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Motivation

・ Quark sector (Weak mixing):

・ Lepton sector (Large mixing):

PDG (‘18)

What is the principle to control flavors of quarks/leptons ?
It gives us a hint of beyond SM
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・ Non-Abelian discrete flavor symmetries (such as 𝑆3 , 𝑆4, 𝐴4, 𝐴5 )

－Useful to reproduce the data, in particular, the lepton sector

・ Discrete flavor models require the existence of gauge singlet scalars  
(so-called flavons) whose VEVs determine the flavor structures.

・ Alternative approach to derive such flavor symmetries ?

－ Modular symmetry

𝑦𝑖𝑗(Φ)𝑄𝑖𝐻𝑈𝑗

Non-abelian discrete flavor symmetry
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𝑆𝐿 2, 𝑍 modular symmetry

=

𝑻𝟐 𝝉

𝟏

𝝉 + 𝟏

𝟎

𝜏 ≡ 𝑒𝑦/𝑒𝑥 :  modulus parameter of 𝑇2 = 𝑅2/Λ

・ Lattice vectors are related under the modular trf.:

𝑒𝑥

𝑒𝑦

𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝒁, 𝑎𝑑 − 𝑏𝑐 = 1

𝑒𝑦
′

𝑒𝑥
′ =

𝑎 𝑏
𝑐 𝑑

𝑒𝑦
𝑒𝑥
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𝑆𝐿(2, 𝑍) modular trf.

𝑇 ∶ 𝜏 → 𝜏 + 1

Two generators : 𝑆 ∶ 𝜏 → −1/𝜏

Γ ≃ 𝑆, 𝑇 𝑆2 = 1, 𝑆𝑇 3 = 1}

𝜏 ≡
𝑒𝑦

𝑒𝑥
→ 𝜏′ ≡

𝑒𝑦
′

𝑒𝑥
′ =

𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
= 𝑅(𝜏)
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・ 𝑆𝐿(2, 𝑍) modular group includes finite non-abelian discrete groups

－ After imposing 𝑇𝑁 = 1, 

・ Differences between flavon models and modular flavor models

－Yukawa couplings have non-trivial representations
under modular flavor symmetries

－Modulus VEV breaks the modular flavor symmetry 

Non-abelian discrete groups in 𝑆𝐿(2, 𝑍) modular group

𝑆3, 𝐴4, 𝑆4, 𝐴5 for 𝑁 = 2,3,4,5
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Γ ≃ 𝑆, 𝑇 𝑆2 = 1, 𝑆𝑇 3 = 1}

Feruglio, 1706.08749



Congruence subgroups

𝑆3, 𝐴4, 𝑆4, 𝐴5 for 𝑁 = 2,3,4,5
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𝑆𝐿 2, 𝒁 ≃ {
𝑎 𝑏
𝑐 𝑑

, 𝑎𝑑 − 𝑏𝑐 = 1}

Feruglio, 1706.08749

𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝒁



After compactifying on toroidal background (orientifold), 
we would obtain the modular invariant effective action. 

Question :

Discrete modular group in the string effective action ?
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○ Modular Symmetry in Type IIB flux vacua

Keyword : Flux compactification
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arXiv:2001.07972 with T. Kobayashi
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・ Let us consider the following flux-induced superpotential

Setup : Type IIB string on toroidal orientifold 𝚷𝐢=𝟏
𝟑 𝑻𝟐

𝒊
/𝒁𝟐

Minimum: 

=

𝑻𝟐
𝒊

𝝉𝒊

𝟏

𝝉𝒊 + 𝟏

𝟎

𝝉𝒊 : Complex structure of 𝑻𝟐
𝒊

𝑀,𝑁 : Flux quanta
𝜏 : Axio-dilaton

A. Hebecker, P. Henkenjohann, 
L. T. Witkowski, 1708.06761 
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・ Let us consider the following flux-induced superpotential

Setup : Type IIB string on toroidal orientifold 𝚷𝐢=𝟏
𝟑 𝑻𝟐

𝒊
/𝒁𝟐

Minimum: 

=

𝑻𝟐
𝒊

𝝉𝒊

𝟏

𝝉𝒊 + 𝟏

𝟎

𝝉𝒊 : Complex structure of 𝑻𝟐
𝒊

𝑀,𝑁 : Flux quanta
𝜏 : Axio-dilaton

When 𝑀 = 1, the moduli space is enlarged to 
0 ≤ Re(𝜏1) ≤ 𝑁 due to 0 ≤ Re(𝜏2) ≤ 1

A. Hebecker, P. Henkenjohann, 
L. T. Witkowski, 1708.06761 



・ Indeed, the modular symmetry of torus is partially broken by fluxes

― Fundamental region of the first torus:

Re(𝜏1)

Im (𝜏1)
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・ Indeed, the modular symmetry of torus is partially broken by fluxes

― Fundamental region of the first torus:

・ When we introduce the flux 𝑁 (𝑆𝐿 2, 𝑍 → Γ0(𝑁))

𝑁 = 5 𝑁 = 12
13

From 1708.06761 

Re(𝜏1)

Im (𝜏1)

Re(𝜏1) Re(𝜏1)
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・ Cancellation condition of D3-brane charge:

න 𝐶4 න
𝐶𝑌

𝐶4 ∧ 𝐺3 ∧ 𝐺3

𝑀𝑁 = 32 − 2𝑛𝐷3 ≤ 32

・ Fluxes are even integers:
(3-cycle volume on 𝑇6 is divided by the corresponding cycle on 𝑇6/𝑍2)

𝑀,𝑁 ∈ 2𝒁

Consisntency conditions for fluxes



𝑀𝑁 = 32 − 2𝑛𝐷3 ≤ 32

・ Possible congruence subgroups on 𝑇6/𝑍2

𝑀,𝑁 ∈ 2𝒁
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・ What happened when we consider D-brane   
configurations accommodating the SM? 

16



・ Quantization condition of fluxes

・ Cancellation conditions of D-brane charges severely 
constrain the possible congruence subgroups

𝑻𝟔/(𝒁𝟐× 𝒁𝟐) Toroidal Orientifolds with D3/D7-branes
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・

𝑀,𝑁 ∈ 4𝒁



・ Discrete modular group can be realized in the EFT of 
Type IIB string on toroidal orientifolds with fluxes

―severely constrained by the quantization of fluxes
and cancellation conditions of D-brane charges

・ Higher-dimensional orbifold (𝑇4 or 𝑇6 etc. )
(Discrete groups of 𝑆𝐿 4, 𝒁 and 𝑆𝐿 6, 𝒁 ?)

・ Modular symmetry beyond toroidal orbifold ?

Conclusion

Discussion

18



𝑻𝟔/𝒁𝟐 Toroidal Orientifold

・ Coordinates on 𝑇6 ≃ 𝑇1
2 × 𝑇2

2 × 𝑇3
2

𝑥𝑖 , 𝑦𝑖 (𝑖 = 1,2,3) with 𝑥𝑖 ≡ 𝑥𝑖 + 1, 𝑦𝑖 ≡ 𝑦𝑖 + 1

𝑇𝑖
2 :  𝜏𝑖
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・𝜏𝑖 parametrizes the shape of torus 
(complex structure moduli)

・ 𝑍2 : (𝑥𝑖 , 𝑦𝑖) →−(𝑥𝑖 , 𝑦𝑖)

64 O3-planes at 64 fixed points of 𝑍2 action
19

× ×

× ×

(𝑖=1,2,3)



𝑻𝟔/𝒁𝟐 Toroidal Orientifold

𝑉flux =
1

4𝜅10
2 (Im 𝑆)

න
𝑇6
𝐺3 ∧∗ 𝐺3

・ Background three-form fluxes :

𝛼∗,, 𝛽
∗: Basis of 𝐻3(𝑇6, 𝑍)

e.g., 𝛼0 = 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3Flux quanta (Input data)

・ Flux-induced scalar potential, depending on 𝜏𝑖 and axio-dilaton 𝑆
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𝐺3 = 𝐹3 − 𝑆𝐻3



𝑻𝟔/(𝒁𝟐× 𝒁𝟐) Toroidal Orientifold

・ Coordinates on 𝑇6 ≃ 𝑇1
2 × 𝑇2

2 × 𝑇3
2

・ 64 O3-planes at 64 fixed points of  
・ 4 𝑂71-planes at the fixed locus of
・ 4 𝑂72-planes at the fixed locus of
・ 4 𝑂73-planes at the fixed locus of
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𝑧𝑖 = 𝑥𝑖 + 𝜏𝑖𝑦𝑖



𝑻𝟔/(𝒁𝟐× 𝒁𝟐)Toroidal Orientifold

・ Magnetized D(3+2n)-branes 

(D3-, D5-, D7-, D9-branes can consider 0, 1, 2, 3 nonvanishing fluxes)

・ # of chiral zero-modes at the intersection of D-branes
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𝑻𝟔/(𝒁𝟐× 𝒁𝟐)Toroidal Orientifold

・ Cancellation conditions of D-brane charges
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・ Fluxes are quantized in multiples of 4 (without discrete torsion)
(due to the 𝒁𝟐 × 𝒁𝟐 orbifold)

𝑀,𝑁 ∈ 4𝑍


