q̃2)2
C(2)
W + · · ·+O

(
ΛQCD

Q̃

)]

Q̃2 = −m2
Ψ − q2, where mΨ is the (renormalized) heavy quark

mass

C(n)
W are perturbatively calculable Wilson coefficients

fπ,mΨ, 〈ξ2〉 are fit parameters

fπ, mΨ fit from imaginary part of U [µν], while 〈ξ2〉 determined
by real part

Comparing continuum OPE to discretized lattice data will
mean 〈ξ2〉 is O(a)-contaminated

Need to extrapolate this away at end of calculation
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Extraction of Parameters

a = 0.06 fm, pe = (0, 0,−1), pm = (1, 0, 1)
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Artifacts

Excited-state contamination

Lattice spacing

Higher-twist effects

Heavy pion (560 MeV)

Quenching
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Excited States (a = 0.060 fm)
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Excited States (a = 0.060 fm, τ = 0)
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Preliminary Extrapolation (m
(0)
Ψ = 1.6 GeV)
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Preliminary Extrapolation (m
(0)
Ψ = 2.5 GeV)
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Conclusions

HOPE method allows computation of moments of pion LCDA
via hadronic tensor

Amenable to lattice calculations

At finite lattice spacing, we can extract 〈ξ2〉 using multiple mΨ

Currently in the process of increasing statistics, moving to
finer lattices to facilitate continuum extrapolation

Investigating potential of this method for computation of 〈ξ4〉
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Higher-Twist Effects

U [µν] =
2ifπεµνρλq

ρpλ

Q̃2

[
C(0)
W + 〈ξ2〉6(p · q)2 − p2q2

6(Q̃2)2
C(2)
W + · · ·+O

(
ΛQCD

Q̃

)]

Twist-2 OPE is only valid up to
ΛQCD

Q̃
corrections

Higher-twist effects suppressed as m−1
Ψ

Cannot take mΨ →∞ on lattice due to O(amΨ) effects

Must do combined fit to lattice spacing and mΨ with
preliminary fit form:

〈ξ2〉data = 〈ξ2〉cont. +
A

mΨ
+ Ba + CamΨ

(a = lattice spacing, 〈ξ2〉cont.,A,B,C = fit parameters)
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