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Motivation

Sackgrounds

* Various exotic hadrons have been found from experiments
(X,Y,Z, P, etc.).

* Although there have been lots of theoretical and experimental
approaches to explain such hadrons, they are still not

understood well. [ or ?j

* On the other hand, QCD may describe all hadrons.

Our ultimate goal: reveal the properties of all hadrons
including exotic hadrons from lattice QCD
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Motivation

Recent studies on resonances In lattice QCD

meson-meson scatterings = mesonic resonances @
4 .
Finite volume method HAL QCD method
well Investigated ;
e p [M. Werner et al,, 2019] I=-I P—Wave i P
s o, fo. f, [R. Briceno et al.,, 2018] (Cf Y Akahoshi’s talk)
* x, K* [G. Rendon et al., 2020]
\_
| | 00
meson-baryon scatterings =+ baryonic resonances (9)
(
Finite volume method HAL QCD method
|1=3/2 P-wave Nz = A none

[S. Paul et al., 2018] C?)ut this method may be efﬁcie@

[C. W. Andersen et al., 2017] for meson-baryon systems!




Motivation

All-to-all propagators in the HAL QC

D method

e JO Investigate meson-baryon scatterings that have resonances,

we need all-to-all propagators.

* One-end tricK . roster, C. Michael, 19991
. very efficient for the HAL QCD method

with all-to-all propagators.
¥ (cf. Y. Akahoshi's talk)

As a first step -

o
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« S-wave NK scatterings <= check the effectiveness of
the one-end trick for meson-baryon systems

o |=3/2 P-wave Nr scatterings <= extract A resonance
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Motivation

Our plan

C D : today’s talk

(s-wave NK (LO) )

Examinations of the effectiveness of the
one-end trick for meson-baryon systems

G=3/2 P-wave Nz with A source (LO)) = \\e are here
Simulation at a heavy pion mass
to see A as a bound state

O=3/2 P-wave Nz with A and Nz sources (NLOD

Simulation near the physical point using the
one-end trick to see A as a resonance

[Other resonances or pentaquarks)
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HAL QCD method

ldeas of HAL QCD method

[ N. Ishii, S. Aoki, T. Hatsuda, 2007]

NBS wave function

P¥(r) = (0] 0,(x + r,0)0,(x,0) | 2H, W)

(|2H, W) ---two-hadron states with energy W)
partial wave (0,(x + 1r,0), 0,(x,0): hadron op.)

decomposition sin(kr — +z + 8'(k W= J 4[4 mD
- YV ( R ot B .

F—00 kr N\

phase shift

k2
- (——H())\Pw(r) B U ey
2U ] .

X

non-local potential
We can obtain a potential for two-hadron states

from NBS wave functions
9




HAL QCD method

HA

QC

D method on lattice

&
F(t,r) = (0| O;(xX + 1,1+ 1)) O5(X, T + 1) f(_to) |0)

‘ 1= |2H,W)Q2H,W,| + -

= > W"(r) QH, W, | (1) |0) ™" + -

NBS wave function

n
’ T (W, =+/ky + mi ++/k; + mj)

It Is hard to extract a ground state
if the system contains baryons.

10



HAL QCD method

Time-dependent HAL QCD method
[ N. Ishii et al., 201 1]
R-correlator (AW, = W, = m, —m)

R(t,r) = = ZAn PWo(r) e AW + (inelastic)

e —mlte _mzt

n

elastic term satisfies
2

k
2

n —_— n

1 +36°
‘ = AW? + AW, + O(AW?) ‘

S

m + my 143520 0 3. R(r' .
< _ —H())R(r, ) ~ |d°r U, r)R(@', 1) + O(AW))
S8u odr* ot =00

Once the Inelastic states are supressed, we can derive the
potential even when the excited states remain in R(¢,r).

11
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1st step: NK interactions

About NK systems

e K'p (I=1), K'n— K%, I =0)

e S-wave NK = j = 1/2-

 no quark annihilation diagrams in NK system

=P all-to-all propagators play a role in increasing statistics

« NK for 1(J") = 0(1/27),1(1/27): candidates for the channels of

©7(1540) pentaquark | cos colap. 2003]
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1st step: NK interactions

Brief review of one-end trick

[M. Foster, C. Michael, 1999]
: stochastic method that can be

applied to only meson operators . space

Q(Xla tl)*

1 & |
— 1 ~ < Z plr) @ plro)

r=1

q(X,, 1) Il

. -
time

1 N
~ ~ Z (D%, 1) & ((D—l},SFTﬂ[r](fo))T(Xz, fz)?’s)

r=1

=P Solving Dyl = "W gnd pEFIt) = 5 17y,

we can calculate 2 all-to-all propagators using | noise vector!

14



1st step: NK interactions

Strategy for calculating all-to-all propagators in NK

 One example of quark contractions for I[=1
one-end trick (x,y: summed 1z, fixed)

Q \ automatlcally
)

time t+ 1, tO All-mode averaging (AMA)

using independence of z,
[E. Shintani et al., 2015]
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1st step: NK interactions

Setup

PACS-CS, (2+1)-flavor configurations (gauge fixed, 400 conf.)

a = 0.0907 fm on 32° x 64 lattices at m_~ 570 MeV, m; ~ 710 MeV
and my ~ 1400 MeV

smearing quarks at the source

leading order analysis in the derivative expansion of the
non-local potential

1 /14350 0
( _Z_ HO>R(r, ) + O(AW?)
R(r, 1)

LO —
Vo ) = 8u 02 o
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1st step: NK interactions

Results: potentials

(t=10 (blue), 11(green), 12(red))

I=0 I =
5000 % 5000¢
=0, t=12
40t i [P
4000¢
> 3000}
=
S
:O;é 2000
1000¢t
— X AR ———————— 0
0.0 0.5 1.0 1.5 2.0 2.5 0.0 . _ '
r [fm] r [fm]

e independent of t
=P inelastic states are suppressed, LO analysis is good
e repulsive core for both7=0and 71=1

e shallow attractive pocket at middle distances for 7=0

e both potentials go to zero at long distances
17



1st step: NK interactions

Results: phase shifts (red: I =0, blue: I = 1)

10
0‘ 
~10
o o
S —20 b
'e]
_30| ™ LQCD (So1, t=12) |
B LQCD (S1q, t=12) LA |
—40¢ ®  Experiment (Sp1) | 9 b
$  Experiment (S17)
=05 200 200 600 300 1000

Pjap [MeV]
Experiment: INS GW Data Analysis Center [SAID] (http://gwdac.phys.gwu.edu/)

e consistent qualitatively with the experimental ones
=P one-end trick is good for meson-baryon systems
* N0 bound or resonant states

=P \We could not find ®*(1540) at m_ ~ 570 MeV.
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o 2Nd step: Nx Iinteractions with A sources
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2nd step: Nz interactions with A sources

About Nz systems

e P-wave Nz =9 jF =3/2%

e |=3/2,JF =3/27 Nz =9 A(1232)

3-pt correlation function

Foj (r, 1) = (77 (r + X, ON,(x, DA (1))

where

A5t = = ) €apeliy(y: 1)U (1L (. 1))l (Y 1)
y
_ 1
AIT/Q(Z‘O) - — _3 Z €abc[\/§(l/_lb(ya tO)FZﬁZ(ya t()))l/_la,O(ya tO) + (l’_tb(ya tO)F+I/_lZ(y7 t()))ﬁa,l(ya tO)]
y

_ |
AJ_T/Z(Z‘Q) = % Z Gabc[\/z(ﬁb(y, to)rzl/_tcT (¥, 1), 1 (Y, fp) + (#,(y, to)_ii, (y, t0)id, oY, 1) ]
y

A*1,(t) = ) €ancly(y. 1)L (Y. 1))t 1 (¥ 1) | .
y <Fi = EC(Vz tiy), I', = —CJ/3>

\/5
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2nd step: Nz interactions with A sources

Quark contraction diagrams

P
o A
X |k
(i
| / ) e ()| Z
AMA using
independence of x + - @
T
d
X+7Tr
W
tim; { t() tO

< : (conventional) stochastic estimation

z . summed, x : fixed, r : spatial coord. of NBS w.f.
21



2nd step: Nz interactions with A sources

Quark-antiquark pair and sink smearing

 We usually use point quark sinks, but -

1000
X {
R e "‘:‘ ,".’{"I. T {(
- ¥ B, [ ‘ ax i | 'igd: 1}
x| ' ' ' 1

0-

—1000¢

—2000¢

V59 [MeV]

—3000¢ X

k N potential (point sink)(t=6)

—000——3(55 050 0.75 1.00 1.25 150

r [fm]
It 1Is Impossible to fit this potential!
What does this behavior come from?

22




2nd step: Nz interactions with A sources

Quark-antiquark pair and sink smearing

e quark-antiquark pair has a singular behavior
In short distances according to OPE

1
Fr o) ~ (q0)G0) « — = V()  —

r—0 13 r—~0 r?
e we consider P-wave

1
F(r,t) x =Y, ,.(Q)
r3

sharp structure produces
the spreading behavior!

(The same thing happens in =1 P-wave zz system)

(One of the solutions to this problem: sink smearing)

23




2nd step: Nz interactions with A sources

Setup

« CP-PACS+JLQCD, (2+1)-flavor configurations
(gauge fixed, 50 conf.)

. a=0.12 fm on 16° x 32 lattices at m_ ~ 870 MeV

e smearing quarks at the source and the sink
e leading order analysis In the derivative expansion

o my ~ 1820 MeV, m, ~ 2030 MeV from 2pt functions

= £, ~ 660 MeV (?)

24



2nd step: Nz interactions with A sources

Results: potentials

o 2000
— fit function w/ centrifugal (t=6)
1500} | | | | |
—1000¢} 1000}
- ——fit function (t=6)
S —2000} $ potential (t=6) [ s 200}
Q d — i . . Q
= 100 : g
g 4 of | = 0
- i —200¢} D =
B —3000 - 22 -500¢}
> >
—300}
—4000} —1000¢
—400f
—1500F
—5000f —>0 ‘ | |
o 8.0 0.5 1.0 1.5 —>000}
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
r [fm] r[fm]

the spreading behavior disappears!

* INaing energy Eb 729 11 MeV - larger than 660 MeV

due to the smallness

of the volume
25



Conclusions

 We Investigate meson-baryon interactions in the
HAL QCD method with all-to-all propagators.

« We study S-wave NK interactions and see the
effectiveness of the one-end trick for meson-baryon
systems.

« We are analyzing |1=3/2 P-wave Nz interactions with

A sources at a heavy pion mass to see A as a bound
state.

20



Future works

« Nz with A sources on a larger volume at a

ighter pion mass
= A as a bound state

o 3rd step: Nz with A and Nz sources (NLO)

near the physical point using the one-end trick
=P A as a resonance

e 4th step: Other systems
= Other resonances, pentaguarks

27
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Two main methods to analyze
hadron scatterings

F Finite volume method \ / HAL QCD method \

[M. LUscher, 1991] [ N. Ishii, S. Aoki, T. Hatsuda, 2007]
. derive interaction potentials from the

. extract phase shifts using boundary
NBS wave functions ¥%(r)

condition in the finite volume

e good at meson-meson o very efficient for systems
systems iIncluding baryons
/\
e difficult for systems [ no need to extract ground states ]
including baryons e very large computational cost
/\ /\

hard to extract the energy need for the dependences of the
INn such systems relative position between 2 hadrons

\_ AN %
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Detailed numerical setups

S-wave NK

» take summation of 4 timeslices ¢, to increase statistics
. €each component of 4-pt corr. is projected onto A irreps

« Smear quark sources using smearing function f, z(x) at (A, B) = (1.2,0.19)

for u quarks and (A, B) = (1.2,0.25) for s quarks

r

Ae BN (|x| < £50)
fapX) =141 (|x]=0)
L—1
P-wave Nz & (Ix]2=)

o take summation of 32 timeslices ¢, to increase statistics

. 4-pt corr. Is projected onto H, irreps

. Use smearing function f, x(x) at (4, B) = (1.0,0.38) for source quarks and

(A, B) = (1.0,1/0.7) for sink quarks

30



Detailed numerical setups

() = nx) (x+y+z=sy (mod?2)) o =01
OtherS { 10 x+y+z=s,+1 (mod2)y 4~ 77

A

* diluted indices Iin one-end trick: time, color, spinor, s2 (spatial)

* AMA: 8 spatial points (0,0,0),(0,0,L/2) --- (L/2,L/2,L/2), ¢ = 107*

About configurations

« CP-PACS/JLQCD, (2+1)-flavor confs.: CP-PACS/JLQCD Collab.. 20061
renormalization-group improved lwasaki gauge action

+ nonperturbatively O(a) improved Wilson-clover quak action

« PACS-CS, (2+1)-flavor confs.: 5)cs.cs colian. 20091
renormalization-group improved lwasaki gauge action

+ nonperturbatively O(a) improved Wilson-clover quak action

31



All quark contraction diagrams In NK
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|=0 potential [MeV]

NK potentials and their breakups

o t=12

I=0
50
% eI
40 | ({) _HO
b —og/at
30}
} (1+362%)/8u(s%/at?)

1 potential [MeV]

Crfm]

33

I=1
50 P
bV
401 —H b —Hp
ol | ‘?'j! P —/at
i | (1+362)/8u(0%/at?)
®

0.0 0.5 1.0 1.5 2.0 2.5



0 potential [MeV]

o0

o))

S

N

Fitting results for NK interactions

e fitting function: 4 Gaussians

=0 =1
5000
100 ' . 100
ool g0l t |~ fit function (t=12) —— fit function (t=12)
1 60} S
00} =
Z.3000|
©
C
00 £ 2000}
o
I
00} = 1000 3.0
0 . 0 .
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5
r [fm] r [fm]
y*/dof = 0.27(0.09) y*ldof = 0.65(0.19)
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Sink smearing and the singular behavior

3pt function at z=0, t=6 and a = 0 (real part)
(hormalized s.t. maximum value=1.0)

w/ point quark sinks w/ smeard quark sinks

(=]
N
v
6) (real)

7
(=]
N
v
6) (real)

e the sharp structure Is smeared by the smeard quark sinks

35



Phase shift results for Nz

Interactions with A sources

100F

50

120} ~ . BN LQCD (t=6)
-—- —-180°

100

80

60

6 [deq]

40,

20

0

0 100 200 300 400 500 600
Etn [MeV]

0 20000 20000 60000 80000

Etn [MeV]

e sharp rise followed by gradual fall

° 5(Eth — OO) —>

— 180° =9 1 bound state
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stochastic estimation

n(x)a --- noise vector that satisfies
<<77()C)a77*(y)ﬂ>> xy ab 05,5

n(x)an*(x)a =1 (for all x, a, a)

Propagator D~! can be written as

gx)e——g(y)p = D™ (x, )% — Z D~ (x, 2)%5..6.,0

b ay“zy~c

C,Y»Z

— ZD I(x, z)“c<<n(z)m*(y)ﬁ>>

C,Y.<

= <<(D‘1n)(X)gn*(y>ﬁ>> = () ()p)
b b

=y

37



stochastic estimation

1 ab __
& D7xy) = lim Z Yo O

(y---solution ) D(x. y)iw(y)s = n(x)a)
b.p.y ’

Therefore, D~! can be estimated by

1 r
—1 ab ~ %
D™ (%, y)yp ® N z,l/f[r](x)gn[,,](y)i

noisy estimation: very noisy <= y(x)« itself has O(1) error

== | this noise can be reduced
by using “dilution”

38



stochastic estimation (+ dilution)
ex) time dilution

decompose the noise vector

N~1 N
1(x)a = 2 T (j)(x)g where 7Y(x)a = {"(x)ff (forj =1
J=0 a0  (forj+#rp
_ﬂ(f =0) _n(t =0) 0 | 0
nt=1) 0 nt=1) 0
nt=2) = n 0 N n(t =2) N

- O O
-
-

=) =) =n2(?)

39



stochastic estimation (+ dilution)

ex) time dilution

D7,y = Y, D706 D (@ ()p))
¢ b

C,Y.<
N,—

1
= 2,072 X (P @m 0m)
0 i b

Ca}’,Z ]’k=

j # k terms are noisy parts, not signals

N~1
= ) D7'(x, 2% Y (' D@m P ()p))
j=0 : -

C,Y.<

40



stochastic estimation (+ dilution)

ex) time dilution

> D'(x, )% Z (((l/f(’)(X)an(”*(y)ﬁ>>

J=0 *
(2 DGy 0p = nO(x)a)

b.p.y b

Therefore,

D' (x, )b ~ Z > l/f[(,f])(x)an[(,{])*(y)ﬁ

Pr=1 j

41



ohe-end trick [

A Space

M. Foster, C. Michael, 1999]

qp(Xq, 1) — o
C

yI = ZD_l(Xl,tl;y, tI'D~(y, 1y: Xy, 1)
4 y

qo(X,, 1))
a

. -
time

= ) Y DX 152, 1), 8, B, )TD T (¥, 1, X0 1)

Y Zt,t, (t) (t)* 1 N [7](¢,)) [r]1()T
= (" @n) =5 2 Al @

r=1

(mgg(fo)(x, t)=20 =[] (%))

t.ly—a,a

(EELETTY)) = 6,404,40xy)

1 N
~ Z Z D_l(Xl, tl; Z, tz)<N Z n[r](to)(z, tz) 0% r,[l’](to)Jf(y, ty)>FD_1(y, ty; X,, t2)
r=1

Y Zi.
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ohe-end trick [

M. Foster, C. Michael, 1999]

Using ys hermiticity,

1 N
N Z <Z D_l(Xl, t; Z, fz)i’][r](to)(Z, tz)) 0 <Z ;,,[I’](toﬁ(y, fy)FJ/5D_”(y’ ty; X5, tz)y5>
r=1 Z.t Y

== D OO x,, 1) @ (O Ty, 1))

Therefore, solving 2N linear equations

Dl//[i’](fo) — ;,][V](fo)
Dg[”](t()) — },SFT;?[F]U())

1 N
Z G(X, 15y, 1) G(Y, 1y; Xy, 1)) = N Z l//[r](to)(xla ) ® (f[r](tO)T(Xza 15)Ys)
y r=1
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All-mode averaging (AMA)

general iIdea: Covariant approximation
averaging (CAA)

O[U] -+ observable that is covariant under symmetry G

S 0O[US]1=08[U] forallgeG
(ex) G -+ translation x - x + a)

We define

1 1
OlUT = — Y O[U#] = — » 08U
G gel G gel

(N --- number of the element of G)

his variable satisfies
(OLU]) =(OglU]L) (- (0o1U#]) = (o1U1))
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All-mode averaging (AMA)

general iIdea: Covariant approximation
averaging (CAA)

o“wrdy] -+ approximation of G which reduces

computational cost

and we introduce

Oéappx)[U] _ Z O@PPII 8] = Z O@PPRE[ ]
8€G geG
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All-mode averaging (AMA)

general iIdea: Covariant approximation
averaging (CAA)

Improved estimator is defined by

O(iml?)[ Ul = O[U] — O(aPPX)[ Ul + Oéappﬂ[ U]

and this satisfies
(0P[U]) = (O[U]) = (0“PPI[UT) + (OFPPV[U])
= (0'“rPIIU])

= (O[U])

46



All-mode averaging (AMA)

All-mode averaging

O(AMA) — O[S(all)[U]]

1
(AMA) __ (all)
ot =N ) O[s“heu]

geG

spectral decomposituon

where / for low mode
N
(S“b), = Y — (b)), + (f(H)D),
k=1 bt
Ncc relaxed stopping criterion

F(H)b = Z (H')c, €~ in the CG method
=1

47



All-mode averaging (AMA)

strategy for all-mode averaging w/o low modes

C(U,z,): correlation function at gauge conf. U with the

hadron source operator at z,

clrro(U; z): approximated correlation function at

gauge conf. U with the hadron source opeTator at z,

oy relaxing stopping condition

|| Dy —s]||/||s]| < e In BICG solver




All-mode averaging (AMA)

strategy for all-mode averaging w/o low modes

1. For each gauge conf., we calculate C(U;z,) and

ClPrI(U; z,) for some z,.

qu: Z())
C Iapp XI( Us;|z,)




All-mode averaging (AMA)

strategy for all-mode averaging w/o low modes

2. Tranlate z, and calculate C'*P¥(U;z,) at each source

point.
CPr(; Z,)
¢ 4 4 Z4 4 4 4  J
Z3 @

Crr(U; Z,)




All-mode averaging (AMA)

strategy for all-mode averaging w/o low modes

3. The improve estimator is constructed from C(U; z,)

and {C“PPY(U;z)}i0y..n

N,

. ] &
(imp) _ . __ (appx)(17. . (appx)(T17.
CV"P(U) = C(U;zy) — CPPY(U; z) 4 Y E CPP(U; z,)

S =1

this satisfies

NS
(COUY) = (C(U: 7)) — (CPPIU; 7)) + Nizl (COrPIU; )

= (CP(U; 7))

= (C(U; zy))



Quark contractions in 1=3/2 N

with Nz sources
] ) ]

P 15 P
X+r @ \:}/ \@ Z X++r
() —(d)
+ T
Xﬂ@> ] 2 y Xﬂ
(W) —— i

point-to-all + stochastic+ one-end trick
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