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So we consider seriously

to various fields of basic science.

the application of neutrino physics

Thanks to the remarkable efforts of various experiments 
neutrino oscillations have been measured accurately.



One of the applications of neutrino physics is

Neutrino 
Tomography
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The idea of neutrino tomography

Imaging of the Earth’s interior structure using neutrino.

Neutrino can easily transmit the Earth 
 due to the weakness of its interaction.

ν
Source

ν
Detector
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Neutrino Tomography

Neutrino Absorption Tomography
• L. V. Volkova and G. T. Zatsepin, Bull. Acad. Sci. USSR, Phys. Ser. 38 (1974) 151. 

And more … 

Neutrino Diffraction Tomography
• A.D. Fortes, I. G.Wood, and L. Oberauer, Astron.  

Geophys. 47(2006) 5.31–5.33.
• R. Lauter, Astron. Nachr. 338 (2017) no.1, 111. 

Neutrino Oscillation Tomography
• T. Ohlsson andW.Winter, Europhys. Lett. 60 (2002) 34
• E. K. Akhmedov, M. A. Tortola and J.W. F. Valle, JHEP 0506, 053 (2005)
• W.Winter, Nucl. Phys. B 908 (2016) 250
• A.N. Ioannisian and A. Y. Smirnov, Phys. Rev. D 96 (2017) no.8, 083009  

And more …

There are three different methods.



There is no realistic tomography method.

∵
There is no powerful source.
There is no established reconstruction method.

We discuss the neutrino oscillation tomography precisely from now on. 



Neutrino Oscillation 
in Matter
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Neutrino oscillation in matter
In matter, effective potential is added to the vacuum Hamiltonian.
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For simplicity, we consider 2 flavor neutrino oscillation.
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The main contribution to the potential is the CC interaction and effective potential 
depends on the electron number density.
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• 結局同じということで良い？

Aνα→νβ = ⟨νβ |να(x)⟩ (10)
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Neutrino Oscillation in Matter

物質中の有効混合角
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θ (i)
M はニュートリノ生成点での有効混合角である。物質密度が一定の場合、dθM

dx = 0となる。する
と、物質中での発展方程式は、真空中での発展方程式と同じ形で書くことができ、振動確率は物
質中での有効質量二乗差と有効混合角を使って次のように書くことができる。
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物質中での振動長はつぎのようになる。
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また、物質中の構成粒子の数密度が等しいという近似：ne = np = nnと、陽子と中性子の質量が
等しく、電子の質量よりも大きいという近似：mp ≃ mn ≪ meという近似の下で、電子の数密度を
物質の質量密度として書き換えることができる。ここで、核子の質量を mN と書いた。

ρ = mpnp +mnnn +mene
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≃ mN2ne

∴ ne ≃
ρ

2mN
(3.85)
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For simplicity, we consider the 2 flavor neutrino oscillation.
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Neutrino Oscillation in Matter

For simplicity, we consider the 2 flavor neutrino oscillation.

P⌫↵!⌫� (E⌫ , x) = |A⌫↵!⌫� (E⌫ , x)|2
Probability is calculated as follow
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The electron number density
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Neutrino path length

Source Detector

？

Measurement of energy spectrum

We consider such as gedanken experiment.
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Influence of the density profile

Density Profile Oscillation Probability
(subtracted the vacuum contribution)
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Figure 1: Deviation of neutrino oscillation probability P (∫̄e ! ∫̄e ) from the vacuum one (right panel)

due to the matter effect of the three different density profiles shown in the left panel. The width of the

lump is taken as Dl = 100 km (red solid line), 50 km (magenta dotted line) and 30 km (blue dashed

line), respectively.

In the present analysis the oscillation with two-flavor neutrinos (∫e and ∫µ) is investigated for the

sake of simplicity. The study with the realistic three flavor case will be discussed elsewhere [61]. The

mixing angle µ and mass squared difference ¢m2 in vacuum are taken as

sin2µ = 0.306, ¢m2 = 7.50£10°5 eV2 , (25)

which correspond to those associated with the solar neutrino oscillation [1].

We consider for instance the matter density profile given by

Ω(x) = Ω̄+ (Ωl ° Ω̄)exp

"

°
°
x ° L

2

¢2

D2
l

#

, (26)

where the background mass density is Ω̄ and it is taken as Ω̄ = 2.7 g/cm3 by considering the continen-

tal crust. In addition the lump with a density Ωl and a width Dl is located at the center L/2.

We show in Fig. 1 the deviation of the oscillation probability from the vacuum one as a function

of neutrino energy when the lump density is Ωl = 8.0 g/cm3 that is close to the iron one. It is seen that

the deviation changes in accordance with the density profile. This correspondence is the essence of

the oscillation tomography. Furthermore, the deviation due to the matter effect is not so large and

then the precise measurement of the energy spectrum is a key for the realization of the tomography.

6

Energy spectrum of the oscillation probability changes according to the density profile.
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Neutrino Oscillation Tomography
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Figure 1: Deviation of neutrino oscillation probability P (∫̄e ! ∫̄e ) from the vacuum one (right panel)

due to the matter effect of the three different density profiles shown in the left panel. The width of the

lump is taken as Dl = 100 km (red solid line), 50 km (magenta dotted line) and 30 km (blue dashed

line), respectively.

In the present analysis the oscillation with two-flavor neutrinos (∫e and ∫µ) is investigated for the

sake of simplicity. The study with the realistic three flavor case will be discussed elsewhere [61]. The

mixing angle µ and mass squared difference ¢m2 in vacuum are taken as

sin2µ = 0.306, ¢m2 = 7.50£10°5 eV2 , (25)

which correspond to those associated with the solar neutrino oscillation [1].

We consider for instance the matter density profile given by

Ω(x) = Ω̄+ (Ωl ° Ω̄)exp
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where the background mass density is Ω̄ and it is taken as Ω̄ = 2.7 g/cm3 by considering the continen-

tal crust. In addition the lump with a density Ωl and a width Dl is located at the center L/2.

We show in Fig. 1 the deviation of the oscillation probability from the vacuum one as a function

of neutrino energy when the lump density is Ωl = 8.0 g/cm3 that is close to the iron one. It is seen that

the deviation changes in accordance with the density profile. This correspondence is the essence of

the oscillation tomography. Furthermore, the deviation due to the matter effect is not so large and

then the precise measurement of the energy spectrum is a key for the realization of the tomography.
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In the present analysis the oscillation with two-flavor neutrinos (∫e and ∫µ) is investigated for the

sake of simplicity. The study with the realistic three flavor case will be discussed elsewhere [61]. The

mixing angle µ and mass squared difference ¢m2 in vacuum are taken as

sin2µ = 0.306, ¢m2 = 7.50£10°5 eV2 , (25)

which correspond to those associated with the solar neutrino oscillation [1].
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where the background mass density is Ω̄ and it is taken as Ω̄ = 2.7 g/cm3 by considering the continen-

tal crust. In addition the lump with a density Ωl and a width Dl is located at the center L/2.

We show in Fig. 1 the deviation of the oscillation probability from the vacuum one as a function

of neutrino energy when the lump density is Ωl = 8.0 g/cm3 that is close to the iron one. It is seen that

the deviation changes in accordance with the density profile. This correspondence is the essence of

the oscillation tomography. Furthermore, the deviation due to the matter effect is not so large and

then the precise measurement of the energy spectrum is a key for the realization of the tomography.
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Tomography

Information of the density profile

But this effect is a few percent !



Hisashi Okui (Niigata Univ.) KEK-PH 2018 �14

Neutrino Oscillation Tomography
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Normal calculation

Tomography

Information of the density profile

But this effect is few percent !

It is required the precise measurement of the energy spectrum.
So, powerful neutrino source is essential.



How do we realize accurate energy spectrum measurement ? 
 

How do we reconstruct the Earth's density distribution ?

Open Questions



Tomography by 
neutrino pair beam

Phys.Lett.B785 (2018) 536-542 [arXiv:1805.10793]

T Asaka, HO, M Tanaka, M Yoshimura



How do we realize accurate energy spectrum measurement ?
 

How do we reconstruct the Earth's density distribution ?

Open Questions

→ Powerful source (Neutrino pair beam)

→ Reconstruction method with 2nd order perturbation



Neutrino Source
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Neutrino Pair Beam

The pair beam, which has been proposed recently, can produced a large 
amount of neutrino pairs from the circulating partially stripped ions.

[Yoshimura, Sasao, Phys. Rev. D 92, 073015 (2015)]

⌫↵
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Ion

It generates the all flavor neutrino pairs
(⌫e, ⌫e), (⌫µ, ⌫µ), (⌫⌧ , ⌫⌧ )

Very high intensity flux of neutrino beam

High beam directivity

Mainly electron neutrino pair being generated

Neutrino tomography requires the precise measurement of the energy spectrum
for the precise reconstruction of the density profile.

This high event rate (high flux) is essential.

Characteristics of the Neutrino Pair Beam

https://arxiv.org/abs/1505.07572
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Comparison of neutrino flux

Atmospheric : M. Honda et.al., PhysRevD.92.023004
Solar : J. N. Bahcall et.al., New J. Phys. 6 (2004) 63 

T2K : K. Abe et al. Phys. Rev. D 87 (2013) no.1, 012001 
Beta beam : P. Zucchelli, Phys. Lett. B 532 (2002) 166

Neutrino Pair Beam : M.Yoshimura, N.Sasao, Phys.Rev.D92(2015) no.7, 073015

nuMAX (Neutrino Factory) : ~1020 / yr
NPB : ~1022 / yr

Production amount of neutrino (estimation)

Table 1: Flux of various neutrino source
Source Energy Flux

Atmospheric [1] 1MeV 101 ∼ φν × E3
ν [m

−2s−2sr−1GeV−2]
Atmospheric [1] 100 GeV 3× 102 ≃ φν × E3

ν [m
−2s−2sr−1GeV−2]

Atmospheric [1] 3.2 GeV(θZ = 0) : νµ 9 ≃ φν [m−2s−1sr−1GeV−1]
Atmospheric [1] 3.2 GeV(θZ = ±1): νµ 7 ≃ φν [m−2s−1sr−1GeV−1]
Solar [3] 1MeV 104 ≃ Flux [cm−2s−1MeV−1]
Solar [3] 10MeV 107 ≃Flux [cm−2s−1MeV−1]
beta beam at 100 km [7] 581 MeV (average) 2.1× 1012m−2yr−1 (ν̄e flux)
T2K at SK (νµ) [14] 1GeV 106 ≃ Flux / cm2 · 50MeV · 1021p.o.t
NuMAX at 1300km [12] O(1)GeV 1020 ∼ Flux / year
Neutrino Pair Beam [19] at 100 km 100 MeV ∼ 106 [cm−2s−1] = 1010 [m−2s−1]
Neutrino Pair Beam [19] at 300 km 100 MeV ∼ 106 [cm−2s−1] = 109 [m−2s−1]
Neutrino Pair Beam [19] at 1300 km 100 MeV ∼ 105 [cm−2s−1] = 108 [m−2s−1]

Table 2: Comparison of neutrino flux
Source Energy Flux

Atmospheric [1] 3.2 GeV(θZ = 0) : νµ 3.6× 102[m−2s−1]
Solar [3] 10MeV 104[m−2s−1]
T2K at SK (νµ) [14] 1GeV 2× 104[m−2s−1]
beta beam at 100 km [7] 581 MeV (average) 2.1× 105[m−2s−1] (ν̄e flux)
NuMAX at 1300km [12] O(1)GeV 1020[Flux / year]
Neutrino Pair Beam [19] at 100 km 100 MeV ∼ 1010 [m−2s−1]
Neutrino Pair Beam [19] at 300 km 100 MeV ∼ 109 [m−2s−1]
Neutrino Pair Beam [19] at 1300 km 100 MeV ∼ 108 [m−2s−1]

Table 3: Comparison of neutrino flux
Source Energy Flux

Atmospheric : νµ (cos θZ = 0) 3.2 GeV 3.6× 102[m−2s−1]
Solar 10MeV 104[m−2s−1]
T2K at SK : νµ 1GeV 2× 104[m−2s−1]
Beta beam at 100 km : ν̄e 581 MeV (average) 2.1× 105[m−2s−1]
Neutrino Pair Beam at 100 km 100 MeV ∼ 1010 [m−2s−1]
Neutrino Pair Beam at 300 km 100 MeV ∼ 109 [m−2s−1]

2 Flux of neutrino pair beam

FluxNPB =
dΓ

dEν
∆Eν

γ2

4πL2
(1)

2.1 neutrino pair beam (subtracted from [20])

The strong source of neutrino pairs consisting of να and ν̄α (α = e, µ, τ) has been proposed recently [17,
18]. The neutrino pairs are emitted from circulating heavy ions which are in a quantum mixed state
cos θc|g⟩ + e−iϵegt sin θc|e⟩ where the ground state of the ion |g⟩ mixes with its appropriate excited
state |e⟩ by the mixing angle θc. The energy gap of these state is denoted by ϵeg and the coherence
(mixture) is quantified by ρeg = sin θc

2 . The properties of this neutrino pair beam are as follows: the
maximal value of the energy sum of neutrino and antineutrino is Em = 2γϵeg where γ is the Lorentz

2
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Figure 1: Deviation of neutrino oscillation probability P (∫̄e ! ∫̄e ) from the vacuum one (right panel)

due to the matter effect of the three different density profiles shown in the left panel. The width of the

lump is taken as Dl = 100 km (red solid line), 50 km (magenta dotted line) and 30 km (blue dashed

line), respectively.

In the present analysis the oscillation with two-flavor neutrinos (∫e and ∫µ) is investigated for the

sake of simplicity. The study with the realistic three flavor case will be discussed elsewhere [61]. The

mixing angle µ and mass squared difference ¢m2 in vacuum are taken as

sin2µ = 0.306, ¢m2 = 7.50£10°5 eV2 , (25)

which correspond to those associated with the solar neutrino oscillation [1].

We consider for instance the matter density profile given by

Ω(x) = Ω̄+ (Ωl ° Ω̄)exp

"

°
°
x ° L

2

¢2

D2
l

#

, (26)

where the background mass density is Ω̄ and it is taken as Ω̄ = 2.7 g/cm3 by considering the continen-

tal crust. In addition the lump with a density Ωl and a width Dl is located at the center L/2.

We show in Fig. 1 the deviation of the oscillation probability from the vacuum one as a function

of neutrino energy when the lump density is Ωl = 8.0 g/cm3 that is close to the iron one. It is seen that

the deviation changes in accordance with the density profile. This correspondence is the essence of

the oscillation tomography. Furthermore, the deviation due to the matter effect is not so large and

then the precise measurement of the energy spectrum is a key for the realization of the tomography.
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due to the matter effect of the three different density profiles shown in the left panel. The width of the

lump is taken as Dl = 100 km (red solid line), 50 km (magenta dotted line) and 30 km (blue dashed
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In the present analysis the oscillation with two-flavor neutrinos (∫e and ∫µ) is investigated for the

sake of simplicity. The study with the realistic three flavor case will be discussed elsewhere [61]. The

mixing angle µ and mass squared difference ¢m2 in vacuum are taken as

sin2µ = 0.306, ¢m2 = 7.50£10°5 eV2 , (25)

which correspond to those associated with the solar neutrino oscillation [1].

We consider for instance the matter density profile given by

Ω(x) = Ω̄+ (Ωl ° Ω̄)exp
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where the background mass density is Ω̄ and it is taken as Ω̄ = 2.7 g/cm3 by considering the continen-

tal crust. In addition the lump with a density Ωl and a width Dl is located at the center L/2.

We show in Fig. 1 the deviation of the oscillation probability from the vacuum one as a function

of neutrino energy when the lump density is Ωl = 8.0 g/cm3 that is close to the iron one. It is seen that

the deviation changes in accordance with the density profile. This correspondence is the essence of

the oscillation tomography. Furthermore, the deviation due to the matter effect is not so large and

then the precise measurement of the energy spectrum is a key for the realization of the tomography.
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?

How reconstruct the density profile 
from the energy spectrum of the neutrino oscillation?
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Toy model

We assume the huge liquid Argon as the neutrino detector.

Fiducial volume 105 m3

We consider the low energy                      oscillation.⌫̄e ! ⌫̄e
E⌫ : 2 ⇠ 100 [MeV]

Source Point Detection Point?

L = 300 [km]
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Figure 1: Deviation of neutrino oscillation probability P (∫̄e ! ∫̄e ) from the vacuum one (right panel)

due to the matter effect of the three different density profiles shown in the left panel. The width of the

lump is taken as Dl = 100 km (red solid line), 50 km (magenta dotted line) and 30 km (blue dashed

line), respectively.

In the present analysis the oscillation with two-flavor neutrinos (∫e and ∫µ) is investigated for the

sake of simplicity. The study with the realistic three flavor case will be discussed elsewhere [61]. The

mixing angle µ and mass squared difference ¢m2 in vacuum are taken as

sin2µ = 0.306, ¢m2 = 7.50£10°5 eV2 , (25)

which correspond to those associated with the solar neutrino oscillation [1].

We consider for instance the matter density profile given by

Ω(x) = Ω̄+ (Ωl ° Ω̄)exp
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where the background mass density is Ω̄ and it is taken as Ω̄ = 2.7 g/cm3 by considering the continen-

tal crust. In addition the lump with a density Ωl and a width Dl is located at the center L/2.

We show in Fig. 1 the deviation of the oscillation probability from the vacuum one as a function

of neutrino energy when the lump density is Ωl = 8.0 g/cm3 that is close to the iron one. It is seen that

the deviation changes in accordance with the density profile. This correspondence is the essence of

the oscillation tomography. Furthermore, the deviation due to the matter effect is not so large and

then the precise measurement of the energy spectrum is a key for the realization of the tomography.
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We consider the symmetric density profile.

L : length of the baseline
Dl : width of the lump

e.g.

We don’t discuss about systematic error.
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Density Profile Reconstruction Method

1. We discretize the neutrino baseline into the NL segments. 
0 L

NL

2. We consider the matter densities for these segments as free parameters      . 
0 L⇢1

⇢2

⇢3 ⇢NL

⇢NL�1

⇢NL�2

We assume that the each density is constant within each segment.

Source Point Detection Point
?

L = 300 [km]

⇢j
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in the flavor eigenstate but in the mass eigenstate due to the MSW effect.

The tomography by the neutrino pair beam under consideration relies on the oscillation proba-

bility of ∫̄e ! ∫̄e as explained in the previous section, and hence we are faced with this problem. In

this analysis we merely assume the symmetric profile to avoid it, which is the first step towards the

analyses of more complicated profiles.

Another difficulty of the reconstruction is the cost of numerical calculations. To reduce it we

would like to propose a method based on the perturbation of matter effects. Other methods will be

discussed elsewhere [61]. Notice that the matter effects can be treated perturbatively for [60]

¢m2

2E∫
> GFp

2mp
Ω . (35)

Thus, the matter density and the neutrino energy should be sufficiently small for a given ¢m2.

Our proposed method for the reconstruction is as follows: (i) First, we discretize the neutrino

baseline into the NL segments. We take here NL = 60 as an example. The matter densities at each

segment Ωi = Ω(xi ) (i = 1,2, · · · , NL) are taken as free parameters, which will be determined by using

the ¬2 fit to the energy spectrum of the oscillation probability.

(ii) Second, we also divide the energy range of interest into the NE parts. Here the minimum

energy is taken as 2 MeV, which is larger than the threshold energy of ∫̄e for the charged current

interaction (see the discussion in the previous section). On the other hand, the maximum energy is

taken as 100 MeV which is sufficiently small to justify the perturbative treatment of the matter effects.

(See Eq. (35)). Here we divide into the NE = 100 parts of even intervals.

(iii) Finally, we determine the densities Ωi by minimizing the ¬2 function which compares the

experimental data N obs(Ei ) for a given density profile Ω(x) with the theoretical predictions N th(Ei )

from unknown Ωi . The explicit form of the ¬2 function is

¬2 =
X

i=1,NE

£
N obs(Ei )°N th(Ei )

§2

æ2(Ei )
, (36)

where æ(Ei ) =
p

N obs(Ei ). In this analysis we take the number of signal events in Eq. (31) estimated

from the oscillation probability including the precise matter effect as the observation one N obs(Ei ).

On the other hand, the theoretical one N th(Ei ) is estimated from the analytical expression of the

oscillation probability obtained by the perturbation. The use of the perturbative expression is crucial

in reducing the numerical cost to reconstruct Ωi .

First of all, we show the results for the case with the flat density profile

Ω(x) = Ω̄ = 2.7 g/cm3 . (37)

As shown in Fig. 3, the reconstruction by using the probability with the first order correction P (1)(∫̄e !
∫̄e ;E∫) is found to be unsuccessful in the present case. On the other hand, when we include the
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3. We also divide the energy range into the NE parts, and define the χ2 function

4.  We determine those density by minimizing the χ2 function by comparing the   
   observational data              for a given original profile ρ(x) with the theoretical  
    prediction              from unknown parameters    .

Nobs(Ei)
Nth(Ei) ⇢j

in the flavor eigenstate but in the mass eigenstate due to the MSW effect.

The tomography by the neutrino pair beam under consideration relies on the oscillation proba-

bility of ∫̄e ! ∫̄e as explained in the previous section, and hence we are faced with this problem. In

this analysis we merely assume the symmetric profile to avoid it, which is the first step towards the

analyses of more complicated profiles.

Another difficulty of the reconstruction is the cost of numerical calculations. To reduce it we

would like to propose a method based on the perturbation of matter effects. Other methods will be

discussed elsewhere [61]. Notice that the matter effects can be treated perturbatively for [60]
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taken as 100 MeV which is sufficiently small to justify the perturbative treatment of the matter effects.

(See Eq. (35)). Here we divide into the NE = 100 parts of even intervals.
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from the oscillation probability including the precise matter effect as the observation one N obs(Ei ).

On the other hand, the theoretical one N th(Ei ) is estimated from the analytical expression of the

oscillation probability obtained by the perturbation. The use of the perturbative expression is crucial

in reducing the numerical cost to reconstruct Ωi .

First of all, we show the results for the case with the flat density profile
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As shown in Fig. 3, the reconstruction by using the probability with the first order correction P (1)(∫̄e !
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Fig. 1. Deviation of neutrino oscillation probability P (ν̄e → ν̄e) from the vacuum one (right panel) due to the matter effect of the three different density profiles shown in 
the left panel. The width of the lump is taken as Dl = 100 km (red solid line), 50 km (magenta dotted line) and 30 km (blue dashed line), respectively. (For interpretation of 
the colors in the figure(s), the reader is referred to the web version of this article.)

σ (Eν) = |V ud|2 E2
νG2

F mN

3π(2Eν + mN)3

[
16(g2

V + g A gV + g2
A)E2

ν

+ 12EνmN(g2
V + gV g A + 2g2

A) + 3m2
N(g2

V + 3g2
A)

]

≃9.34 × 10−44 cm2
(

Eν

MeV

)2

for Eν ≪ mN , (30)

where mN is a nucleon mass (mN = mp), gV = 1 and g A = 1.2695. 
The number of the signal events N(Eν) for the energy region 
[Eν , Eν +$Eν ] in the detector located at L from the source is given 
by

N(Eν) ≃ d%

dEν
$Eν

γ 2

4π L2 P (Eν , L)σ (Eν)nN Vd T , (31)

where Vd and nN is the volume and the nucleon density of the 
detector2 and T is the duration of the observation. Here the area 
of the detector is assumed to be smaller than 4π L2/γ 2. It is then 
for Eν ≪ Em that

N(Eν) ≃4.73 × 107 × P (ν̄e → ν̄e; Eν)

×
(

Eν

100 MeV

) 5
2
(

$Eν

1 MeV

)(
300 km

L

)2

×
(

Vd

105 m3

)(
T

1 year

)
. (32)

Here we have used the facts that, although the beam produces 
the pairs of neutrino and antineutrino with all flavors through 
the charged and neutral current interactions, the dominant one is 
the pairs of νe and ν̄e , and that the detection probability of ν̄e
(while the other νe of the pair is undetected) is approximately 
given by the neutrino oscillation probability P (ν̄e → ν̄e; Eν) [63]. 

2 For the detector of liquid argon ρ = 1.4 g/cm3 and nN = N Aρ/(40mp) =
0.035N A cm−3 where N A is the Avogadro constant.

It is seen that a large number of ν̄e events can be detected even at 
L = 300 km.3

In order to show the significance of the use of the neutrino pair 
beam quantitatively, we perform the χ2 analysis and show how 
precise the width and density of the lump can be reconstructed 
when the density profile is given by Eq. (26). We consider the case 
when the energy spectrum is measured for 100 bins (Nb = 100) 
from Eν = 2 MeV to 100 MeV,4 and $χ2 is introduced by

$χ2 =
Nb∑

i=1

[
N(Ei)|D∗,ρ∗ − N(Ei)|Dl,ρl

]2

σ 2(Ei)
, (33)

where the true values of width and density of the lump are taken 
as Dl = 30 km and ρl = 8.0 g/cm3. Here we take into account only 
the statistical error and σ (Ei) =

√
N(Ei)|Dl,ρl .

In Fig. 2 contour plots of $χ2 in the D∗–ρ∗ plane are pre-
sented for three different cases (A), (B) and (C). The lines with 
$χ2 = 2.3 (1σ level) and $χ2 = 11.83 (3σ level) [65] are shown. 
It is seen that there is a strong correlation between D∗ and ρ∗ and 
their product can be measured precisely in each case. This is be-
cause the leading contribution to the oscillation probability from 
the lump is proportional to the combination ($ρ∗ × D∗) where 
$ρ∗ = ρ∗ − ρ̄ . This degeneracy is broken by the higher order cor-
rections of $ρ∗ and D∗ . The pair beam can probe the lump at the 
1 σ level as

(A) D∗ = 50+5.9
−5.9 km and ρ∗ = 8.0+0.62

−0.48 g cm−3 ,

(B) D∗ = 50+2.5
−2.4 km and ρ∗ = 16+0.58

−0.53 g cm−3 ,

(C) D∗ = 100+8.2
−7.1 km and ρ∗ = 8.0+0.22

−0.21 g cm−3 .

(34)

3 The number of ν̄e events in the energy region Eν = 2.6–8.5 MeV for one year 
at KamLAND is O(102) [66], and that for the present case is 2.99 × 106.

4 The neutrino energy threshold of ν̄e + p → e+ + n is E∗ = [(mn + me)
2 −

m2
p ]/(2mp) ≃1.806 MeV [2].

Density Profile Reconstruction Method
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Perturbation Formula

i
d

dx

~A(x) = [HF
0 + V

F ] ~A(x)

Neutrino oscillation probability is calculated from the evolution equation.

Then we assume the relation H
F
0 > V

F

And calculate the oscillation probability by perturbation.

Ex) perturbation formula at 1st order is written as

P↵� = |A(0)
�↵ +A(1)

�↵ +A(2)
�↵ + · · · |2

= |A(0)
�↵|

2 +A(0)⇤
�↵ A(1)

�↵ +A(0)
�↵A

(1)⇤
�↵ + |A(1)

�↵|
2 +A(0)⇤

�↵ A(2)
�↵ +A(0)

�↵A
(2)⇤
�↵ + · · ·
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0th 1st 2nd

Nth(Ei) = flux⇥ P⌫̄e!⌫̄e(E,L)⇥ detection rate

P (1)(Ei) /
X

⇢(xj)


sin

⇢
�m2

2Ei
L

�
� sin

⇢
�m2

2Ei
L

�
xj � sin

⇢
�m2

2Ei
(L� xj)

��
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Reconstruction of density profile

in the flavor eigenstate but in the mass eigenstate due to the MSW effect.

The tomography by the neutrino pair beam under consideration relies on the oscillation proba-

bility of ∫̄e ! ∫̄e as explained in the previous section, and hence we are faced with this problem. In

this analysis we merely assume the symmetric profile to avoid it, which is the first step towards the

analyses of more complicated profiles.

Another difficulty of the reconstruction is the cost of numerical calculations. To reduce it we

would like to propose a method based on the perturbation of matter effects. Other methods will be

discussed elsewhere [61]. Notice that the matter effects can be treated perturbatively for [60]

¢m2

2E∫
> GFp

2mp
Ω . (35)

Thus, the matter density and the neutrino energy should be sufficiently small for a given ¢m2.

Our proposed method for the reconstruction is as follows: (i) First, we discretize the neutrino

baseline into the NL segments. We take here NL = 60 as an example. The matter densities at each

segment Ωi = Ω(xi ) (i = 1,2, · · · , NL) are taken as free parameters, which will be determined by using

the ¬2 fit to the energy spectrum of the oscillation probability.

(ii) Second, we also divide the energy range of interest into the NE parts. Here the minimum

energy is taken as 2 MeV, which is larger than the threshold energy of ∫̄e for the charged current

interaction (see the discussion in the previous section). On the other hand, the maximum energy is

taken as 100 MeV which is sufficiently small to justify the perturbative treatment of the matter effects.

(See Eq. (35)). Here we divide into the NE = 100 parts of even intervals.

(iii) Finally, we determine the densities Ωi by minimizing the ¬2 function which compares the

experimental data N obs(Ei ) for a given density profile Ω(x) with the theoretical predictions N th(Ei )

from unknown Ωi . The explicit form of the ¬2 function is

¬2 =
X

i=1,NE

£
N obs(Ei )°N th(Ei )

§2

æ2(Ei )
, (36)

where æ(Ei ) =
p

N obs(Ei ). In this analysis we take the number of signal events in Eq. (31) estimated

from the oscillation probability including the precise matter effect as the observation one N obs(Ei ).

On the other hand, the theoretical one N th(Ei ) is estimated from the analytical expression of the

oscillation probability obtained by the perturbation. The use of the perturbative expression is crucial

in reducing the numerical cost to reconstruct Ωi .

First of all, we show the results for the case with the flat density profile

Ω(x) = Ω̄ = 2.7 g/cm3 . (37)

As shown in Fig. 3, the reconstruction by using the probability with the first order correction P (1)(∫̄e !
∫̄e ;E∫) is found to be unsuccessful in the present case. On the other hand, when we include the

10

    4. We determine these densities by minimizing the χ2 function by comparing the   
    experimental data              for a given original profile ρ(x) with the theoretical  
    prediction              from unknown parameters    .

Nobs(Ei)
Nth(Ei) ⇢j

Nth(Ei) = flux⇥ P⌫̄e!⌫̄e(E,L)⇥ detection rate

Neutrino Oscillation Probability
of the perturbation formulae 

We find the 2nd order perturbation is important for the 
successful reconstruction.



Results of
Reconstruction
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Result of the flat density
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Figure 3: Results of the reconstruction of the flat density profile with Ω(x) = Ω̄ = 2.7 g/cm3. We use

the analytic expressions of the energy spectra at the first order (left panel) and the second order (right

panel), respectively. The true density profiles are shown by blue lines, while the reconstructed ones

are shown by red points.

second order correction P (2)(∫̄e ! ∫̄e ;E∫), the density profile can be reconstructed within a certain

error. It is found that the precision of the reconstruction is O (10) % except for the regions near the

production and detection points.

Next, we perform the reconstruction of the density profile with a bump or a dip by using the

second order expression. The results are shown in Fig. 4. The density at the center for the bump is

taken as 8 g/cm3 which is close to the value for iron, and that for the dip is 1 g/cm3 which is for water

(with a pressure of one atmosphere). It is seen that the profiles can be reconstructed well except for

the regions near the production and detection points.

We have found that our proposed method at the second order perturbation works successfully.

A rather complicated profile can be reconstructed as long as the density profile is symmetric Ω(x) =
Ω(L ° x). See, for example, Fig. 5. It should be stressed that this method can operate even with the

limited numerical cost because of the analytical expression of the oscillation probability.

Finally, we have observed that the minimum energy in the oscillation probability used for the

reconstruction is important to obtain a better result. In the present analysis we take 2 MeV because

of the threshold energy of the ∫̄e detection process. As the minimum energy becomes smaller, the

result of the reconstruction becomes better. We have found in such cases that the reconstructed

densities even near the production and detection points become close to the true values. In addition,

the oscillatory behavior of the reconstructed profile at the flat density region becomes changed so

11

 - : Original density profile
・: Reconstructed density profile

Result with using the 1st order formula Result with using the 2nd order formula 

⇢̄ = 2.7 [g/cm3]

The 2nd order matter effect is 
important for the reconstruction

Reconstruction of 60 segment’s densities
with 100 energy bins
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Result with using the 2nd order formula
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Figure 4: Results of the reconstruction of the two density profiles. The density at the center is Ω =
8 g/cm3 that is for iron (left panel) and 1 g/cm3 for water (right panel). The true density profiles are

shown by blue lines, while the reconstructed ones are shown by red points.

that both amplitude (deviation) and wavelength (interval) become smaller, which leads to the better

fit. In other words, the main source of the gap from the true profile might be the fact that we can use

the oscillation probability for the limited energy range. Especially, those at low energies give a precise

information of the density profile. Moreover, the corrections of matter effect at higher orders are also

the source of errors in the reconstruction.

5 Conclusions

We have investigated the oscillation tomography using the neutrino pair beam. It has been shown

that the beam can offer the powerful neutrino source to probe the Earth’s interior and the precision

of the reconstruction of the density profile becomes improved considerably. In addition, we have

proposed the tomography method based on the perturbation of matter effects in the oscillation prob-

abilities. This method works only for the symmetric profile with Ω(x) = Ω(L ° x) under the situation

we have discussed. It has been demonstrated that the profile can be reconstructed well by including

the second order correction. We believe that these two ingredients give considerable progress toward

the realization of the neutrino tomography.
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Figure 1: Deviation of neutrino oscillation probability P (∫̄e ! ∫̄e ) from the vacuum one (right panel)

due to the matter effect of the three different density profiles shown in the left panel. The width of the

lump is taken as Dl = 100 km (red solid line), 50 km (magenta dotted line) and 30 km (blue dashed

line), respectively.

In the present analysis the oscillation with two-flavor neutrinos (∫e and ∫µ) is investigated for the

sake of simplicity. The study with the realistic three flavor case will be discussed elsewhere [61]. The

mixing angle µ and mass squared difference ¢m2 in vacuum are taken as

sin2µ = 0.306, ¢m2 = 7.50£10°5 eV2 , (25)

which correspond to those associated with the solar neutrino oscillation [1].

We consider for instance the matter density profile given by

Ω(x) = Ω̄+ (Ωl ° Ω̄)exp

"

°
°
x ° L

2

¢2

D2
l

#

, (26)

where the background mass density is Ω̄ and it is taken as Ω̄ = 2.7 g/cm3 by considering the continen-

tal crust. In addition the lump with a density Ωl and a width Dl is located at the center L/2.

We show in Fig. 1 the deviation of the oscillation probability from the vacuum one as a function

of neutrino energy when the lump density is Ωl = 8.0 g/cm3 that is close to the iron one. It is seen that

the deviation changes in accordance with the density profile. This correspondence is the essence of

the oscillation tomography. Furthermore, the deviation due to the matter effect is not so large and

then the precise measurement of the energy spectrum is a key for the realization of the tomography.

6

Original density profile ⇢̄ = 2.7 [g/cm3]

⇢l = 8.0 [g/cm3] ⇢l = 1.0 [g/cm3]The lump of iron The lump of water

We can reconstruct the density profile of lump.

Reconstruction of 60 segment’s densities
with 100 energy bins
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Result of the exotic density profile
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Figure 5: Result of the reconstruction of the symmetric density profile. The true density profile is

shown by blue line, while the reconstructed one is shown by red points.
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Conclusions

We have investigated the neutrino oscillation tomography
by the neutrino pair beam.

The neutrino pair beam is a powerful source to the probe of 
the Earth’s interior, especially the structures inside the crust. 

The reconstruction method with the 2nd order perturbation 
formula is successful tool. 

We believe that these two ingredients give considerable 
progress toward the realization of the neutrino tomography. 

In this talk


