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Mystery of Flavor

◼mystery of Standard Model

⊃ mystery of “Flavor”

• Origen of 3 generation

• Origen of mass hierarchy

• Origen of flavor mixing

• Origen of CP violation
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Discrete symmetry 
broken by VEV of 

“flavon”

e.g.) 𝐴4
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• Origen of 3 generation
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• Origen of flavor mixing

• Origen of CP violation

Discrete symmetry 
broken by VEV of 

“modulus” 𝜏
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Modular symmetry
Compact space

e.g.) 𝐴4

𝑀𝑖𝑗(𝜏)Φ𝑖Φ𝑖

𝑀′
𝑖𝑗(𝜏′)Φ′𝑖Φ′𝑖

𝑀𝑖𝑗(𝜏) → 𝑀′
𝑖𝑗(𝜏′)

𝑀𝑖𝑗(𝜏)



We observe
4D space-time

Superstring theory
10D space-time

Compactification from superstring theory
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6D compact space

× ×=

𝑇6 = 𝑇2 × 𝑇2 × 𝑇2(ex)



4D CP transformation
10D proper Lorentz

transformation

4D CP embedded in 10D proper Lorentz
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× ×=

𝑇6 = 𝑇2 × 𝑇2 × 𝑇2(ex)

6D transformation Λ6
detΛ6 = −1

⊃
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4D space-time with 2D torus T2
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𝑇2 ≃ 𝑪/Λ

𝛼1 = 2𝜋𝑅

𝛼2 = 2𝜋𝑅𝜏

modulus 𝑧



4D space-time with 2D torus T2
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𝛼1 = 2𝜋𝑅

𝛼2 = 2𝜋𝑅𝜏

modulus 𝑧𝑧′

𝛼′1 = 2𝜋𝑅

𝛼′2 = 2𝜋𝑅𝜏′

Λ2:4D CP
𝑧 → 𝑧′ = − ҧ𝑧,
𝜏 =→ 𝜏′ = − ҧ𝜏

detΛ2 = −1

P. P. Novichkov, J. T. Penedo, S. T. Petcov and A. V. Titov, 
JHEP 1907, 165 (2019) [arXiv:1905.11970 [hep-ph]].

⊂ 6D proper Lorentz



4D space-time with 2D torus T2
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𝛼1 = 2𝜋𝑅

𝛼2 = 2𝜋𝑅𝜏

modulus 𝑧
𝛼′2 = 2𝜋𝑅𝜏′

𝛼′1 = 2𝜋𝑅

modulus 𝑧

𝑇: 𝜏 → 𝜏′ = 𝜏 + 1Modular symmetry

⊃ Finite modular subgroup  Γ𝑁 (ex) Γ3 = 𝐴4

In fact, modulus 𝜏 is fixed

CP symmetry may be violated (𝜏 =→ − ҧ𝜏)

⇓
Many flavor models

𝑆: 𝜏 → 𝜏′ = −
1

𝜏

𝑀𝑖𝑗(𝜏)

𝑀𝑖𝑗(𝜏) → 𝑀′
𝑖𝑗(𝜏′)

𝑇



Modulus stabilization
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𝐺 = 𝐾 + ln 𝑊 2𝑉 = 𝑒𝐺 𝐺𝜏ത𝜏
−1 𝐺𝜏

2 − 3

Model 1) 𝑊 = Λ 𝑌1
𝐴4,𝟒(𝜏) Model 2) 𝑊 = Λ 𝑌1

𝐴4,𝟒(𝜏)
−1

𝐾 = − ln 𝑖 ҧ𝜏 − 𝜏

Supergravity potential

Minimum at Re[𝜏] = 0,
1

2

T and CP invariant𝐴4 model
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T and CP invariant

𝑊 =

𝑚

𝑐𝑚𝑞
𝑚 𝑞 = 𝑒2𝜋𝑖𝜏

|𝑊|2~(𝐶0 + 𝐶1 cos 2𝜋Re[𝜏])
±1

CP symmetry seems to be 
violated  (𝜏 → − ҧ𝜏)

𝐴4 model

|𝑞| ≪ 1

In General



Re[𝜏] = 0,
1

2
⟹ 𝑞 ∈ 𝐑

Re[𝜏] ≠ 0,
1

2
⟹ 𝑞 ∈ 𝐂

CP violation in modular invariant flavor models
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Re[𝜏] =
1

2
⟹ 𝑀𝑖𝑗 = 𝑚𝑖𝑗(𝑞) 𝑒

−𝜋𝑖(𝑘𝑖+𝑘𝑗)/𝑁

𝑇: Φ𝑖 → 𝑒2𝜋𝑖𝑘𝑖/𝑁Φ𝑖 , 𝑀𝑖𝑗 → 𝑒−2𝜋𝑖(𝑘𝑖+𝑘𝑗)/𝑁𝑀𝑖𝑗

𝑀𝑖𝑗 = 𝑚𝑖𝑗(𝑞)𝑒
−2𝜋𝑖(𝑘𝑖+𝑘𝑗)𝜏/𝑁

𝑚𝑖𝑗 = 𝑚𝑖𝑗𝑒
−2𝜋(𝑘𝑖+𝑘𝑗)Im[𝜏]/𝑁 ∈ 𝐑

𝑊 ⊃ 𝑀𝑖𝑗(𝜏)Φ𝑖Φ𝑖 Modular invariant

vanished after 
rephasing

Φ𝑖 → 𝑒−𝜋𝑖𝑘𝑖/𝑁Φ𝑖
⇒There is no physical phase

Re[𝜏] = 0,
1

2
dose not break CP symmetry

T invariance 

∪
𝑞𝑛 𝑛 ∈ 𝐙𝑞 = 𝑒2𝜋𝑖𝜏



We have studied the CP violation in modular invariant 
flavor models through the modulus stabilization.

• The CP and T invariant potential has the minimum at 
Re[τ] = 0 or 1/2.

• Under the T invariance, there is no physical CP phase 
through rephasing.

Therefore, the T invariance prevents the CP violation.
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Conclusion



Thank you for your attention
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