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Notation

Spacetime dimensions

D=d+1

spatial dimensions

A, B o C . °°° Background gauge fields

a, b, C, **+ Dynamical gauge fields



Differential form
Wedge product

dx* A dx¥ = — dx¥ N dx*

p-form
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Exterior derivative d
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which satisfies d(dA?) = 0
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Hodge dual
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Differential form
f isclosedif df = 0
f is exact if fis express as f = dg

(dg is always closed because d? = ()
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Stokes theorem[ df — J f
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Conservation law
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Ordinary symmetry
Ex) U(1) symmetry
U(1) charge O = Jddxjo = J j
Time Independence .
d |
EQ = [ddxaojo = — [ddeij’ =0
Unitary operator
U,M?) = e @ (g=e
@(x): charged field
U, MYP(x)U, (M%) = e'“p(x) = V,p(x)



Ordinary symmetry
U,(M?) = @ (g = ) satisfies
Product UU, = U,
Unitobject 1 .=U,_ U, x1=1xU,=U,
Inverse UU,.1 = U, U, =1
Associativity U,(U,U,) = (U,U,)U,,-

This works for general group G



Graphical representation
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Time independence



Graphical representation
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Inverse U, MU, (M%) = U,,«(M%) =1



Graphical representation
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Associativity: (U, U, )U, = U, (U, U, )



Graphical representation
Symmetry generator is topological

d —
. M p M+ 0X
o Md ox X




Graphical representation

Charged object
U, p(x)U,-1 = V,p(x)

representation matrix
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Brief summary

Symmetry generators Charged objects
=d dimensional topological objects = 0-dimensional objects
labeled by group elements transforms under G

d
UMb «h(x)
Charged object transforms under G
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p-form symmetry

Charged object: p dimensional object

Symmetry generators:

(d — p) dimensional topological objects labeled
by group elements.

Ex) In 2+1 dimensions

O-form symm. 1-form symm. 2-form symm.
d—p=2 d—p=1 d—p=0

symmetry O o
generator

charged

object ® O




0-form symmetry
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p-form symmetry

charged object
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p-form symmetry(p > 1) is abelian

iyt
J0=00-Ul-{



Ex) U(1) gauge theory
R 1
S = —Jd X4—82 //wf — —[2—62fA*f
Maxwell equations
0,f*=0 = dxf=0

e*r°a,f,,=0 m— df =0
Conservation of electric and magnetic fluxes
U1 x UMY symmetries

£ Uy=e ¥y, = e lsS



Application

Spontaneous symmetry breaking (SSB)

eTopological order (abelian type)
as higher form SSB

e Photons as Nambu-Goldstone bosons

Anomaly and symmetry protected
topological phases



Nambu-Goldstone bosons
Spontaneous symmetry breaking

O-form symmetry breaking
[1m (T (0)(0)) = (¢ (X))(h(0)) # 0
X—> OO

Off-Diagonal Long-Range Order ¢ o

two points are
a boundary of line

(P (X)) = (Pp(x)ePP(y))

Phase of different point is correlated.



Nambu-Goldstone bosons
Spontaneous symmetry breaking

O-form symmetry breaking

M (pipO) £0 oo

X— OO

1-form symmetry breaking
lim (W(C)) # 0
C—o0

p-form symmetry breaking

lim (W(MmP)) + 0

MP— oo




Nambu-Goldstone bosons
Spontaneous symmetry breaking G — H
O-form symmetry breaking

Coset variables G/H Mauler-Cartan form

0-form : o PO+0X) o, =ip(X) — Lllyc® — pllc]
breaking % l(p(X) g
(U(1)) S =4

Redundancy: ¢(x) — ¢(x) + 2x
Effective theory § = — I(f’%j A *j + )

Current conservation law
d*j=d*dr =0 => gapless



Nambu-Goldstone bosons
Spontaneous symmetry breaking G — H
p-form symmetry breaking

Coset variables G/H Mauler-Cartan form
ifMa(p) eifaXa(p) — eifXj
€ j=da?

Redundancy: a'” — a'P + dj
Effective theory § = — I(f’%j A *j + )

Current conservation law
d*j=d*da=0 => gapless



Ex) U(1) gauge theory

lim (e''c®) £ 0 U(l)g] is broken

C—-o0

Photons are NG bosons

Low-energy effective theory
. 1
5 = —[fijf\*]= —Jz—ezf/\*f

2 —
where /; =



Ex) SU(N) gauge theory
|
S=—[d4x—trfA*f f=da—iaANa
292
has Z, 1-form symmetry.
Order parameter

(W) = (tre')c?) ={ Area law (unbroken)

Perimeter law (broken)

Z y is a discrete symmetry,
so that no NG modes exit,

when Z,, is spontaneously broken.



Topological order



Topological order
Characterization of topological order

® Degeneracy of ground state depending on topology

e Anyon statistics

¢ Long range entanglement
e Stability of local perturbation

Low energy effective theory
= topological gauge theory, like BF theory

k
=—Jb/\dd
2T

A typical topological order has a higher-form
symmetry and it is broken.



Example: Fractional quantum Hall system

k 1
Seft = JaAda | [A/\da
47 2r

a: dynamical one form gauge field
[ A: external U(1) gauge field

» ki integer
Magnetic field (T)
Figure from Nobelprize.org

| | k dA
Equation of motion: da 4 = ()

2T 2T
5. 1 1 dA

Current: J = — —daq = ——— fractional Hall effect

O0A 27 k 2r


http://nobelprize.org

Example: Fractional quantum Hall system

Effective theory: Cherns-Simons

k
S = [a/\da

A7

one-form Z,symmetry g — g + ; di =0 J'/l € 2n/

Charged object Wq — e“” a

Symmetry generator Un — emf a



Example: Fractional guantum Hall system
Anyon statistics

timeI ) J = <|> P .

| -’Cﬂ \

T

e’ is exchange phase




Example: Fractional guantum Hall system

Ground state degeneracy

‘O ) = ‘ ) trivial
O can be nontrivial




Example: Fractional quantum HaII system
->@ S =+

= U, U,U;"'|Q) = T U, | Q)




U,U,UT' Q) = e/ U, | Q)

iImplies the ground state degeneracy

Suppose Ul_1 | Q) = eie\ﬂ)
(QU,|Q) = (QU,UUT Q) = e T(Q| U, | Q)

> (Q|U,|Q) =0

| Q2) and U, | Q) are different state
(ground state degeneracy k¢ fold)



Example: Superconductor

Seff = 2J'(d(p — ka) A\ * (do — ka)
k = 2: charge of Cooper pair

Low energy effective theory is Z;, gauge theory
P2 > 00 W y — ka =0

1
Seft = JcA(an ka)
2T
EOMof ¢ dc =0 -}czdb

—k



Example: Superconductor

k
Seﬂ=—[bAda

27

charged object symmetry generator

One form symmetry
2D

k

Two form symmetry
12
b — b A
k

Brading statistics(Aharonov-Bohm phase)

time
= U-PJ: o
ST

a — a-




Anomaly

Under a background gauge field,

a current is not conserved



Background gauging
=Network of symmetry
defects




Couples to background gauge field

In a lattice theory, gauge field corresponds
to G valued link variable U/ = ¢!/

sy, ;
B ¢ ) —o—| o
: U 2 U g . & ® &2
—¢ - —o— | o
Ug 1 81

equivalent to network of
symmetry defects (Poincare dual)

For a discrete symmetry,

—1r7—1 _ 1 - :
UglngUg3 Ug4 = | is necessary (flat connection),

e., 12,8587 =1



Gauge transformation
=V
Redefinitionof ¢ | | = |

8

induces change of network (gauge transformation)

85 85
¢ ® ® ® ® ® ® — ®
4 84 s 4 84857 s
¢ ® ® : ® ® g2g3‘
®
81 82 83 81 82 83
¢ ® ® ® ® ® ® ®




For flat connection Junction is topological

2.9 8182
=

82 81 £

For non flat connection
Junction is not topological



't Hooft anomaly

Partition function Z|A| = [D¢eiS[A]

under background gauging

IS not invariant under gauge transformation

Z[A] = Z[A + dA] = Z[A]e'?WA) £ Z[A]

The difference is just a phase factor ¢4



Projective representation
as 't Hooft anomaly
Consider quantum mechanics,
whose partition !‘unction is Z = tre PH

ZIA] = e PU, U, == Z[A+dA] =tee MU,

[ T 11 218
E2——

— ,lo(g1,8))
If Ug1 ng — € o Uglgz’

Z[A +d)) = e *®18)Z[A] anomaly



— plw(g,8)) -
u, U, =e™ 552U, , needs to satisfy
associativity: (U, U, )U, = U, (U, U,)

* 00(8182:83)110(81,82) — ,iW(81:8283)+10(87,83)

* 5V (gy, 82, 83) 1= 0(85, &3) — (8182, 83) + (g, 8283) — (g, g) =0

Under U, - eia’(g)Ug * @(g1,8) — (g, &) — 6Vw (g1, )
where 569w(g,, g)) := w(g,) — 0(g,8,) + w(g;)

53 5@ = () is satisfied.
5(3)C()(g1, g29 g3) — O and a)(gla 82) ~ 0)(81, gz) — 5(2)a)(g1, g2)

ker 6 ,
=P (51.8) € - = H%(G, U(1))
im 6




Projective representation
iImplies nontrivial ground state

— plw(g1,8)
Suppose Uglng = e'V\o152 Uglg2

and the ground state | (2) is unique.
| Q) is an eigenstate of U,, U,|Q2) = e8| Q)

Ug1 ng | Q) = ol 0(81)+iw(gy) | Q)
eia)(gl,gz) Ug ¢ ‘ Q) — eia)(gl,gz)+ia)(g1g2) ‘ Q)
251
Q) = ¢i@(81:8)-1670(81.8) | ()

Projective representation means
w(g,8,) — 6Yw(g,, g,) is nontrivial.

This contradicts the assumption.



More generally, if the theory has
an 't Hooft anomaly,
the ground state cannot be trivial.

eSpontaneous symmetry breaking

e Topological order
oCFT



Ex) U(1) gauge theory
5 =-— Jif/\ *f

2e?
Background gauging

1
S|Bg, Byl = — ,[Z_ez(f_BE) A * (f — Bg)

1
| 5 [(f_BE)ABM
T

This is not invariant under B,, — B,, + d/A

1
SBg, Byl = By, Byl - - JBE A dA
/A



Symmetry protected topological phase

. Trivially gapped phase,
but iIf there is a boundary,
the boundary theory has an anomaly.

Total theory Z|A ], = ZIA]lpukZlAlboundary
is gauge invariant Z[A + dA] .1 = ZIA ] a1

Boundary and bulk theories are not
ZIA + dlpoundary = €' " ZIAlvoundary

ZIA + dA), . = e CPAIZIATL



Symmetry protected topological phase

The partition function has a nontrivial phase
factor in a background gauging Z[A| = eV A)
Assign a phase on junctions
818283 818283

8182

g1 : 81 .
p 53 gauge trans. .
2
82
— ¢~ 10(81:8) o ~1(8182:83) — o 10(82,83) o ~i(81,8283)

dPw (g, 82 &) = w(gy, 83) — W(818). &3) + (g1, 8,83) — @(8, &) = 0

Redefinition of U, w(g.8,) - o(g.8) - dPw(g;, g)
» w E HZ(G U(l)) The same classification as anomaly

In quantum mechanics




Anomaly inflow

gauge trans.
gl —iw(g1.82) ; za)(g1 gz)e za)(g1 82)
82




Example U(1) gauge theory

Zboundary[BEa Byl = J@ae i31a.Bg.By]

_ -+ [.dB.AB
Zpu[Bg, By = €27 'x PPy

Under gauge transformation

Zboundary [BE’ BM + dA | = Zboundary B E> BM le 2 I Bpd?

Zbulk[BE’ BM

dA] = Zy| B BM]EZL”I‘”( Bpnds

Zboundary[BE, By1Zy | Br, By,| is invariant.



Summary

Global symmetry:
Topological object
labeled by group element

o () -

Useful as well as the usual symmetry
symmetry breaking, 't Hooft anomaly, etc.




Further directions

Algebra of topological objects
labeled by group elements
= higher groups
= Talk by Yokokura and Tiwari

Algebra of topological objects
labeled by something
= higher categories






