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1 Introduction

We have a big question since the discovery of muon.
What is the principle to control flavors of quarks and leptons ?
Symmetry Approach: S;, A,, S,, A; ...

New approach appears by using Modular group

® Flavor symmetry is originated from the modular invariance.
® Flavor symmetry acts non-linealy (Modular forms).

® Quark / Lepton masses and mixing depend on a modulus T,
which is stabilized by some unknown mechanism.

Talk by T. Yoshida, H. Uchida



2 Finite modular groups
S 17— 2 |
R —T, Duality q2 _ 1. (ST)S = 1.

T : 7 — 7 + 1. Dicrete shift symmetry

Modular group
['={S T|S?=1(ST) =1}
Modular group has series of subgroups N(N) level N

Imposing ) b b 1 o *
congruence condition I'(V) = {( . d ) € SL(2,2). ( o ) = ( 0 1 ) (mod N)}

ad —bc =1 called principal congruence subgroups

generate

ry= F/T(N) quotient init
discrete group N (N) quotient group finite group
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We can consider effective theories with 'y, symmetry.

Loss E@qﬁ(l) ¢(n) f (1), pD: non-trivial rep. of Ty

[ f67) = (er+a)f(r) . 7 ET() |

Modular forms have been explicitly given for some cases with fixed weight k.

On the other hand, chiral superfields are not modular forms
and we have no restriction on the possible value of weight k;, a priori.
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Modular transformation of chiral superfields in MSSM
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Modular forms with weight 2 are given by using Dedekind eta-function.
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n(r) = q1/24 (1—q¢") _ Eﬂm"r
Dedekind eta-function ( H 1

n(=1/7) = V=irn(r),  n(r+1) =™ y(r)
d

Y(a, B,7,0|T) = g (alogn(t/3) + Blogn((t+1)/3) +vlogn((t+2)/3) + dlogn(37))
a+pB+9+0=0
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(SIS _i: S Y(a,B.7.8|T) = 7Y (8,7, B, a|T),
T 7y JTF 1 T: Y(a,B8,7,0|7) = Y(v,a, 3,0|T).
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Consider level N=3, T3=1 : A, group
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Yi(=1/7)
Yo(—=1/7)
Ya(=1/7)

F. Feruglio, arXiv:1706.08749

A, triplet of modular forms with weight 2
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= Tf"p(S) Y5 Yo(r+1)

Yi(7+1)

B

T transformation

Ya(
Y5 (
Ya(

54 =S

)
)
)

(v £ (L) e 2 27?;%:%))\
2 /3 T =0 T wE+2/m  aen )
) = 2 (L0 T ey
’ m \n(r/3) " n(m+1)/3) T (T +2)/3)
S () D) | T+ 2)/3)
S (S e ) Y
4 7 - 2902 19,3 2miT )
Yi(r) = 1+12¢g+436¢° 4 12¢° + - - - q—¢€
lal<1 Ya(r) = —6¢"(1+7q+8¢>+---), P
_ Ya(1) = —18¢*2(1+2¢+5¢°+---). Y, +2}1}3:0)

) |



3 Modular A, invariance as flavor symmetry

Consider both quarks and leptons in modular symmetry.

A, assignments: left-handed doublet 3 right-handed singlets 1, 17, 1’

Wy, = &'-uucHu-Y:_{f}Q =+ .ﬁuCCHuY?)Q + Tu-tCHuY?JQ
Quarks 2) 2) )
Wy = &ddCHdYg Q + ..BdSCHdYE} Q + ?’dbcHdYS Q
Charged Lepton  w. = ae“Hy Y L+ B H VoD L+~ 7 HyYa L

ag 0 0\ /Y Y3 Y, Simple mass matrix
M qg — 0 3(] 0 }/2 Yl }/3
00 ) \¥s v vi/,, Can Modular forms reproduce

for both up- and down-quarks CKM by fixing modulus T ?

Real prarameters o, B q» V4 areresponsible for quark mass hierarchy.



What is a Principle of fixing modulus T ?

¥ Modular stabilization (non-perturbative effect, model dependent)

Some models indicate the potential min.imum Talk by H. Uchida
at the boundary of fundamental domain.

% Fixed point of T  Residual symmetry

@ Z,:T =i @ Z;:T =-1/2+/ 3/2i
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0.5l Fundamental domain|of T | P.P.Novichkov, S.T.Petcov and M.T,

[ on SL(2,Z) : PLB 793 (2019) 247, arXiv:1812.11289
0.0 ————

-1.0 -=0.5 0.0 0.5 1.0
Re[tau]



Fixed points of T

T(t — 7+1) preserved: <T>=00ij(q=0) (Y,,Y,,Y3;)=(1,0,0)
Z;: {1, 7,73

S(7 — -1/7) preserved : <T >=i (q=e2") (Y,,Y,, Y3)=Y,(i) (1, 1-V 3,-2+J 3)
Z,: {1,5}
Yi(r) = 1+412¢+36¢* +12¢° + - -,
Yo(T) = —6¢"3(1+7q+8¢*+---).
Ys(1) = —18¢*2(14+2q+5¢* +---).
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Zyi TYMIM,T = MIM, = [T.M!M,]=0

. Z,: STMIM,S=DMIM, = [S,M/M]=0 )

Mixing matrices diagonalise )/!)/, also diagonalize

] T and S, respectively |



1 0 0

pT)=1 0 w 0

2 2 -1 0 0 w?
Eigenvalues (I,-1,-1)

| R R

Define the new basis of generators, S and 71" by a unirary transformation as:

S—uUsut, T=UTU' "= Ny, — MU'

Since one can take the diagonal basis of S or T, both ﬂ-fjﬂ-fq (q=u,d)
could be diagonal if there is a residual symmetry Z, or Z; of A,.

Hierarchical flavor structure is realized around 7 =i or oo in general !

a, 0 0\ [V Y3 Vi . .
M, = (oq G 0) (}3 i Ys) at<z>=i (Y,,Y,, Y3)=Y,() (1, 1-/3,-2+/ 3)
RL

q ~q
YB '}/2 Yi at<z‘>=i00(q=0) (YI ,YZ,Y3)=(I)0’0)

/‘J}..eq

0
0 Vub is inconsistent with data

) Too simple !
even if T is scanned.
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Let us consider Modular forms with higher weights k=4, 6 ..
# of modular forms is k+1

aq b]
Welght 2 Y (2) _ ;,;1 (az) &® (bz) = (albl + agzbs + agbz)l 5= (Cﬁgf?g + a1by + 3251)1*
3 Modular forms CH as/ 5 \bs/ 4
};3 53 (azbz + 0315?3 + (1-351)1”
2&151 — ngg — (Igbg agbg — a-gbg
Modular forms with higher weights are © 5 | 20bs — arby — b1 | &< | aabs — azby
constructed by the tensor product of 2a3b2 — arby —azby / ashy — arbs/
modular forms of weight 2
1o1=1, 1el'=1", 1"e1"=1, 1o1"=1.
J.T.Penedo, S.T.Petcov, Nucl.Phys.B939(2019)292
YWV =v2+ony,, YW =vieony,, YU =Vi+ViYi=0,
Weight 4
5 Modular forms Y2 —Y2Y;
Y= |-y
Ha
Y =V 4V 4V -3y,
Weight 6 _ ’
7 Modular forms y,® YE 4211 YsYs y,© Y2 4211 YaYs

Yéﬂ) _ YZ(G) _ }/12Y2—|—2Y22Yg : Y(S?) _ }/??’2}/1_'_21%12)[2
11 YB(G) Y12Y3+2Y32Y2 Y«_}:(G) Y;?YQ-I-QYQQK

Il
[ I
—
[=>]
—




12

4

A lesson in Quarks and Leptons

Quark Sector
Q | (d°,se,6¢) | (ue, et t°) | Hua| Y | Y, YO

SU©2) || 2 1 1 2 1 1

A, 3 | (17 1| (. 1" 1" 1 3 3, 3

k|| =2 | (0,0, 0)) [l(=4. =4, —4)| O |k=2| k=6

ag 0 0\ /Y] Y3 Y,
Mg= {0 Fa 0] Y2 Y1 13 Weight 2 modular forms

0 0 v/ \¥s ¥2 Vi),

a, 0 0 |7 }71{6) }/:3{6) }72(6) gui O 0 }/’1:(6) }/?3:(6) }{2:(6) —l
M, = 0 B, O }/‘2(6) }/‘1{6) }3(6) + 0 G O Y-%(G) Y—lf(ﬁ) }%(6)

7 AN C P 00 g/ \B® KO O/,

Weight 6 modular forms

After removing parameters a_, B, Y, by inputting quark masses,

we have 3

complex parameters in addition to T (8 real parameters).

We set ¢,,=9,,=9,3 - 4 parameters <4 CKM elements are reproduced.
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Lepton Sector

Common modulus 7 for both quarks and leptons

L (€2, pe, 7°) H,|Hs | Y?, Y
SU@2) | 2 1 2 | 2 1
A, 3 (1, 17,1 1|13 {311}
Kk || =2 (0, 0, 0) or(—4, 01012 4
o 0 0 }rlﬂfi) ﬂ(ﬁ] }/2{5} }/f;{ﬁ] }{d’{ﬁ) 1,’2’{53 -|
M = o, (n Be 0) DA Rl Ao @ A L
0 0 7, };ﬁﬁ) Y‘gﬁﬁ'] }/I{G} 1{3{5] }fg{f') YL{E'J JRL
1
w, = —E(HHHHL-LYE,k})l Weinberg operator by using weight 4 modular forms
PRt Pl C 100 010
M, = || -y 2n® v ?ﬁ” 00 1 +@Y§i” 1 00
Y@ _y@ gy @ 010 00 1)
x 0 0
At T =1 (S symmetric limit) M. = 0 x x
0 x X
Input of 4 observed values: 8 |,, 0,3, 6,3, Am?%_/Am?

output: 0 cp,<m_ >, Zm,



lepton @ lepton
® quark @ quark

[. quark / lepton ]
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5 Summary

We present a A, modular invariant model

with common T for quarks and leptons
by using weight 2,4 and 6 modular forms.

« Modulus T is common in both quarks and leptons close to T =1.
« Quark Mass matrices is consistent with observed CKM matrix.

. Lepton mass matrix is consistent with 3 observed mixing angles
NH is favored. (IH is not allowed).

By imposing common T for quarks and leptons,
Ocp, <M,.> and Z m; are predicted.

New approach for Quark-Lepton unification with modular invariance !
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Back up slides



Alternative assignment of weight for quarks

[ C C k
Q) (fi‘laﬁi’:z-.(i'z) Hq Yé )
SU(Z) 2 1 2 1

Ay 3 (1, 17, 1’) 1 3
—kj —32 (_—4, —2, U) 0 | k=2,4,6

}ng} }:1{4} Y, (4)
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2D torus (T#) is equivalent to

parallelogram with identification of confronted sides.
T? [
T

~ Two-dimensional torus T2 is obtained
- as T2=R2/ A
A is two-dimensional lattice

o 1
The shape of torus is represented by a modulus 7 € C.

@ @ The different value of T
realize the different shape of T'?
T=T T=T;

- Legr dependson . eg) LoD Y (1) + -

» 4D effective theory depends on a modulus 1
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Modular transformation

The shape of a torus T? = The shape of a lattice on C-plane

T

12

o 1
Two-dimensional torus T2 is obtained as
T2=R2/ A

A is two-dimensional lattice,
which is spanned by two lattice vectors

(x,y)~(x,y)*+n,a,+n,a, o ,=2mR and «a,=2nR T

T =« , | @ | is a modulus parameter (complex).

The same lattice is spanned by other bases under the transformation

ay \ [ a b (o ad-bc=1
o )\ c d aq a,b,c,d are integer SL(2,Z)
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N
at +b

Modular transformation
cT + d
y

T=azla| T—_:’Tf:
\_

Modular transf. does not change the lattice (torus)

-

4D effective theory (depends on 1)
must be invariant under modular transf.
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The modular transformation is generated by S and T .

[ , (YT—f-b]
T — T =

ct +d
1

G. = T:7—7174+1

—_

1

Dicrete shift symmetry

(c4)=G D

duality

(20)= (% o)




2
Kinetic term of the modulus T |0,7|
(=it +1i7)?
Modular transformation - Sziz,ad —bc=1

B numerator
B (ad,t)(ct + d) — (at + b)(ca,7) _(ad—=bc)o,t Oyt

d, 7" = — — K
(ct + d)? (ct + d)? (cT + d)?

B denominator
_(at+b)(ct+d)—(aTt+b)(ct+d) (ad—bc)(t—7T) 1—7
) ez +d]* T Jer+dr v +df?

! ff

2 2
|auT!| _ |6#T| . .
(—it' + iT')2 — (—iT + iT)2 Modular invariant
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Superstring theory IOD The extra 6D
Our universe is - should be compactified.

Torus compactification

@& @&@

Two-dimensional torus T

Compactification
10D

We get 4D effective Lagrangian by integrating out over 6D.
5= fd4xd6y Liop = fd4x Lett

‘ L.sr depends on the structure of @

» 4D effective theory depends on internal space



Input : charged lepton masses and three mixing angles at GUT scale

Effect of RGE depends on tan 8, My,sy, threshold effect ....

Output : CP violating phase 0 ., (PDG)

0.006 ————————————— s
350F ; S |
300l . 0.005 | |
250 i 0.004] ! T

= 1*0 | o.m}zf:___i+ _________ *
100, 0.001f | |
S0} [ : L
: 0000t L
0t 0.00 002 003 0.04 0.05 0.06
0.002  0.003  0.004  0.005  0.006 .
. Ilzchl
Ipubl
(tan 8 =5, M =1 TeV)
0.5537 0.6135 0.5631 0.4857 0.6859 0.5419
Vil = 1 0.8110 0.2439 0.5317 | V.| = 10.8198 0.2382 0.5208

0.1889 0.7511 0.6326 0.3034 0.6876 0.6596



