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GW Astrophysics

↓


GW Cosmology
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We can probe  
the very early Universe 
or High Energy Physics.



What is the secondary GW?
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What is the secondary GW?

• Inflation produces 
scalar and tensor (1st-order) perturbations 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What is the secondary GW?

• Inflation produces 
scalar and tensor (1st-order) perturbations 
 

• (2nd-order tensor) = (1st-order scalar)^2 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Enhanced scalar perturbations
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Dynamics 

Enhanced primordial  
curvature perturbations 
are allowed at small scales.

In a radiation-dominated (RD) era, 
the source decays. 
In a matter-dominated (MD) era, 
the source does not decay.

x ⌘ k⌘
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Relation to PBH scenario
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Motivation (What we do)
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The secondary GW power spectrum is obtained  
by multiple integral of an oscillatory function.
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“universal part”

describing time evolution primordial quantity
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“universal part”

describing time evolution primordial quantity



Details (1/3)
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For definiteness, consider w = 1/3  (RD era).
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For definiteness, consider w = 1/3  (RD era).
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For definiteness, consider w = 1/3  (RD era).
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See also [Espinosa, Racco, Riotto, 1804.07732]
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Consider (for simplicity) a scale-invariant spectrum
P⇣(k) = const.
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RD



General cases

!13

ln k
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Enhancement in the MD era
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<latexit sha1_base64="sY2VqnkIbK3HB5EKuT696ivpXhM="></latexit><latexit sha1_base64="sY2VqnkIbK3HB5EKuT696ivpXhM="></latexit><latexit sha1_base64="sY2VqnkIbK3HB5EKuT696ivpXhM="></latexit><latexit sha1_base64="sY2VqnkIbK3HB5EKuT696ivpXhM="></latexit>
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<latexit sha1_base64="KIrIeiwKkp7OTUubuSVuAHF2qj8="></latexit><latexit sha1_base64="KIrIeiwKkp7OTUubuSVuAHF2qj8="></latexit><latexit sha1_base64="KIrIeiwKkp7OTUubuSVuAHF2qj8="></latexit><latexit sha1_base64="KIrIeiwKkp7OTUubuSVuAHF2qj8="></latexit>
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MD → RD

RD → MD

Scale-invariant primordial spectrum is assumed as a simple example.
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Summary

• Secondary GW is induced by primordial curvature 
perturbations.   (important e.g. in PBH scenarios)

• We analytically calculated the universal part of  
the power spectrum of the secondary GW.

• Applicable to GWs induced in  
RD, MD, and more general cases.

• Please use our results to write your papers!
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Appendix:

More quantitative explanations

• Basic things

• Radiation-dominated (RD) era

• Matter-dominated (MD) era

• More general cases
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For definiteness, consider w = 1/3  (RD era).
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Analytic Calculation
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For definiteness, consider w = 1/3  (RD era).
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Calculable GW spectrum
Example 1 in RD: Monochromatic case P⇣(k) = A⇣�(log k/k⇤)
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Analytically



Calculable GW spectrum
Example 2 in RD: Scale-invariant case 
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P⇣(k) = A⇣
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Enhancement in MD era
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Next, consider w = 0  (MD era).
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Next, consider w = 0  (MD era).
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!24

Next, consider w = 0  (MD era).
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Calculable GW spectrum
Example 1 in MD: Monochromatic case 

!25

⌦GW =
3

25

✓
k⇤
aH

◆2
 
1�

✓
k

2k⇤

◆2
!2

A2
⇣⇥(2k⇤ � k)

<latexit sha1_base64="UNA3SEV3A587/iroR6raoY/MwcM="></latexit><latexit sha1_base64="UNA3SEV3A587/iroR6raoY/MwcM="></latexit><latexit sha1_base64="UNA3SEV3A587/iroR6raoY/MwcM="></latexit><latexit sha1_base64="UNA3SEV3A587/iroR6raoY/MwcM="></latexit>

Example 2 in MD: Scale-invariant case with a cutoff

P⇣(k) = A⇣�(log k/k⇤)
<latexit sha1_base64="JosQBY922HoZ4AkvkG3OrjMNMKQ="></latexit><latexit sha1_base64="JosQBY922HoZ4AkvkG3OrjMNMKQ="></latexit><latexit sha1_base64="JosQBY922HoZ4AkvkG3OrjMNMKQ="></latexit><latexit sha1_base64="JosQBY922HoZ4AkvkG3OrjMNMKQ="></latexit>

P⇣(k) = A⇣⇥(k
max

� k)
<latexit sha1_base64="wLdXhgg47zo5aQx9pCsybmCCSEY="></latexit><latexit sha1_base64="wLdXhgg47zo5aQx9pCsybmCCSEY="></latexit><latexit sha1_base64="wLdXhgg47zo5aQx9pCsybmCCSEY="></latexit><latexit sha1_base64="wLdXhgg47zo5aQx9pCsybmCCSEY="></latexit>

⌦
GW

=
A2

⇣

14000

✓
k

aH

◆
2

⇥

8
<

:

⇣
1792k̃�1 � 2520 + 768k̃ + 105k̃2

⌘
(0 < k  k

max

)
⇣
1� 2k̃�1

⌘
4

⇣
105k̃2 + 72k̃ + 16� 32k̃�1 � 16k̃�2

⌘
(k

max

< k  2k
max

)
<latexit sha1_base64="qbKNTUMTyIHfDf7ETuus/EM4pCk="></latexit><latexit sha1_base64="qbKNTUMTyIHfDf7ETuus/EM4pCk="></latexit><latexit sha1_base64="qbKNTUMTyIHfDf7ETuus/EM4pCk="></latexit><latexit sha1_base64="qbKNTUMTyIHfDf7ETuus/EM4pCk="></latexit>

10-4 0.001 0.010 0.100 1 10 100
0.1

1

10

100

1000

104

k/kmax

Ω
G
W
/A

ζ2

k̃ ⌘ k/k⇤
<latexit sha1_base64="FuDh2pTmwYJw7vI5SR5GgX1Aul4="></latexit><latexit sha1_base64="FuDh2pTmwYJw7vI5SR5GgX1Aul4="></latexit><latexit sha1_base64="FuDh2pTmwYJw7vI5SR5GgX1Aul4="></latexit><latexit sha1_base64="FuDh2pTmwYJw7vI5SR5GgX1Aul4="></latexit>



General cases

!26

The MD → RD transition

The RD → MD transition
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Scale-invariant primordial spectrum is assumed as a simple example.
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Current PBH abundance

PBH fraction in CDM
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PBH formation probability

[Carr, Kühnel, Sandstad, 1607.06077]

Observational constraints
Note: These are not the latest constraints.
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PBH formation probability
Coarse-grained perturbations
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[Young, Byrnes, Sasaki, 1405.7023]
see also [Ando, Inomata, Kawasaki, 1802.06393]

Formation probability in RD
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PBH formation probability
Coarse-grained perturbations

Window function
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PBH formation probability
Coarse-grained perturbations
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Transfer function
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PBH formation probability
Coarse-grained perturbations

Window function

Transfer function

Primordial curvature perturbations
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Formation probability in RD
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PBH formation probability
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Formation probability in MD

Perturbation grows in the MD era → low threshold

Anisotropy & angular momentum affects the formation rate.

[Khlopov, Polnarev, 1980, 1985]
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[Harada, Yoo, Kohri, Nakao, Jhingan, 1609.01588]
[Harada, Yoo, Kohri, Nakao, 1707.03595]

Formation probability in MD

Perturbation grows in the MD era → low threshold

Anisotropy & angular momentum affects the formation rate.

[Khlopov, Polnarev, 1980, 1985]
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Formation probability in MD

Perturbation grows in the MD era → low threshold

Anisotropy & angular momentum affects the formation rate.

[Khlopov, Polnarev, 1980, 1985]
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Inflation with running spectrum

[Planck 2015, “Constraints on Inflation”]

Planck TT+lowP   (TT,TE,EE+lowP)

at 68% CL at the pivot scale k*=0.05/Mpc.
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Interplay between PBH & GW
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PBH-for-LIGO scenario
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Interplay between PBH & GW
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PBH-DM scenario
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Comparison with Espinosa et al.

Espinosa et al. :

Kohri, Terada :

I(v, u, x) =
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[Kohri, Terada, 1804.08577]
[Espinosa, Racco, Riotto, 1804.07732]

GW production right after inflation

inflation → RD/MD → GW production


