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1. Background
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𝟐𝝂𝟐𝜷

𝟎𝝂𝟐𝜷

1935, Double beta decay



Why are decays important?
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(1). Understanding Neutrinos:
Majorana fermions or Dirac fermion?
Absolute mass scale
Hierarchy order

(2). BSM: lepton-number violation (LNV)

1937: 𝜈 ൌ 𝜈 ?



Cuore
130Te

Experiments

5

EXO-200
136Xe

KamLAND-Zen
136Xe

Gerda
76Ge



Experiments
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Collaboration Element 𝑻𝟏/𝟐/
𝟏𝟎𝟐𝟓 𝐲𝐞𝐚𝐫𝐬

Gerda Ge >9
MAJORANA Ge >2.7

CUPID-0 Se >0.24
CUORE Te >1.5
EXO-200 Xe >1.8

KamLAND-Zen Xe >10.7

1. GERDA Collaboration (M. Agostini et al.) , Science 365 (2019) 1445
2. S. I. Alvis et al., Phys. Rev. C 100, 025501 (2019)
3. O. Azzolini et al., Phys. Rev. Lett. 120, 232502 (2018)
4. C. Alduino et al., Phys. Rev. Lett. 120, 132501 (2018)
5. J. B. Albert et al., Phys. Rev. Lett. 120, 072701 (2018)
6. A. Gando et al., Phys. Rev. Lett. 117, 082503 (2016)



Theoretical study

7/25

V. Cirigliano, W. Dekens, J. de Vries,M. L. Graesser, E. Mereghetti(2019)  arXiv:1806.02780

Summarizes on recent advances:

Connecting very high BSM scale to nuclear scale, through a 
chain of different theories. (SM-EFT, Lattice QCD, ChEFT, many 
body theory……)

Lattice QCD plays an important role in this chain.



The role of Lattice QCD
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Lattice QCD:
Calculate matrix element 
𝑝𝑝𝑒𝑒 𝐻ௐ 𝑥 𝐻ௐ 0 𝑛𝑛 from first-

principle theory (QCD) 

ChEFT:
Match ChEFT with LQCD to get 
low energy constants(LECs), and 
then derive the two-body nucleon 
operators.

Many body theory:
Use two body operators as input 
for a many-body nuclear matrix 
element.

Quark scale
(QCD) 

Nuclear
scale

V. Cirigliano, W. Dekens, J. de Vries,M. L. Graesser, E. Mereghetti(2019)  arXiv:1806.02780



2 LQCD calculation: decays in pion sector
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𝜋𝜋 → 𝑒𝑒
(X. Feng, L. Jin, X. Tuo, S. Xia, PRL122 (2019) 022001, arXiv:1809.10511)

𝜋ି → 𝜋ା𝑒𝑒
(X. Tuo, X. Feng, L. Jin, PRD100 (2019) 094511, arXiv:1909.13525 )

0𝜈2𝛽 decays 
in pion sector



Master formula ( ି ା )
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Decay amplitude:

Divided into hadronic part and leptonic part:

Master formular:

Lattice QCD

Massless propagator

Leptonic factor𝑇௟௘௣௧
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Master formular

𝐻ሺ𝑥ሻ can be calculated on lattice:

Subtraction term of vacuum is the LO term (trivial) in ChEFT:

vacuum contribution
(Cirigliano, Dekens, 
Mereghetti, Walker-Loud, 
PRC97 (2018) 065501)

Vacuum

Type 2Type 1



Major difficulty: Finite volume effects
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𝐻 𝑥 ：From finite volume lattice

𝑆଴ሺ𝑥ሻ：Long distance propagator is far beyond the range of lattice.

Big FV effects ~𝑂ሺ ଵ
௅೙ሻ



Traditional method: ௅
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Use propagator without zero mode:

Then calculate the correction term analytically:

𝑆௟௔௧ 𝑥 and 𝑆଴ሺ𝑥ሻ are very different:

𝛿ொா஽ಽ 𝐿 ~𝑂ሺ
1

𝐿௡ሻ

Z. Davoudi,  M. Savage Phys. Rev. D 90, 054503 (2014)

Physical propagator

𝑄𝐸𝐷௅ propagator



New method IVR: Infinite volume reconstruction
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FV effects come from hadronic function:

So we do not change leptonic propagator,

instead we correct hadronic function.



New method IVR: Infinite volume reconstruction
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IVR method：

Divide spacetime into two regions: inside the box and outside the 
box.

Using ground state dominance, 𝐻ሺ𝑥ሻ outside the box can be 
reconstructed by lattice data.

X. Feng, L. Jin, PRD100 (2019) 094509, arXiv:1809.10511

Lattice

|t|

|x|

𝛿ூ௏ோ𝑡௦

L 

IVR
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𝐴ூ௏ோ ൌ න 𝑑ସ𝑥 𝐻 𝑥 𝑆ሺ𝑥ሻ
௧ ழ௧ೞ

൅ න 𝑑ସ𝑥 𝐻 𝑥 𝑆ሺ𝑥ሻ
௧ வ௧ೞ

Ground state dominance：
𝐻ሺ𝑡 ൐ 𝑡௦ሻ can be reconstructed
by 𝐻ሺ𝑡 ൌ 𝑡௦ሻ

Lattice data

Lattice

|t|

|x|

IVR

𝛿ூ௏ோ𝑡௦

L 

New method IVR: Infinite volume reconstruction
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2. 𝛿ூ௏ோሺ𝐿ሻ can be determined by 𝜋 form factor easily.

𝛿ொா஽ಽ 𝐿 ~𝑂ሺ
1

𝐿௡ሻ

Advantages of IVR:

1.Smaller FV effects
𝐴 ൌ 𝐴ூ௏ோ ൅ 𝛿ூ௏ோሺ𝐿ሻ

𝛿ூ௏ோ 𝐿 ~𝑂ሺ𝑒ି௠௅ሻ

New method IVR: Infinite volume reconstruction
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Enhancement of FV effects due to VV+AA
In 𝜋ି → 𝜋ା𝑒𝑒 , FV effects is enhanced: cancellation of VV and AA part.

Although                              and not sizable in VV, it’s sizable in 
VV+AA. 

We should also consider 𝛿ூ௏ோሺ𝐿ሻ! 

IVR result:
L=24 and L=32

𝛿ூ௏ோ 𝐿 ~𝑂ሺ𝑒ି௠௅ሻ
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In IVR method, 𝛿ூ௏ோሺ𝐿ሻ can be determined by 𝜋 state easily. 

Long distance physics dominate FV effects,  and can be well 
described by 𝜋 state in finite volume.

𝜋 state in finite volume L:

New method IVR: Infinite volume reconstruction

𝑟గ ൌ 0

𝑟గ ് 0

Lattice data
vs.
𝜋 state in finite volume:

consistent
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In IVR method, 𝛿ூ௏ோሺ𝐿ሻ can be determined by 𝜋 state analytically:

𝛿ூ௏ோ 𝐿 ൎ 𝛿ூ௏ோ
గ 𝐿 ൌ 𝐴ூ௏ோ

గ 𝐿 → ∞ െ 𝐴ூ௏ோ
గ ሺ𝐿ሻ

New method IVR: Infinite volume reconstruction

𝑟గ ൌ 0

𝑟గ ് 0

Analytical calculation

Lattice data
vs.
𝜋 state in finite volume:

consistent
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In IVR method, 𝛿ூ௏ோሺ𝐿ሻ can be determined by 𝜋 state analytically:

𝛿ூ௏ோ 𝐿 ൎ 𝛿ூ௏ோ
గ 𝐿 ൌ 𝐴ூ௏ோ

గ 𝐿 → ∞ െ 𝐴ூ௏ோ
గ ሺ𝐿ሻ

New method IVR: Infinite volume reconstruction

Analytical calculation

Correct hadronic function:

1. IVR

2. IVR+𝛿ூ௏ோ

How does it work?



Compare FV effects of different methods

22/25

𝑄𝐸𝐷௅

IVR

IVR+𝛿ூ௏ோ

𝑄𝐸𝐷௅

L=24L=32



Lattice setup
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Domain Wall fermion,
Iwasaki+DSDR action, 
RBC-UKQCD

Iwasaki action

𝑎



Matching with ChEFT
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1. 𝜋𝜋 → 𝑒𝑒 ChEFT：
(Cirigliano, Dekens, Mereghetti, Walker-Loud, PRC97 (2018) 065501)

Lattice QCD（𝑄𝐸𝐷௅，only statistical error）：
(X. Feng, L. Jin, X. Tuo, S. Xia, PRL122 (2019) 022001, arXiv:1809.10511)

2. 𝜋ି → 𝜋ା𝑒𝑒 ChEFT：

Lattice QCD（IVR，statistical error + systematic error） ：
(X. Tuo, X. Feng, L. Jin, PRD100 (2019) 094511, arXiv:1909.13525 )



3 Conclusion
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1.New method：we use IVR൅𝛿ூ௏ோ to correct FV effects. This method 
can be easily generalized to other problems.

2.In pion sector, we present a first calculation of 0𝜈2𝛽 decay from 
Lattice QCD；From two different processes, we get coincident value 
of 𝑔ఔ

గగሺ𝑚ఘሻ

(X. Feng, L. Jin, X. Tuo, S. Xia, PRL122 (2019) 022001, arXiv:1809.10511)

(X. Tuo, X. Feng, L. Jin, PRD100 (2019) 094511, arXiv:1909.13525 )


